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PEEFACE 


thf  i •reparation  of  the  second  volume  of  my  Treatise  on 
M-"i* ':•<,,<•  ids,  I  became  strongly  impressed  with  the  de-ira 
Itility  of  a  iv-di-cu-sion  of  the  whole  subject  of  Electricity  and  Magnet- 
ism from  the  point  of  view  of  action  in  a  medium.  Since  the 
publication  of  that  work  I  have  therefore  tried  to  put  together  ;i 
meiit  which,  from  the  beginning,  should  regard  electric  and 
magnetic  for.-,-  a-  exi-tiiii;  in  a  space-pervading  medium  in  which  the 
electric  and  magnetic  energies  are  stored,  and  by  which  they  are  handed 
•  >n  from  one  ]>lace  to  another  with  a  finite  velocity  of  propagation. 

Of  course  it  i-  impossible  to  avoid  abstractions.  \\V  cannot  explain 
the  electric  and  magnetic  inductions  in  the  sense  of  giving  the  /Y'//«//"A' 
of  their  production  by  a  mechanical  -y stem,  but  this  may  not  be  because 
we  know  le-s  of  things  electric  and  magnetic  than  we  do  of  the  ordinal \ 
dynamical  action  of  material  -\-tem-.  but  because  the  explanation  of 

•rical  phenomena  must  be  sought  in  the  solution  of  those  very 
difficulties  which  have  to  be  faced  when  we  try  to  account  for  the 
inertia  of  matter  and  ordinan  forces  between  bodies,  for  example. 

national  attraction.  The  electromagnetic  theory  of  li-ht  \\a- 
established  by  MaxwelTs  dynamical  discussion  of  the  electro- 
magnetic field,  and  \eiitied  by  the  experimental  and  theoretical 

.irdie-.  of  Hertz;  but  such  dynamical  theories  seem  to  be  po»ible 
only  through  the  remarkable  property  of  the  Lagrangian  method,  b\ 
which  the  beha\ioin-  of  the  -y~tem  may  be  ipialitat  i\  ely  described  ami 
.•\pi-e>sed  iii  term-  of  generalised  co-ordinates  and  their  xel.pciti.- 
althoutdi  we  ha\e  no  means  of  defining  the  connections  between  them 
and  tin-  co-ordinates  and  velocities  of  the  particle-  of  the  system. 

The  conception  of  a  sy-tem  of  conductors  carrying  current-  as  .1 
dynamical  -y-tem  ha-  b--en  rightly  regarded  as  one  of  the  ^ivat  -tepn 
in  ad\an.-.-  which  Maxwell  took,  and  ha-  been  ,,)'  ^,vai  service  in 
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enabling  mechanical  explanations,  or  the   construction   of  mechanical 
analogies  of  electrical  action  to  be  attempted  with  something  of  suc< 
to  the  great  profit  of  electrical  science. 

As  to  the  mode  of  treatment  I  have  adopted,  a  few  words  un- 
necessary. The  book  is  not  a  treatise  on  the  mathematical  theory  <>t 
electricity  merely,  but  is,  I  hope,  to  some  extent  successful  in  bringing 
the  theory  and  practice  together.  Thus  while  in  general  assuming 
some  elementary  acquaintance  on  the  part  of  the  reader  with  electrical 
phenomena  and  their  laws,  I  have  endeavoured  first  to  look  at  the 
phenomena  as  they  present  themselves,  and  then  to  show  how  they  fall 
into  their  places  in  the  general  scheme  of  electrical  action,  and  to  point 
out  the  consequences  to  which  they  lead.  As  stated  in  the  words  of 
Bacon  I  have  placed  on  the  title-page,  it  is  a  double  process  by  which 
natural  philosophy  advances;  we  ascend  from  experiments  to  causes, 
and  descend  from  causes  to  experiments,  and  it  is  "  most  requisite  that 
these  two  parts  be  severally  considered  and  handled." 

There  are  two  chapters  in  the  book  the  presence  of  which  requin  •> 
a  word  of  explanation — the  chapter  on  General  Dynamical  Theory,  and 
the  chapter  on  Fluid  Motion.  The  former  was  written  to  provide  in 
promptly  accessible  form,  with  references,  all  that  the  student  could 
require  for  an  intelligent  apprehension  of  the  special  dynamical  methods 
of  the  book,  and  so  save  him  from  having  to  disentangle  what  he  wanted 
from  a  web  of  connected  matter  in  a  treatise  on  higher  dynamics.  I 
trust,  however,  that  what  I  have  written  may  lead  to  a  wish  to  pursue 
the  study  of  dynamics  in  the  treatises  and  memoirs  of  the  great 
masters  of  the  subject.  It  is  to  be  remembered  that  much  of  the 
chapter,  especially  the  thermokinetic  part,  will  find  its  application  in 
Vol.  II. 

The  same  thing  has  to  be  said  for  the  discussion  of  Fluid  Motion. 
It  is  rather  long,  but  it  is,  as  far  as  seemed  to  me  possible  without 
disturbing  the  order  and  natural  mode  of  demonstration,  an  account  of 
those  theorems  which  will  be  required  in  the  discussion  of  electrical 
phenomena  considered  as  manifestations  of  the  motion  of  the  ether. 
Besides,  the  general  theorems  of  irrotational  and  vortex  motion  arc 
those  of  the  potential  of  electric  and  magnetic  forces,  and  of  the  fields 
of  distributions  of  currents,  and  are  directly  available  in  the  electrical 
applications  without  further  demonstration.  A  large  range  of  applica- 
tions will  be  found  for  them  in  Vol.  II.,  and  the  chapter  will  there  save 
much  space. 
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111  the  preparation  of  tin-.-  chapters  I  have  consulted  many  original 
papers  an«l  authorities,  but  1  nni>t  sjH-cially  acknowledge  tin-  great  help 
I  havr  obtained  from  tin-  papers  of  Dr.  Lanuor  ami  the  treatise  of 
Professor  Horace  Limb. 

With  regard  to  tin-  mathematical  treatment,  I  havr.  after  consider- 
ation, decided  u«>t  to  use  tin-  vector  analysis,  but  to  .'iid.-avitur  to 
insist  a-  tar  a-  p-— - ible  <m  tlu-  physical  meaning  of  the  .(uantilies 
s\ mlic.li-. •<!.  Soinf  l>ivvity  of  oxinv-xion  j^  \\n  doubt  lost  l>y  this 
jn-o.-.-v^  ;  hut  the  discussion  is.  on  lh<-  other  hand,  within  tin-  n-a<-h  of'  a 
•^ivat.-r  nuinlt.-r  of  ivad.T-. 

1  am.  of  course,  very  deeply  indebted  to  tho  writings  of  Lord  K.-lvin. 
Li-rd  llaylrigh.  and  Clerk  .Maxwell;  and,  in  connection  with  the  Electro- 
magnetic Theory  of  Light.  I  wish  to  e.xpiess  my  great  «>l»lig.it ions  to  ihe 

]iajn-i-s  of  Mr.  Oliver  Heaviside.      Xo   other  writer  on  Maxwdl'-  Tl i\ 

ha>  don,-  BO  mueh  to  elueidale  and  render  consistent  its  \ariotis  par;- 
contributed  so  much  to  the  practical  snluiioii  of  ]n-ol)leins  of  \\a\v  pro- 
jMigation.  Of  the  importance  of  Mr.  Heavisid.-'s  vi.-\\»  <»n  general  theory 
1  am  -troin;|y  <-..n\  inci-d,  and  no  a<leipiai.-  presentment  of  Maxwell's 
Theory  can  lie  obtained  in  which  they  are  not  largely  adopted.  Thus. 
Volume  II..  which  will  deal  more  with  general  discussions,  will  be 
affecti-d  to  a  still  greater  degree  by  the  results  of  Mr.  Heavisid.-'s  work. 

Mr.  Heaviside  has  strongly  urged  a  recasting  of  our  system  of  units 
which  would  get  i  id  of  the  4rr  factor,  which  appears  in  formula?  for  the 
relations  of  quantities  measured  in  the  units  now  internationally  adopted. 
There  can  be  no  doubt  that  such  a  reform  would,  on  the  whole. 
materially  simplify  mathematical  expressions  in  the  theory  of  electricity; 
but  1  ha\e  not  felt  justified  in  adopting  it  in  the  present  volume.  In 
Volume  II.  •'rational  units"  will  be  employed  in  the  more  general 
theoretical  discussions.  ;md  where  the  results  of  these  come  into  com- 
parison with  those  of  quantitative  experiments,  the  expressions  will,  if 

nary,. be  modified  to  suit  theC.c.s.  units  as  at  present  defined. 

As  to  notation.  I  ha\e  employed  Clarendon  type  in  general  for 
directed  .piantities.  and  block  t\pe  for  some  quantities  SUch  as  energy, 
total  magnetic  induction  through  a  circuit,  and  the  like,  \\hi.-h  are 
merely  scalar.  In  one  point  I  have  deviated  from  ordinary  usage: 
/•  and  ^  here  denote  the  electric  and  magnetic  induct  ivities  of  a 
medium,  while  K  and  w  denote  its  specific  inductive  capacity  and 
magnetic  perm. 'ability,  that  is,  the  ratio  ,,f  the  inductivitv.  electric 
or  magnetic  ;(x  tin-  CB86  may  be,  to  that  of  the  standard  medium. 
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This  pmrrdmv  is  in  jiccordance  with  the  original  signification  of 
specific  inductive  capacit}'  and  magnetic  permeability,  as  defined  by 
Faraday  and  Lord  Kelvin  respectively ;  and  whether  or  not  the  electric 

magnetic  inductivity  of  the  standard  medium  (ether  par  excellence} 
i^  taken  as  unity,  it  seems  desirable,  for  the  sake  of  clearness  in  con- 
siderations regarding  units,  to  represent  always  the  inductivity  by  its 
appropriate  symbol  where  it  properly  occurs.  Of  course  when  in  a 
particular  range  of  applications  of  formulae  a  certain  assumed  value  of 
the  inductivity  is  used  throughout,  as  in  Chapters  III.  and  IV.  of  the 
present  volume,  where  p.  is  taken  as  unity  for  air,  the  symbol  may  be 
conveniently  omitted. 

A  good  deal  here  and  there  of  theoretical  matter  has  been  taken 
from  what  I  have  formerly  Avritten  on  electrical  subjects,  but  it  has  all 
been  thoroughly  revised  and  corrected,  as  far  as  lay  in  my  power,  in  the 
light  of  teaching  experience  and  the  advance  of  knowledge. 

In  the  correction  of  proofs  I  have  been  aided  in  the  most  devoted 
manner  throughout  by  Mr.  Alfred  Hay,  B.Sc.,  of  Liverpool  College,  by 
Dr.  Maclean,  of  Glasgow  University,  and  in  the  final  revision  of  the 
latter  part  of  the  book  I  have  had  the  great  advantage  of  the  help  and 
criticism  of  my  friend  and  former  colleague,  Mr.  G.  B.  Mathews,  F.R.S. 

Volume  II.  will  contain  among  other  subjects  an  account  of  Electro- 
lysis, of  Magnetic  Research,  of  General  Theories  of  the  Electromagnetic 
Field,  of  Distribution  of  Electricity  on  conductors  at  rest  and  in 
motion,  and  of  recent  work  in  the  theory  and  observation  of  Electro- 
magnetic Waves. 

ANDREW   GRAY. 

UNIVERSITY  COLLEGE  OF  NORTH  WALES, 
BANGOR,  Feb.  23,  1898. 
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CHAPTER    I 

PERMAXKXT    MAGNETISM 


ri"\   I.  —  M'i'imtic  Phenomena  and  Elementary  Theoi'etical 
Propositions 

Elementary  Facts 

1.  The  natural  history  of  permanent  magnetism  began  with  the  study 
of  the  properties  of  the  lodestone,  the  so-called  magnetic  iron-ore.  This 
is  said  to  have  been  first  found  in  Magnesia  in  Asia  Minor,  and  hence 
to  have  given  rise  to  the  terms  magnet  and  magnetism.  It  is  occa- 
sionally found  magnetic  in  the  natural  state,  and  probably,  as  we  shall 
see  presently,  acquired  its  magnetism  in  consequence  of  terrestrial 
magnetic  action. 

The  properties  first  observed  were  the  power  of  the  lodest.mr 
to  attract  pieces  of  iron,  and  to  cause  them  to  adhere  to  it  win  -n 
brought  into  contact  with  its  surface,  and  the  fact  that  when  so 
adhering  these  pieces  of  iron  had  themselves  the  power  of  attracting 
other  pieces.  It  was  also  noticed  that  under  certain  circumstances 
a  piece  of  lodestone  was  repelled  by  another  piece;  and  that  a  natural 
magnet  left  free,  as  when  placed  on  a  piece  of  wood  or  cork  float  in- 
in  water,  or  hung  by  a  fibre  without  serious  twist,  took  up  always 
a  certain  definite  position.  This  last  property  was  made  use  of  for 
the  inariin  r's  compass,  which  is  said  to  have  been  known  in  Europe 
as  early  as  the  twelfth  century,  and  to  the  Chinese  at  a  date  nwrh 
more  remote. 

The  observation  that  pieces  of  iron  in  contact  with  or  near  a  1<><1' 
stone  had  temporarily  the  power  of  attracting  iron  was  of  the  grea 
imp'.  italic.-.  as  it  led  to  the  formation  of  artificial  magnets.    It  was  scon 
out  that  pieces  of  steel  brought  into  contact  with  or  stroked  by  a 
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piece  of  lodestone  retained  the  magnetic  virtue  conferred  on  them,  and 
had  the  same  power  of  acting  on  pieces  of  iron  or  other  pieces  of  steel 
as  was  possessed  by  the  lodestone  itself.  As  pieces  of  steel  could  be 
forged  conveniently,  magnets  of  different  shapes  were  made,  and  their 
behaviour  studied. 

In  this  way  it  was  soon  found  to  be  possible  to  obtain  much  more 
powerful  magnets  than  could  be  obtained  by  means  of  lodestones,  which 
are  therefore  now  regarded  as  of  merely  antiquarian  interest. 

3.  It  was  early  found  that  bar-shaped  pieces  of  steel  magnetized  and 
used  as  compass  needles,  or  otherwise  placed  so  as  to  show  freely  their 
directional  tendency,  generally  set  themselves  in   a   certain   direction 
making  a  more  or  less  acute  angle  with  the  astronomical  north  and 
south  vertical  plane,  according  to  the  place  at  which  the  experiment  was 
made,  and  further  that  always  the  same  end  of  the  bar  pointed  north. 

It  does  not  seem,  however,  to  have 
been  observed  until  about  the  time 
of  Queen  Elizabeth  that  such  bars, 
suspended  freely  by  their  centre  of 
gravity  and  then  magnetized,  not 
only  set  themselves  in  this  north 
and  south  direction,  but  dipped 
their  north  pointing  ends  downwards 
at  a  certain  angle  to  the  horizontal 
as  shown  in  Fig  1.  This  was 
noticed  by  Robert  Norman,  a  maker 
of  compasses,  who  found  it  necessary 
when  a  bar  was  thus  suspended  to 
weight  the  south-pointing  end  with 
a  counterpoise,  in  order  to  maintain 
the  bar  in  a  horizontal  position. 
This  horizontality  can  easily  be  ob- 
tained without  loading  the  bar  by  placing  the  suspension  on  one 
side  of  the  centre  of  gravity  as  shown  in  Fig.  2.  Thus  any  tendency 
of  the  bar  to  dip  is  counteracted  by  the  couple  brought  into  play  by  the 
weight  of  the  bar.  Sometimes  also  compass  needles  are,  for  the  same 
reason,  suspended  by  means  of  a  cap  resting  on  a  point,  so  arranged 
that  the  centre  of  gravity  of  the  bar  is  below  the  point  of  suspension 
(Fig.  3).  This  is  in  general  the  manner  in  which  a  compass  card  is 
kept  horizontal. 

A  magnet  is  also  frequently  suspended  in  a  horizontal  position 
by  means  of  a  double  sling  at  the  lower  end  of  a  suspension  thread  as 
shown  in  Fig.  4.  This  sling  is  very  easily  made  by  doubling  the  lower 
part  of  the  thread  on  itself,  then  doubling  again  the  doubled  part, 
and  securing  the  quadruple  thread  thus  formed,  by  knotting  it  round 

itself. 

4.  Certain   parts  of  both  natural. and  artificial  magnets  are  found 
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t   rule  to  exliil>it   the  "magnetic  virtue,"   as  it  used   to  be  called, 

m..ie    intensely    than   others.     Tins.-   parts   are   sometimes   called  the 

•  p,,lf<"  of  the  ma-net.     For  example  if  a  bar  of  steel  be  stroked  from 

,-nd  to  end   always  in  the  same  direction   by  a    "pole"  of  some  other 

.net,  it   will  be   found    to   have   been   made  into    a    magnet  which 

possesses  two  "  poles,"  or  regions  of 
relatively  intense  magnetic  action, 
one  near  each  end.  Later  we  shall 
discuss  processes  of  making  magnets  ; 
at  present  we  may  suppose  bars 
made  and  magnetized  by  the  simple 
method  just  described. 

5.  Suppose  then  a  bar  magnet  is 
suspended  as  shown  in  Fig.  4.  It  is 
found  to  rest  in  a  nearly  north  and 
south  direction,  provided  the  tin.  ad 
be  sufficiently  free  from  torsion. 
The  end  which  points  north  is 
marked  say  with  an  N,  the  other 

end  with  an  s.  (Or,  according  to  another  practice,  the  north-pointing 
end  is  painted  red,  the  other  end  blue.)  Another  bar  magnet  is  now 
made  and  suspended  in  the  same  way,  and  the  ends  marked  as  before. 
One  of  the  ma-nets  is  dismounted  and  brought  near  to  the  suspended 
ma-net  in  the  different  ways  (A,  B,  c),  shown  in  Fig.  5.  Motion  of  the 
ends  of  tin  -nspended  magnet  takes  place  in  the  direction  shown  h\ 
the  arrows. 

This  result  shows  that  a  north-pointing  end  of  one  repels  the  north- 
pointing  end  of  the  other,  and  attracts   the  south-pointing  end ;   and 
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similarly  the  south-pointing  end  of  one  repels  the  south-pointing  end 
<«f  the  other,  and  attracts  the  north-pointing  end.  It  is  usual  to  call 
the  north-pointing  end  the  north  end  or  "  pole  "  of  the  magnet,  and 

B  2 
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the  south-pointing  end  the  south  end  or  "pole."  This  statement  is 
expressed  shortly  by  the  rule  "  Like  ends  or  poles  of  magnets  repel 
one  another,  and  unlike  ends  or  poles  attract  one  another." 

6.  The  experiments  also  illustrate  the  fact  that  as  a  rule  each 
magnet  has  at  least  two  regions  or  poles  at  which  magnetic  action  is 
most  intense,  which  in  a  bar  magnet  are  near  its  ends,  and  that  one 
of  these  regions  is  characterised  by  a  tendency  to  move  towards  the 

south,  the  other  towards  the  north, 
when    the    magnet   is    placed    in 

AR  f*  •  T 

ordinary  circumstances   at    a   dis- 

j-N         s.        |N         s         tance  from  other  magnets. 

It  is  to  be  observed  that  the 
forces  acting  between  the  magnets 
are  mutual.  For  example  the  two 
magnets,  if  suspended  horizontally 
at  not  too  great  a  distance  apart, 
would  be  found  to  come  finally  to 
rest  in  stable  equilibrium  with 

their  unlike  ends  turned  the  same  way,  and  their  suspension  fibres 
deflected  from  the  vertical  towards  one  another. 

The  term  "  poles "  has  been  used  in  this  section  in  a  somewhat 
vague  sense  to  designate  certain  regions  or  parts  of  a  magnet.  An 
attempt  is  frequently  made  to  use  the  term  more  definitely  to  designate 
certain  points  in  the  magnet.  We  shall  deal  with  this  usage  of  the 
term  later.  (See  Art.  40.) 


Magnetic  Field  and  Lines  of  Force 

7.  Much  of  our  knowledge  of  the  elementary  facts  of  magnetism  is 
due  to  Dr.  Gilbert,  Physician  in  Ordinary  to  Queen  Elizabeth.     With 
him  the  modern  science  of  magnetism  may  be  said  to  begin.     He  first 
explained  the  directional  tendency  of  a   freely  suspended   magnet   by 
supposing  the  earth  to  be  a  great  magnet,  and  illustrated  his  theory 
by  means  of  a  terrella  or  "  little  earth  "   (Fig.  6)  made  from  lodestone, 
which   acted  on  a  small  needle,  about  the  size  of  a  grain  of  barley, 
placed  in  any  desired  position  near  it.     Dr.    Gilbert's   researches   are 
•contained  in  a  Latin  treatise  De  Magnete,1  published  in  1600,  which 
abounds  in  acute  observations  and  valuable  results  of  experiment. 

8.  One  of  Dr  Gilbert's  most  important  investigations  was  that  which 
he  made  of  the  orbis  virtutis,  or,  as  we  now  call  it,  the  field  of  force 
surrounding  a  magnet.     His  method  was  beautifully  simple.     Iron  filings 
were  dusted  over  a  sheet  of  paper  or  cardboard  placed  above  the  mag- 
net, then  the  paper  was  tapped  so  as  to  raise   the  filings  from   the 

1  An  English  translation  has  recently  been  made  by  Mr.  Mottelay,  and  is  published  by 
Wiley  and  Son,  New  York.  A  translation  with  Notes  is  also  in  preparation  by  the  Gilbert 
Club. 
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r  t'nr  an  in>tant,   and  enable  tin-in   t..  take  up  freely  the  positions 
in   which  tin-  magnetic  t'..iv>   tended  to  place  them.      In  Fig.  7  is  given 
a  copy  of  a  photograph  of  curves  made  by  Faraday.1     The  filings  v> 
first  -rivwed  on  a  sheet  of  dry  gammed  paper  placed  over  the  magnet, 
then   fixed    by  sufteninir    tin-  gum   temporarily   by   means  of  a  jet  of 
MI.     The  natmv   of  tin-   magnet  or  magnet-  used   in    each  case   is 
•ihed  in  the  notes  attached  t..  the  diagrams.     It  will  be  seen  that 
:iliir_:-  arrange  themselves  in  distinct  lines  running  round   l'n>in  one 
end    nf  the    magnet   to   the   other.      These 
curves    indicate     what     Faraday   called    tin- 
lines   of    ton-e  of   the    magnetic  field.     We 
shall    consider    their    exact    meaning    and 
their  geometrical  form  in  some  simple  cases 

:itlv. 

Magnetization  by  Induction 

!*.  That  the  small  pieces  ofiroii  at tracted 
by  a  magnet  become  ma-net i/ed  can  be 
made  clear  in  a  number  of  ways.  They  have  Fl°- 

the  power   while  in  the  field  of  the  magnet 
•  .t  attracting  other  pieces,  which  also  become  magnets,  and  so  on.     Thus 
to  one  end  «>f  a  bar  magnet  of  moderate  si/.e  it    is  possible  to  hang  a 
n  of  small  nails,  each  cliii'_;iii'_,r  to  its  neighbour,  and  so  on  back 

he  bar.      Also  such  pieces  of  iron  have  the   power   of  deflecting 
ndi  d  ma- nets,  as  maybe  proved  by  prolonging  a  steel  magnet  1>\ 
a   bar  of  iron,  and  presenting  it  to  a   test-magnet  suspended  in  tin- 
earth's  field  offeree. 

If  the  bar  is  removed  from  a  series  of  small  pieces  of  iron  thus 
--    to    one    another,    their    magnetization    disappears    in    ^ 

••ire. 

iii  pieces  of  iron  become  magnet  i/ed   while  resting  in  various 

•ions  ..n  the  earth's  surface.     For  example  bars  of  iron  standing  in 

rner  of  a  smithy,  and  the  iron  of  a  ship's  hull  while  the  ship  is  on 
the  stocks  in  a  ship-building  yard,  are  ma^neti/ed  by  the  action  of  tin- 
earth. 

In.    Inductive  ma^neti/ation  thus  produced   in   the  earth's   field,  and 
indeed    inducti\e  magnetization   in   general,  is   facilitated  by  jarring   the 
iron    by    striking    it    with  a   mallet,  or  otherwise.     A  common    form    of 
lecture-room  experiment    consists  in  taking  an  ordinary  kitchen    p"i 
holding  it    in   the  direction   of  the  dipping   needle,   and   >trikin-    it 
the    upper  end    with    a   wooden   mallet.      The    iron    '  magnet  i/ed 

and  ueiieialk  retains  to  a  considerable  d. -i.-.-  its  magnet i/.at ion  ;  \\hich. 
however,  can  be  nearly  all  removed  by  placing  the  poker  at  ii-_dit  an-le- 
to  the  line  of  dip  and  jarring  it  in  that  position  repeatedly  \\ith  the 

1  Tln-;p  .-iirvr.-  :n«  tin-  property  of  Lonl  K«  Ivin,  P.K.8.,  wko  has  kindly  permitted  their 

rrl.lii.lllrtii.il  ll>  I-'. 
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Lines  of  force  of  an  ordinary  bar  magnet. 


Lines  of  force  of  a  spherical  or  disk-magnet 
(with  "poles"  at  the  extremities  of  a 
diameter),  placed  in  a  uniform  field  the 
lines  of  force  of  which  are  oppositely 
directed  to  those  of  the  disk. 


Lines  of  magnetic  force  for  a  system  of  three 
spherical  or  disk-magnets  with  like 
"poles"  turned  inwards  towards  the 
centre  of  the  system. 


Lines  of  magnetic  force  round  three  straight 
wires  carrying  cun-ents,  at  right  angles 
to  the  plane  of  the  paper,  and  passing 
through  it  at  the  points  1,  2,  3.  The 
currents  at  1  and  2  are  in  the  same 
direction,  the  current  at  3  is  in  the  op- 
posite direction. 


FIG.    7. 
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mallet.     l>ut   the  bar  after  having  been  magnetized  in  one   direction 
<-an   have  its  ma-in-t i/at ion  at  once  reversed  by  simply  turning  tin- bar 
end  lor  t-ii'l   from    its   first  position,  an<l   striking  it  again   a   few   t: 
with  tin-  mallet. 

11.   Ir  is  t'ou  nd  in  this  experiment  that   tin-  lower  t -ml  of  the  poker 

Is   the   north-pointing  end  of  a  freely  suspended    magnet,   ami    is 

therefore  itsi-lt'  a   north-pointing  pole  of  tin-  magnet   which  the  poker 

now  become.     Similarly  the  upper  end  is  found  to  be  south-point- 
ing.     The  -t-neral    rule   of  indiicti\e   ma^neti/ation    is   that    tin-  piece  of 
iron,  if  placed  in  tin-  field   of  force  in   tin-  direction  which    a    fivdv 
pended    magnet    \\ould  assume   at   the  place,  is  magnetized  with    the 
same  polarity  as  the  magnet. 

11  in  a  common  process  of  magnetization  by  stroking  a  steel  bar 
with  one  end  of  a   magnet,  as   shown   in  Fig.  8,  always  beginning  ami 
ending  each  stroke  at   the  same 
ends  of  the  magnet,  the  ends  of 
the  liar  take  the  jwlarity  shown, 
that  is  the  end  of  the  bar  which 
is   finally    in   contact    with    the 
stroking  bar  at  the  end  of  each 
stroke  has  the  opposite  polarity 
to  that  of  the  stroking  end. 

1  •_'.  The  small  pieces  of  iron 

in    the   experiment    with    tilings       , 

afford   another   example    of  in-      | | 

ductive      niagneti/.ation.       Kadi      N  S 

little  piece  of  iron  becomes  in  in;.  8. 

the    Held    a    small     magnet,    ami 

when    raised    from    the    paper    momentarily   by   the    tapping,  takes  the 

direction    which    a    small    permanent,   magnet    would    take    there,   except 

•  urse  in  so  tar  as  it    may  be  disturbed  by  other  magnet  i/ed  parti 
Thus  the  lines  of  force  are  given  by  little  chains  of  small  magnets,  each 
vo  pair  in  a  chain  having  opposite  poles  adjoining. 

I.".  Tin-  nio>t  powerful  mode  which  has  yet  been  devised  of  induc- 
tively magnet  i/ing  a  bar  of  iron  or  steel  is  by  surrounding  the  bar 
with  a  helix  of  wire,  and  causing  a  strong  current  of  electricity  to  Hou 
through  the  helix.  Pieces  of  iron  such  as  nails  can  be  made  to  adhere 
to  the  e\nvniities  <(f  the  bar.  ami  can  be  piled  on  one  another,  in 

'ions  in  which  they  could  not  remain  if  the  bar  were  unmauiiet. 
On  the  withdrawal  of  the  current  the  demagnetization  of  the  iron  < 
of  the  helix  is  -li,,wn  by  the  pieces  of  iron  falling  off. 

In  the  dder  treaties  on  magnetism  will  be  found  elaborate  accounts 
of  \arions  methods  , .f  magnetizing  bars  of  vied  by  what  was  called 

idi."  Only  one  ..f  these,  that  called  " single  touch,"  is  described  in 
Section  in.  Sim-,-  the  in\eiition  of  electro-magnets  these  methods  have 
all  become  obsolete. 

I  k  A  greater  or  less  amount  of  ma-net i>m  is  always  retained  by  a 
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piece  of  iron  after  it  has  been  inductively  magnetized.  The  amount 
depends,  other  things  being  the  same,  on  the  nature  of  the  iron.  Jinn 
which  is  mechanically  very  soft  retains  in  general  only  a  small  amount 
of  magnetization,  mechanically  hard  iron  a  considerably  greater  amount. 
Thus  iron  in  which  residual  magnetism  is  small  is  commonly  called  soft 
iron.  Mechanical  softness  and  magnetic  softness  do  not,  however,  uni- 
formly coincide.  Steel  has  great  retentiveness  for  magnetism,  arid  a 
specimen,  after  being  magnetized  by  any  process,  say  that  here  described, 
cannot  be  demagnetized  or  have  its  magnetization  reversed  except  by 
being  placed  in  a  sufficiently  intense  field  oppositely  directed  (relatively  to 
the  specimen)  to  that  by  which  it  was  magnetized.  In  their  power  of 
taking  and  retaining  magnetization  different  kinds  of  steel  differ  to  a 
degree  which  can  hardly  be  accounted  for  by  differences  in  composition, 
but  apparently  depending  on  molecular  constitution. 

The  property  of  retaining  residual  magnetism  has  been  called 
coercive  force.  We  shall  find  later  in  the  chapter  on  Magnetic 
Measurements  a  numerical  reckoning  for  coercive  force,  and  see  how 
to  determine  its  amount. 

Law  of  Magnetic  Attraction  and  Repulsion 

15.  The  natural  philosophy  stage  of  magnetic  science  may  be  said 
to  have  begun  with  the  researches  of  Coulomb  towards  the  end  of  last 
century.     By  means  of  his  torsion  balance  he  tested  approximately  the 
repulsion  between  two  poles  of  the  same  name  belonging  to  two  different 
magnets.     The  balance  as  arranged  for  magnetic  experiments  is  shown 
in  Fig.  9.     A  wide  glass  case  or  box  is  prolonged  upwards  by  a  tube 
fixed  over  the  centre  of  the  cover,  and  carrying  at  its  top  a  graduated 
torsion  head  for  sustaining  a  fine  silver  wire.     To  the  lower  end  of  this 
wire  is  attached  a  stirrup  in  which  a  bar  magnet  can  be  placed  hori- 
zontally.    Another  magnet  can  be  inserted  vertically  through  the  cover 
so  that  one  end  shall  be  on  a  level  with  the  suspended  bar,  and  opposite 
one  of  its  ends. 

16.  It  was  found  by  Coulomb,  by  careful  experiments,  that  to  turn 
the  upper  end  of  the  silver  wire  through  any  angle  relatively  to  the 
lower  end  required  the  application  of  a  couple  proportional  to  the  angle. 
Thus  it  was  possible  to  determine  a  couple  turning  the  suspended  mag- 
net.   This  couple  was  produced  by  the  action  of  the  fixed  magnet,  which 
was  introduced  through  the  cover  so  that  like  poles  of  the  two  magnets 
should  be  opposed,  and  should  have  their  poles  on  the  circle  in  which 
that  of  the  suspended  magnet  turned.    First  of  all  the  suspended  magnet 
only  was  placed  in  position,  and  the  balance  arranged  so  that  the  magnet 
rested  in  the  earth's  field  of  force  without  any  disturbance  from  the 
torsion  of  the  wire.  The  torsion  head  was  then  turned  so  as  to  deflect  the 
magnet  from  that  position  through  a  small  angle  measured  on  the  scale 
surrounding  the  case.     It  was  found  in  one  experiment  that  to  turn  the 
magnet  1°  from  its  equilibrium  position  in  the  earth's  field  required  a 
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twist  of  35°  betw, •« -ii  the  two  ends  of  the  wire.     The  tix.-.l  magnet  was 
thru  placed  in   position  and  xa\e  :i  deflection  ,,f  ^4.  .  \\hi.-h.  taking  the 
couple   ivpiiivd   to  produce   I iy  ma-netic  repulsion   al,,u,- a  d.-rtrrti. 
•Jl    as  twenty-four  times  tin-  couple  required  for  a  deflection  of  1°,  cor- 
r.-ponded  tu  a  twist  ..f  -24  x  35°.     But  tin-  twistiii.  !  by  the 

•21    twi>t   -ivt-ii  tu   tin-  tibre  by  tli^-  <l,-Mrrti..n.  s..  that  the  total  coiij.l.- 
mi  tin   liar  .  -\.  -rtt-il  by  the  magnet  maybe  reckoned  as  that  correspond  in- 

»•   "t  torsion. 

Tli.-  torsion  hra.l  was  n,,w  tuni.-d  so  as  to  bringdown  the  d«-nV<-ti..i, 
to  li*.  \\lu-ii  it  was  found  that   the  head  had  to  be  turned    just 


round,  tliat   is  through  2880°.     Thus  tin-  coiijilr  on  the  win 
that   due  to  is,S(i  -f  1^  x  35  +  12,  or  3312,  degrees  of  torsion.     Thi- 
little  less  than  tour  times  the  former  couple. 

ii  such  experiments  Coulomb  obtained  the"  result  that  two  poles 
of  different    magnets  repel  one  another  \\ith   a    mutual    force   in\ei 
l>io]M.rtioiial  to  the  square  of  the  distance  between  them.    H\  finding  the 
couples  necessary  to  keep  the  magnet  deflected  through  ditVerent  angles 
\\henunlike  polefl  were  .,pp,,<ed,  thcmagnetic  attraction  bet^ 
}>o|,-  could  also  l)c  measun-d. 

17.    But  while  such  experiments  gave  a   rou^h  approximation 
law  of  inverse  squares  between  two  ordinary  magnetic  poles,  it  must  be 
understood  that  for  many  reasons  they  could  yield  no  exact  result, 
poles  of  the  magnets  could  not  be  regarded  as  points,  and  I 
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inverse  square  law  could  possibly  hold  for  them.  Moreover  the  remote 
poles  of  the  suspended  and  fixed  magnets  could  not  have  been  without 
effect;  in  fact  the  two  bar  magnets  as  wholes  acted  on  one  another, 
although  the  principal  action  was  between  the  adjacent  ends.  Again, 
no  account  was  taken  of  the  earth's  field  in  determining  the  forces  acting 
on  the  magnet,  or  of  the  mutual  inductive  action  of  the  two  magnets  in 
diminishing  their  magnetization. 

A  vibrational  method  used  by  Coulomb  for  determining  the  action  of 
a  magnet  on  a  small  needle  placed  at  different  distances  from  it  will  be 
described  in  the  chapter  on  Magnetic  Measurements. 

Hypothesis  of  Magnetic  Matter 

18.  A  theory  of  magnetism  was  put  forward  at  an  early  date  in  the 
later  developments  of  the  subject.     It  was  supposed  that  there  existed 
two  imponderable  magnetic  fluids  which  pervaded  the  apparently  active 
regions  of  a  magnet,  which  were  such  that  a  portion  of  either  had  the 
property  of  repelling  a  portion  of  the  same  fluid,  and  of  attracting  a 
portion  of  the  other  kind.     A  hypothesis  of  imaginary  magnetic  matter 
has  been  applied  with  great  advantage  by  Lord  Kelvin  to  the  discussion 
of  the  phenomena  of  magnetization.     It  gives  a  language  for  the  ex- 
pression of  the  theoretical   results   which   have  been   arrived   at,  and 
enables   an   analogy   to   the  probable  constitution  of  a  magnet  to  be 
pictured  to  the  mind  and  usefully  employed,  without  any  danger  of 
misunderstanding  or  pre-judgment  of  the  actual  facts  of  the  case,  if 
the  investigator  is  careful  not  to  be  led  by  the  mere  words  he  uses  to 
assign  a  reality  to  this  imaginary  matter  which  it  does  not  possess. 

19.  It  is  of  great  importance  also  to  remember  that  this  hypothesis 
is  only  a  short  way  of  expressing  certain  facts  of  magnetism  as  they 
directly  appear  to  us,  and  must  not  be  permitted  to  lead  to  the  conclu- 
sion that  magnetic  action  is  really  action  at  a  distance.    There  is  nothing 
more  certain  than  that  magnetic  action  is  propagated  by  means  of  a 
medium,  and  that  that  which  appears  to  us  the  action  of  one  magnet  on 
another  is  really  the  action  on  each  of  the  medium  in  contact  with  them. 
In  describing  magnetic  phenomena   it  is  convenient,  however,  to  use 
language  more  or  less  descriptive  of  what  is  directly  perceived.     When 
we  come  to  a  discussion  of  theory  we  shall  endeavour  to  keep  action 
at  a  distance,  and  its  methods  and  expressions,  in  their  proper  place 
as  short  cuts  to   results,  or  descriptions  of  the   outcome  of  the  more 
complete  theory. 

A  magnetized  body,  we  shall  see,  probably  consists  of  some  kind  or 
arrangement  of  molecules  in  motion,  producing  also  in  the  surrounding 
medium  a  motion  which  is  the  propagating  cause  of  the  apparent 
action  at  a  distance  of  one  magnet  on  another. 

20.  We  shall  make  use  at  present  of  this  hypothesis  of  imaginary 
magnetic  matter,  which  we  shall  call  for  shortness  simply  magnetism, 
for  the  deduction  of  some  results,  useful  in  what  follows.     In  the  first 
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place  let  us  suppose  a  long  thin  bar,  whether  straight  or  aim-d.  to  be 
made  up  of  slices  which  have  magnetism  distributed  on  their  ends  as 
indicated  in  Fig.  10  by  the  shading.  Then  it  we  suppose  each  slier 

•  •dinidy  thin,  ami  \<>  havr  rqual  ipiaiitities  of  the  two  kinds  of  mag- 
netism at  its  ends  as  shown,  the  opposite  magnetisms  in  contact  at  any 
junction  of  two  adjoining  slices  will  annul  the  action  of  one  another  on 
external  magnetism,  and  there  will  be  left  only  the  unbalanced  magnetism 
at  their  en. Is  to  produce  external  effect. 

This  distribution  «('  magnetic  matter  corresponds  to  the  molecular 

niM-meiit  which  has  place  in  an  actual  magnet.     Each  molecule  has 
a  polarity  directed  in  the  same  way  in  all  the  particles,  or  nearly  so, 
corresponding  to   the  two  kinds  of  magnetism  on  the  ends. 
If,   as  may   possibly  be  the  case,  each  molecule   be  in  rota- 
tion    round  its   axis,  the  polarity  consists  in   the  two  aspects 
of  tin    rotation,  according  as  the  particle  is  regarded  from  one 
end  or  the  other.     Whatever  the  nature  of  the  molecule  may 
lie.  the  two  kinds  of  magnetic  matter  must  if  used  be  taken 

\mbolisin._;  two  aspects  of  one  thing,  neither  of  which  can 
be  reganlrd  as  existing  alone,  any  more  than  either  aspect  of 
the  rotation  of  a  rly-wheel  can  be  regarded  as  existing  apart 
from  the  other. 

That  one  kind  of  magnetism  cannot  exist  without  the 
other  is  shown  by  the  experimental  fact  stated  above,  that  if 
a  bar  ma-net  is  broken  each  portion  is  a  magnet  having  in 
ral  the  same  polarity  as  the  original  magnet.  This  can 
be  easily  verified  by  tempering  glass-hard  a  straightened  piece 
of  clock-Spring,  magnetizing  it,  then  breaking  it  into  pieces, 
and  testing  them  by  means  of  a  small  horizontally  suspended 

ile. 

•_'l.  The  magnetic  distribution  described  above  and  illus- 
I  in    Fig.  10  is  that  of  a  uniformly  magnetized  magnet, 
and  its  poles  an-  thus  exactly  at  its  ends.     They  may  in  this  case,  if  the 
l>e   thin,  lie  taken  as  points  coincident   with  the  ends  of  the  bar. 
i  a  magnet  may  be  approximated  to  very  closely  by  carefully  mag- 
net i/.ing  a  long  thin  knitting  needle,  by  stroking  it  in  the  manner  above 
•  •rilx-d  with  another  magnet. 

Magnetic  Field  of  Uniformly  Magnetized  Magnet.      Unit  Quantity  of 

Magnetism 

_•_'.  We  pn>i>o8e  now  to  investigate  the  lines  of  force  of  such 

on  the  suppo>ition  that  the  i|iiantities  of  magnetism  at  the  ends  of  tin- 
bar  .ne  equal  and  opposite,  and  are  there  concentrated  at  points.  Al-o 
w.  -hall  suppo-e  that,  two  like  quantities  repel  one  another,  and  two 
unlike  quantities  attract  one  another,  in  each  case  with  a  force  in\ei-e|y 
as  the  square  of  the  di-taiice  between  the  points  at  which  the  quantities 
supposed  concentrated,  and  directly  as  the  product  of  the  two  quan 
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titles.  Any  multiple  of  a  quantity  of  magnetism  may  be  imagined  as 
produced  by  placing  that  number  of  equal  thin  bars  together  so  that 
their  like  poles  coincide.  Thus  we  assume  that  the  force,  F,  between 
two  quantities  ra,  ra',  of  magnetism  at  points  at  a  distance  r  apart  in  a 
medium  of  uniform  constitution  is  given  by  the  equation 

•  a) 


where  fi  is  a  constant  depending  upon  the  medium.  According  to  this 
specification  F  is  taken  positive  if  m  and  in  have  the  same  sign,  and 
negative  if  they  have  opposite  signs.  In  the  first  case,  the  force  is  a 
repulsion,  in  the  latter,  an  attraction,  for  we  take  one  kind  of  magnetism, 
namely,  that  of  the  north-pointing  end  of  a  magnet,  as  positive,  the 
other  kind  as  negative.  Later  we  shall  obtain  this  result  from  a  theory 
of  displacement  or  motion  in  a  medium  filling  the  field. 

23.  Equation  (1)  defines  unit  quantity  of  magnetism  as  that  which 
concentrated  at  a  point  in  a  medium  for  which  p  is  unity  repels  with 
unit  force  an  equal  quantity  also  concentrated  at  a  point  at  unit  distance 
from  the  former.     If  the  force  is  a  force  of  one  dyne,  that  is  to  say  the 
force  which  acting  on  a  gramme  of  matter  for  one  second  gives  it  a 
velocity  of  one  centimetre  per  second,  and  the  distance  be  one  centimetre, 
the  quantity  of  magnetism  is  one  unit  in  the  centimetre-gramme-second 
(C.G.S.)  system  of  units. 

24.  The  value  of  p  is  very  generally  taken  as  unity  for  air.     If  we 
wish  to  be  quite  definite   we   may  take    air   at   standard    atmospheric 
pressure  and  temperature  0°  C.,  as  that  substance  for  which  /*  is  unity  ; 
but  the  alteration  of  the  magnetic  properties  of  air  produced  by  any 
ordinary  change  of  pressure  or  temperature  is  imperceptible.    The  value 
of  fj,  however  varies  from   medium   to   medium   on   account   of  some 
physical  property  which  is  different  in  different  media  ;  and  wrhen  we 
know   more   of  the   inner  mechanism  of  magnetic  bodies  and  media 
generally  we  shall  no  doubt  find  some  natural  measure  of  yu,  depending 
on  that  property.     At  present  all  we  can  do  is  to  find  the  ratio  of  the 
values  of  p.  for  any  two  different  media. 

It  is  usual  to  call  p  the  magnetic  inductive  capacity,  or  magnetic 
inductivity,  of  the  medium,  or  its  magnetic  permeability.  We  shall 
however  use  the  term  permeability  to  designate  the  ratio  of  the  value 
of  //.  for  a  given  medium  to  the  value  for  some  standard  medium.  In 
the  remainder  of  the  present  chapter  we  shall  suppose  /*=  1. 

Definition  of  Magnetic  Force  or  Field-Intensity 

25.  By  the  force  at  a  point  in  the  field  of  a  magnet  is  meant  the 
force  which  a  unit  quantity  of  positive  magnetism  would  experience  if 
placed  at  that  point.     This  is  also  called  the  intensity  of  the  field  at  the 
point.     We  shall  denote  it  in  what  follows  by  the  symbol  H.     It  is 
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clearly  a  directed  < plant ity  of  such  dimensions  tliat  \\li.-u  multiplied  by 
a  quantity  ,,t  of  magnetism  it  gives  a  product  ///H  which  is  a  force-  in 
tin-  ordinary  dynamical  sense.  (See  the  Chapter  <.n  the  Units  and 
Dimensions  of  Physical  Quantities.) 

It  tlu  unit  of  force  here  chosen  is  again  the  dyne,  and  the  unit 
<jiiantity  of  magnetism  is  1  C.G.S.  unit.  H  is  measured  in  C.G.S.  units 
«>f  tii-ld  intensity. 

A  uniform  lield  is  one  for  which  H  has  the  same  value  at  every  point. 
Th.  reader  will  easily  see  after  the  dis- 

MOII  of  tubes  of  magnetic  force  that  if 
H  lias  tlio  sanu-  numt-riral  value  at  every 
]>oh,t  of  any  region,  it  has  the  same  ^ 

direction  at  i-vi-ry  jioint,  and  conversely. 

I'D.  A    line  of  force   is   a   curve   so  xx/ 

drawn    in    a    magnetic    field    that    the  ^f    ,*' 

direction  of  the  tangent  at  any  point  is  x'   x^xi 

tin-  direction   of  tin-   magnetic  force,  or  xx'xx' 

field-intensity,  at  that  point.  ,''-'' 

Consider   the   field   of  a   uniformly      *s''  .* 

_neti/.ed  tilament.  As  we  have  seen 
tin-  tilanirnt  may  be  replaced  by  a  quan- 
tity of  magnetism.  +  m  alA,  Fig  11,  and 
another  —  m  at  B.  Let  PQ  be  two  points  on  a  line  of  force  at  a  distance 

apart,  and  let  AP  =  r,  BP  =  /,  LPAB  =  6,  LPBA  =  6 '.  Then 
!_<>. i/;  =  0  +  (W,  LQBA  =  &  4-  tiff.  Also  amBQP >  - r'dffjds.  so  that 
if  QN  be  a  normal  drawn  to  QP  at  Q,  CQtBQJT-  -  r'dffjds.  Similarly, 
cos  AQN  =  rdff  ids.  The  forces  on  a  positive  unit  of  magnetism  at  Q 
ii«-^]--rtin^  small  quantities,  and  takin-  /i  as  unity  everywhere,  a 
n-]»ulsion  tn  r-  along  AQ,  and  an  attraction  m/r'2  along  QB.  Thus  sine.- 
tin  i •  can  he  no  component  normal  to  a  line  of  force,  we  get  resolving 
alon-  tin-  normal  QN 

in     'ltd       m     ,  <W 

~2  r  i     +   ~2  r  j       =  ° 
r2     <(s        r2      as 

«>r 

1  ,19        1   flff 

—  —  +  —        =0 

r  d*       r  ds' 

Multij»li»-d  hy  the  perpendicular  from  Q  on  AB  this  is 

sin  9d9  +  ninffdff  =0. 
11'  i  iting  we  obtain 

cos0  +  cos  9'  =  c (2) 

whore  c  is  a  parameter,  constant  for  each  liin  of  for.,-,  l.ut  changing  in 
vahir  fntin  line  to  lim-. 
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Graphical  Description  of  Lines  of  Force 

27.  To  describe  these  lines  graphically  we  may  proceed  as  follows. 
Draw  a  circle  (Fig.  12)  having  unit  diameter  AC  along  AB,  and  draw 
any  chord  DA.  Produce  if  necessary  DA  to  E  so  that  DE  is  made 
equal  to  the  parameter  c.  From  A  with  AE  as  radius  describe  an  arc 
cutting  the  circle  in  F,  then  the  angles  DAG,  CAF  are  angles  0,  6,' 
for  which 

cos  6  +  cos  0'  =  c. 

Thus  it  is  only  necessary  to  draw  a  line  through  B  parallel  to  FA  meet- 
ing AD  produced  if  necessary  in  P.     P  is  a  point  on  the  curve. 

If  the  point  E  falls  between  A  and  D,  the  distance  AF  Fig.  13  is 
made  equal  to  AE.  A  line  through  B  drawn  parallel  to  AF  will  meet 


FIG  13. 


AD  in  a  point  on  the  curve.     The  angle  9'  is  now  obtuse,  and  is  the 
supplement  of  FAB,  so  that  cos  6'  is  negative. 

In  this  way  different  points  on  the  curve  can  be  found.  In  the 
neighbourhood  of  A  or  B  the  curve  must  be  drawn  from  its  inclination 
to  AB.  This  is  given  by  the  equations  cos#  =  c  —  I,  cos  #'  =  c  -  1. 
Fig.  14  shows  curves  for  different  values  of  c  drawn  for  the  magnetic 
filament  and  also  illustrates  the  following  other  method  of  drawing  the 
curves.1  Describe  a  circle  on  AB  as  diameter,  and  lay  off  a  distance  AM 
such  that  AM  =  c.  AB.  Then  from  A  draw  any  line  to  cut  the  circle  in 
Q  and  lay  off  Aq  =  AQ  along  AB.  From  B  as  centre  with  radius  Mq 
describe  a  circle  cutting  the  former  circle  in  H.  The  point  in  which 
AQ  and  BE  intersect  is  a  point  on  the  curve.  The  proof  of  the  con- 
struction is  left  to  the  reader.  A  comparison  of  the  form  of  these  curves 
with  the  curves  given  by  iron  filings  affords  a  rough  confirmation  of 
the  law  of  magnetic  force  of  which  the  curves  of  the  Figure  are  a 
consequence. 

1  This  cut  and  the  construction  here  given  are  taken  from  Constructive  Geometry  of  Plane 
Curves,  by  T.  H.  Eagles,  M.A.  [London,  Macmillan  and  Co.], 
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:>.  The  equation  of  these  curves  when  AJi  is  taken  very  small,  or, 
which  is  the  same  thing,  the  equation  of  a  curve  given  by  (2)  when  the 
parameter  c  is  very  small,  is  important.  Let  the  origin  of  co-ordinates 
In  taken  at  the  middle  point  of  AB,  and  the  axis  x  along  it  Let  tin- 
length  of  AS  be  denoted  Dy  28a  so  that  the  co-ordinates  of-<4  are  — c 


FIG.  14. 


and  of  B,  +  S«,0.     Then  if  x,  y,  be  the  rectangular  co-ordinates  of  P  \\  • 
have  instead  of  (2) 

*  4-  &»  x  -  8a 


8a)2 


r  =  C. 

*      \O  0 

**)2  +  y* 


!>«•  siiuill  this  may  be  written 
x  +  &» 


OT 


\/x*  +  2x&»  +  yz       -Jo?  -  2x^i  + 

uhidi  reduced,  and  with  1  ('  put,  fur  r/28^ 

//-• 


-• 


6' 


(3) 
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where  C  is  a  parameter  constant  for  any  one  curve.  By  varying  C  the 
whole  family  of  curves  is  obtained 

This  is  the  integral  equation  of  the  lines  of  force  of  a  small  magnet. 
It  will  be  found  of  great  importance  in  the  theory  of  electrical  radiation 
discussed  later,  as  it  is  the  equation  also  of  the  lines  of  electrical  force 
in  the  neighbourhood  of  (but  not  too  near)  a  dumb-bell  electrical  vibrator 
of  the  kind  generally  used  in  the  study  of  the  propagation  of  electrical 
waves. 

29.  If  r  be  the  distance  of  any  point  from  the  origin  and  6  its 
inclination  to  the  axis  of  x,  the  equation  can  obviously  be  written  in  the 
form 

r  =  C  sin  20 (4) 

From  this  expression  the  curve  can  be  described  with  great  facility. 
For  draw  a  line  OA  (Fig.  15)  making  an  angle  0  with  OX  and  meeting 


a  circle  described  from  0  as  centre  with  radius  C  in  the  point  A.  Then 
let  fall  a  perpendicular  AB  on  the  axis  OT,  and  a  second  perpendicular 
from  B  on  OA  meeting  it  in  P.  P  is  a  point  on  the  curve.  For 
OB  =  C  sin  6,  and  OP  =  OB  sin  0  =  C  sin20. 

This  construction  gives  points  on  the  curve  with  great  ease  except 
near  the  summit  G.  The  part  of  the  curve  including  G,  can  however 
be  filled  in  sufficiently  exactly  by  drawing  a  short  circular  arc  with  the 
proper  radius  of  curvature  for  the  point  G.  The  expression  for  the  radius 
of  curvature  at  any  point  is  <7sin0  (sin20  +  4cos#2)V3  (sm20  +  2cos20). 
For  G,  where  6  =  Tr/2,  this  is  (7/3.  Hence  the  arc  is  to  be  drawn  from  Q, 
where  GQ  =  (7/3. 

With  respect  to  the  point  on  the  axis,  the  equation  of  course  does 
not  apply  as  the  magnet  is  there  situated.  Points  fairly  close  to  the 
origin  are  given  quite  well  by  the  construction  if  carefully  made. 

The  family  of  curves  for  different  values  of  C  is  shown  in  Fig.  16. 
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Magnetic  Potential 

30.  Let  a  unit  of  positive  magnetism  be  supposed  to  1».    so  tar  of} 
from  a  given  magnetic  distribution  that  it  may  be  regarded  as  b- 
outside  the   field   of  force,  and  let   it   then  be  brougbt  against  magi. 
repulsion  T.I  any  point  P  of  the  field.     Work  must  be  spent  on  the  unit 
in  so  doing,  and  the  amount  of  work  thus  spent  is  the  measure  of  the 
potential  at  P.     If  work  on  the  whole  is  done  by  the  magnetic  system 


FIG.  16. 


<>n  the  unit,  while  it  is  being  brought  to  P,  the  work  spent  is  negative 
that  is  the  potential  at  P  is  negative. 

For  any  distribution  whatever,  the  work  O  done  in  bringing  the  unit 
from  an  infinite  distance  from  the  distribution  to  P  is  given  by 


-    -  f 


(5) 


where  H  is  tin-  field-intensity  at  any  element  ds  of  the  path,  6  the 
annle  between  the  direction  of  H  and  that  of  ih  (taken  positive  in  the 
direction  from  P]  and  tin-  integral  is  taken  along  the  path  troin  an 
infinite  distance  from  any  point  of  the  distribution  to  the  point  P. 

If  the  distribution  be  a  quantity  m  of  magnetism  situated  at  a  point 
-/,  in  a  field  of  unit  magnetic  inductivity.  and  />  be  the  distance  of 
J  from  any  element  (h  of  the  path  alon^r  which  the  unit  is 
H  =  ///  //-  and  we  have  cos  6  =  dD  'ds.  Thus 


Z 


m 


(6) 


The  work  done  therefore  in  carrying  a  unit  of  magnetism  from  the 
point  P  to  another  point  Q  at  distance  r  from  A  is 

.(7) 
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This  is  called  the  difference  of  potential  between  P  and  Q.  If  we  have 
any  number  of  point  distributions  mv  mt,  etc.,  at  distances  rv  r2,  .  .  .,  i\, 
?•.,', from  P  and  Q  respectively  the  difference  of  potential  be- 
tween P  and  Q  is 


n  =  2m^--J (8) 

where  2  denotes  summation  of  all  the  quantities  m1(l/r\  —  IfrJ,  W2(l/r2' 

—  1/V2), which  are  given  by  the  different  distributions. 

31.  If  the  distribution  is  a  continuous  one  on  a  surface  or  throughout 
a  given  volume  the  summation  becomes  an  integration  throughout  the 
distribution,  thus 


where  dm  is  any  element  of  the  distribution,  and  rv  r2,  are  the  distances 
of  P  and  Q  from  the  element  dm. 

For  a  surface  distribution  of  density  <r  per  unit  of  area  (that  is  amount 
of  magnetism  per  unit  of  area)  at  an  element  dS  of  the  surface,  this  is 

....          (9) 


and  for  a  volume  distribution  of  amount  p  per  unit  of  volume  (volume- 
density)  at  an  element  dv  it  is 

i-        ,  i          i  \ 

(10) 


the  integrals  being  taken  over  the  surface  and  throughout  the  volume 
in  the  respective  cases. 

32.  As  a  simple  example  consider  the  potential  at  P,  Fig.  11,  due  to 
a  uniform  filament  AB  (-  m  at  A,  +  m  at  B).     Clearly  we  have,   if 


that  is  the  potential  at  P  is  equal  to  the  work  which  would  have  to  be 
spent  if,  there  being  a  quantity  m  of  magnetism  at  P,  a  unit  of  positive 
magnetism  were  carried  from  A  to  B. 

As  another  example  we  shall  calculate  the  potential  at  a  point  P  of 
a  magnetic  doublet  consisting  of  two  equal  and  opposite  point  charges 
say  +  m  at  B  and  —  m  at  A,  Fig.  11.  The  potential  of  the  doublet  is 

O  =  m  (-  -  -}  =  m  T^^r- (12) 

\r.2         rj  r^r, 

But  clearly  if  AB  be   small  rt-r2  =  AB  cos  PAB  =  dscos0,  and 
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r,  =  '/'2  =  r,  nearly.     Hence  if  m  denote  the  magnetic  moment  of  the 
doublet  we  get 


m  cos  5 

........     (13) 


If  the  centre  of  the  doublet  be  at  the  point  (x,y,z),  the  co-ordinates 
of  P  be  % ,rj,£,  ami  the  direction  cosines  of  the  axis  of  the  doublet  be 
\,fj.,i>,  the  last  equation  becomes 


since  cos  6  =  (\  (f  —  x)  +  /*  (n  —  y)  +  v  (f  -  2)  }/r. 

Clearly  m   may  be   taken   as   the  moment  of  any  combination  of 
tl<  tablets  at  (x,y,z\  if  the  resultant  have  its  axis  in  the  direction  (\,/*,i/). 


Equipotential  Surface.     Equipotential  Curves 

33.  The  locus  of  an  assemblage  of  points  for  every  one  of  which  H  has 
-an  it-  value  is  called  an  equipotential  surface.     Any  curve  drawn  on 
such  a  surface  is  called  an  equipotential  line  or  curve. 

Clearly  there  can  be  no  component  of  field  intensity  tangential  to  an 
.•(|uij»t.tfiitial  sin-tart-,  and  hence  lines  of  force  cut  equipotential  surfaces 
at  right  angles.  Also  the  work  done  in  carrying  a  unit  of  magnetism 
from  any  point  of  an  equipotential  surface  to  any  other  point  of  the 
>urfaee  aloim  any  path  whatever  is  zero. 

•  if  Bs  be  an  element  of  a  line  of  force  between  two  equipotential 

the  potentials  of  which  differ  by  6fi,  the  work  done  in  eaiTvini; 

a  unit  of  positive  magnetism  tVoiu  the  surface  of  less  to  the  surface  of 

ter  potential  is  &Q.     But  this  is  numerieally  equal  to  H&,  if  H  be 

r.-sultant  ina-iP-tic  force  at  Bs.     Hence  if  Ss  be  taken  positive  in  the 

tiou  tVoiu  tin-  >urt'aee  of  greater  potential  towards  that  of  less 

H  -V      -  Sn 

or  in  the  limit 


that   i>.  H  i-   •  ijual  at   any  point  to  the  rate  of  diminution  »\'  th«- 

Mtial  alon^r  an  eli-nn-nt  da  ff  a  line  of  force  drawn  through  the  point. 
i  this  we  have  for  thf  eoinpom-nts  a.f-j,y.  «tf  magnetic  force  parallel 
the  values 

an  rn  an 

•  -ft"  -yy 

c  2 
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34.  As  an  example  we  may  consider  again  the  uniform  magnetic 
filament  AB.     Since  by  (11)  the  potential  is 


r.2 


the  equation  of  an  equipotential  surface  is 


(17) 


Y 


Taking  the  section  of  this  surface  by  the  plane  of  the  paper  in  Fig.  14, 
it  is  easy  to  see  that  the  curve  of  section  cuts  normally  the  family  of 

curves  of  which  the  typical  equation  is 

cos  Ol  +  cos  02  =  c. 

35.  To  describe  an  equipotential 
curve  of  parameter  c'  —  see  (17)  —  draw 
two  rectangular  axes  OX,  OY,  Fig.  17, 
and  lay  down  the  point  C  the  co- 
ordinates of  which  are  c',  c'.  Then  draw 
lines  through  C  cutting  off  intercepts 
OD,  OE,  the  first  from  the  axis  of  x  on 
the  positive  side  of  the  origin,  the 
other  from  the  axis  of  y  on  the  nega- 
tive side  of  the  origin.  If  rv  r2,  be  the 
numerical  lengths  of  these  intercepts 
we  have  by  the  Figure 


or 


FIG.  17. 


«*i/r2  =  c  l(c  +  r.2) 


the  equation  of  the  equipotential  surface,  and  also  of  its  curve  of  inter- 
section with  the  plane  of  the  paper. 

All  values  of  rv  r2>  thus  obtained  for  a  given  value  of  c'  will  not 
belong  to  the  equipotential  curve  which  it  is  desired  to  draw.  Only 
those  are  to  be  taken  which  lie  between  the  two  lines  CD-^E^  CD2JE0 
which  give  respectively  OE^  +  OD1  =  AB,  and  OEZ  -  OD2  =  AB,  where 
AB  is  the  distance  between  the  extremities  of  the  magnet.  These  lines 
can  be  drawn  very  exactly  by  calculating  their  inclinations  to  OX.  If 
m  =  tan  ODE,  we  have  in  both  of  the  limiting  positions  of  the  line 
m  —  ?*2/ri  =  (c'  +  r2)  /c'.  In  the  first  case  we  have  besides  (putting  A  B 
=  a)  rx  +  r2  =  a,  in  the  second  r2  -  r^  =  a.  Eliminating  rv  r2,  from  the 
equations  in  the  two  cases  we  get  for  the  first 


and  for  the  second 


(mz  —  1 )  c'  —  ma  =  0 
(m  -  1)V  —  ma  =  0. 
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The  greater  roots  of  these  equations  are  values  of  m  which  enable  the 
limiting  lines  CD^E^,  CD^E^  to  be  drawn.  The  lines  ruled  betwei-n 
tin  ni  through  C,  as  CDE,  give  intercepts  which  form  the  radii  from  . 
of  points  situated  on  an  equipotential  curve  but  on  one  side  of  the  axis. 
To  complete  the  curve  round  one  pole  of  the  magnet  it  is  only  necessary 
to  lay  down  with  the  same  pairs  of  radii  the  points  on  the  other  side 
of  the  axis.  The  same  radii  are  of  course  available  for  the  curve  round 
the  other  pole. 

Rotation  of  the  whole  diagram  of  equipotential  curves  round  the  axis 
of  the  magnet  traces  out  the  above  family  of  equipotential  surfaces  be- 


Fic.  18. 

longing  to  the  magnet.     Fig.  14  shows  lines  of  force  and  equipotential 
fur  tin-  magnetic  lilainmt,  Fig.  18  for  an  infinitely  short  mag- 
iK-t.      Fi^.  !'.»  >lii)\vs  the  nature  of  the  lines  of  force  in  the  Held  between 
two  nia-jni'ts  with  equal  like  poles  tunn-d  towards  one  another.     It  will 
In-   noti.-.-d    that,   at    points   on   a   line  drawn  .it  right    angles  to   the 
eoiiinioii    axis   of  the   magnets  ami    through  the  centre  of  the  space 
li.-twi-.-n    tin-in,  the    resultant  force    is   along  that   line    and    from    tin- 
Actual  Magnets.     Equivalent  Surface  Distribution 

Aetu.-il  magnets  are  not  in  general  unifoiniK  ma-neti/rd,  but 
have  throughout  tln-ir  >ul>>tance  a  volume  density  of  magnetization 
representing  unbalanced  polarity.  This  is  called /?•««  magnetism.  What- 
ever the  distribution  of  this  may  1..-,  it  is  easy  to  prove  experimental  I  \ 
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what  has  been  assumed  above,  that  the  quantity  of  free  positive  mag- 
netism present  in  a  magnet  is  exactly  equal  to  the  quantity  of  free 
negative  magnetism. 

It  is  only  necessary  to  suspend  the  magnet  in  the  field  of,  but  at 
some  considerable  distance  from,  another  magnet.  It  is  then  found  that 
the  magnet  experiences  no  sensible  translational  force,  but  a  very  con- 
siderable resultant  directional  couple,  unless  it  happens  to  be  so  placed 
that  that  couple  vanishes. 

The  magnet  above  referred  to  as  suspended  in  the  field  of  the  earth 
is  a  case  in  point.  The  most  careful  observation  cannot  detect  any 
displacement  of  the  magnet  as  a  whole  due  to  the  earth's  field,  while 
the  couple  acting  on  it  is  very  sensible,  as  much,  perhaps  for  a  square  bar 
60  cms.  long  and  1  cm.  in  diameter,  hung  at  right  angles  to  the  earth's 
field-intensity,  as  nearly  20  grammes  weight  acting  at  an  arm  of  1  cm., 
or  the  weight  of  rather  more  than  a  quarter  of  an  ounce  acting  at  an 
arm  of  1  inch. 

For  external  points  the  action  of  a  magnet,  whatever  its  distribution, 
can  be  imitated  by  a  certain  distribution  of  positive  and  negative  mag- 


FIG.  19. 

netism  on  the  surface  of  the  magnet.  Grounds  for  this  conclusion  will  be 
found  in  Chapter  VI.  with  other  general  theorems  regarding  surface  dis- 
tributions. This  surface  distribution  may  be  regarded  as  due  to  the  poles 
of  uniform  magnetic  filaments  running  through  the  magnet  and  having 
their  ends  on  the  surface  of  the  magnet.  It  must  however  be  clearly 
understood  that  we  can  obtain  no  knowledge  of  the  actual  distribution  of 
magnetism  in  a  magnet ;  all  that  can  be  obtained  by  the  best  of  the 
so-called  methods  of  determining  magnetic  distribution  is  a  knowledge 
more  or  less  accurate  of  the  equivalent  magnetization  here  referred  to. 

Magnetic  Moment.     Axis  of  a  Magnet 

37.  Consider  first  a  long  thin  bar  uniformly  magnetized  in  the 
direction  of  its  length.  The  magnetic  moment  of  such  a  bar  is  the 
couple  which  it  would  experience  if  it  were  placed  with  the  line  joining 
its  poles  at  right  angles  to  the  lines  of  force  of  a  uniform  field  of  unit 
intensity.  If  C.G.S.  units  are  used  the  couple  gives  the  moment  in 
C.G.S.  units. 

In  the  case  of  any  other  magnet  there  will  be  a  position  in  which 
in  a  uniform  field  the  couple  acting  on  the  magnet  is  a  maximum. 
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The  axis  of  the  magnet    is  then  at  right  angles  to  the  lines  of  force  of 
the    field. 

The  axis  ma\  In-  found  as  follows.  Let  the  magnet  be  freely 
suspended  by  its  centre  of  gravity  in  a  field  uniform  over  the  region 
occupied  hy  tin-  magnet.  The  magnet  will  set  its.  If  s.>  that  the  couple 
a« -ting  on  it  is  zero.  Let  then  a  line  in  the  magnet  have  its  position  in 
fipact-  marked,  or,  which  is  the  same,  let  the  positions  of  two  point 
the  magnet  be  marked.  Now  let  the  magnet  be  resuspended  b\ 
centre  of  gravity  so  that  it  rests  in  equilibrium  in  another  position,  and 
let  the  new  positions  of  the  same  two  points  be  marked.  Draw  then 
t\\o  plane-  bisecting  at  right  angles  the  lines  joining  the  two  positions 
of  each  point.  The  line  of  intersection  of  these  planes  is  the  direction 
of  the  axis  of  the  magnet.  For,  the  axis  of  the  magnet  must  have  had 
the  same  direction  in  both  cases,  and  hence  it  must  have  been  possible 
to  have  turned  the  magnet  from  one  position  to  a  parallel  one  by  simply 
turning  it  round  an  axis  parallel  to  this  direction,  which  is  clearly  gi\en 
by  the  process  described. 

This  construction  is  not  convenient  in  practice,  but  instead  the 
magnet  may  be  hung  in  the  field,  and  its  position  marked,  and  then 
be  removed  and  a  long  thin  needle  hung  in  its  place.  If  this  be  also 
-uspended  by  its  centre  of  gravity  it  will  take  the  direction  of  the  mag- 
netic force,  that  is,  the  direction  of  the  axis  of  the  more  complex  magnet 
of  considerable  cross-section. 

Determination!  of  magnetic  axis  have  however  very  seldom  to  be 
made.  We  shall  see  later  how  uncertainty  arising  from  want  of  ex  a.  -t 
knowledge  of  the  position  of  the  axis  of  the  needle  of  a  dip-circle  is 
eliminated. 

Couple  on  Magnet  in  Magnetic  Field 

38.  If  a  magnet    having  taken  up  a  position   of  equilibrium   in    a 

uniform   field  he   turned   through  an  angle  of  180°  round   an   axis  at 

ri_rlit  angles  to  the  magnetic  axis 

it   will   again  be  in  a  position  of  j 

•equilibrium.     It  is  clear  from  Fig.          .^  tl».. 

•_'<>  that    in   one  ,,f  these  positions    £?>«£??•.  ££'/£< . 

the   equilibrium  of  the  magnet  is  --^-::--.----.:;-----.:rrr;:::r.--  - 

stable,  in  the  other  unstable.    Any  II 

angular  displacement  of  the  mag-  20. 

net  not  compounded   of  a   rotation 

through  any  anirle  round  its  own  a\i-.  and  a  rotation  of  180°  round  a 
perpendieiilar  axis,  LeaVM  it  under  the  influence  of  a  couple  the  moment 
<.f  which  depends  on  h  the  magnet  itself,  (2)  the  angle  which  the 
new  direction  ,,f'  the  magnet  ic  axis  makes  with  its  direction  of  Stable 
•equilibrium,  (3)  the  intensity  of  the  magnetic  field. 

If  the  magnet  be  placed  in   a    uniform  field  of  intensity  H  so  that 
rifl  makes  an   an^le  0  with    the    po-ition  of  stable  e<|uilibrium.  that 
i-  \\ith  the  direction  of  H,  the  moment  of  the  couple  is  MH>in  6*  \\  • 
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• 

M  is  the  magnetic  moment  of  the  magnet.  Since  the  amount  of  free 
positive  magnetism  in  the  magnet  is  equal  to  the  amount  of  free  negative, 
the  magnet  may  be  regarded  as  made  up  of  a  very  great  number  of 
uniformly  magnetized  filaments  having  their  ends  within  or  on  the  sur- 
face of  the  magnet.  If  ovi  be  the  free  magnetism  at  either  pole  of 
one  of  these  h'laments  the  force  exerted  on  that  magnetism  by  the  field 
is  S?»H,  and  the  forces  on  the  poles  are  equal  and  in  opposite  directions. 
Hence  if  /  be  the  distance  between  the  poles,  3  the  angle  between  the 
filament  arid  the  direction  of  H,  the  moment  of  the  .couple  on  the  fila- 
ment is  H  /  sinS.  Sm.  Hence  summing  for  all  the  filaments  and  putting 
Ii  for  the  resultant  couple  we  have 

sin£Sw)      ......     (18) 


if  the  magnet  be  a  thin  plate  with  its  breadth  parallel  to  H,  so  that  the 
axes  of  the  elementary  couples  are  all  parallel. 

But  there  is  a  position  of  the  magnet  and  a  corresponding  value  •&' 
of  3  for  the  particular  filament  considered  for  which 

2  (£  sin  #'  Sm)  =  0      ......     (19) 

Now  let  6  be  the  angle  through  which  the  magnet  must  be  turned  from 
this  position  to  attain  its  actual  position  in  the  field.  Then  •&  =  6  +  •&'  and 

2  (/  sin  3  8m)  =  2  {I  sin  (3-'  +  0)  8m} 

=  cos  0  2  (?  8m  sin  3-')  +  sin  0  2  (I  Sm  cos  3'). 

The  first  term  on  the  right  is  zero  by  (19).     The  second  term  gives 
L  =  H  sin  6  2  (1  8m  cos  3')      .....     (20) 

Thus  the  moment  M  of  the  magnet  is  given  by  the  equation 

M  =  2(JSmcos£')    ......     (21) 

Similarly  any  other  more  complicated  case  may  be  treated. 

Potential  Energy  of  a  Magnet 

39.  If  a  magnet  is  placed  in  a  given  position  in  a  magnetic  fieldr 
the  field  and  magnet  have  mutual  potential  energy  measured  by  th& 
work  which  must  be  done  against  magnetic  forces  in  bringing  the 
magnet  to  the  given  position  from  another,  defined  as  that  for  which  the 
mutual  potential  energy  is  zero.  We  shall  assume  that  this  potential 
energy  is  zero  when  the  axis  of  the  magnet  is  at  right  angles  to  the 
lines  of  force  of  the  field.  If  the  magnet  be  so  small  that  throughout 
it  the  field  may  be  taken  as  one  of  the  same  intensity,  no  work  will  be 
done  in  bringing  it  from  outside  the  field  to  any  given  position,  if  it  be 
kept  always  at  right  angles  to  the  lines  of  force  ;  and  therefore  no  work 
will  be  done  in  bringing  it  from  outside  the  field  in  any  manner  what- 
ever, and  leaving  it  with  its  axis  at  right  angles  to  the  lines  of  force.  It 
is  to  be  understood  in  this  connection  that  the  magnetization  of  the- 
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magnet  remains  unchanged  when  it  is  moved  in  tin-  tit-Id,  otherwise  the 
statements  here  made  will  not  be  corr« 

If  now  without  change  of  position  of  tin-  magnet  as  a  whole  it  be 
turned  round  until  the  positive  direction  of  its  axis  (from  the  south- 
pointing  to  the  north-pointing  t-nil)  makes  an  angle  (>  with  tin-  position 
of  stable  equilibrium  of  this  axis,  the  couple  due  to  magnetic  !'••• 
acting  on  the  magnet  is  MHsinflfor  the  angle  6,  and  tliis  tends  to 
diiuinisli  6.  The  work  done  /.//  magnetic  forces  in  hrm-jini:  tin-  magnet 
from  th«-  xero  position  to  tin-  tinal  one  is  thus 


-     M  H  -sin  BdB  =  M  H  cos  6 

Jir/2 

Hence  the  work  done  against  magnetic  forces  is  —  MH  cos#  and  if  E 
denote  the  potential  energy  according  to  the  specification 


E  =   -  MHcos  B 


(22) 


If  the  components  of  the  magnetic  force  H  referred  to  three  rect- 
angular axes,  x,  y,  z,  Fig.  21,  drawn  in  the  tme  north,  the  east,  and 


21. 

the  vertically  downward  directions  respectively.be  a,  $.7,  and  the  d 
tion  cosines  uf  the  magnetic  axis  referred  to  the  same  axet  he  /,  //».  /< 
have  instead  of  (22) 

E        -  M(/a  -I-  nip  +  ny) (23) 

substituting  the  value  of  sin  6  in  terms  of  a,  /9,  7,  /. 

have 

L  =  M  |(wy  —  n/8)2  +  (na  —  /y)2  +  (I ft  -  Wta)2!*    .      .      (24) 
This  is  plainly  the  resultant  of  three  couples 

M(//«y  —  nft),  M(na  -  /y),  M(//?  —  wia) 
the  axes  of  a*,  y,  z,  respectively. 
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Using  polar  co-ordinates,  putting  (see  Fig.  21)  £  for  the  angle  which 
H  makes  with  a  horizontal  plane,  <f>  for  the  angle  between  the  plane 
of  x,  z,  and  a  vertical  plane  containing  H,  and  rj  and  i/r  for  the  corre- 
sponding angles  for  the  magnetic  axis  we  get 

a  =  H  cos  £cos  <£,  ft  =  H  cos  £  sin  <£,  y  =  H  sin  £ 
I  =  cos  rj  cos  \j/,  m  =  cos  rj  sin  \(/,  n  —  sin  ?/, 

and  instead  of  (23) 

E^  —  MH  /  cos  £  cos  r;  cos  (<£  -  \j/)  +  sin  £  sin  17}     ....     (25) 
Also  for  the  component  couples  we  obtain 

M(J0  -  ma)  «=  MH  cos  £  cos  77  sin  (<£  -  i/>)     .     .     .     .     (26) 
with  two  similar  equations  for  the  other  components. 

Magnetic  Poles 

40.  The  determination  of  the  positions  of  the  "  poles  "  of  an  ordinary 
"bar  magnet  has  been  the  object  of  much  experimental  research.   Properly 
speaking,  there  are  no  definite  poles  in  an  ordinary  magnet,  if  by  poles 
are  meant  points  at  which  the  whole  of  the  free  magnetisms  of  the  bar 
may  be  supposed  concentrated,  the  negative  at  one,  the  positive  at  the 
other,  so  as  to  produce  the  actually  existing  external  field.     They  exist 
only  in  the  ideal  case  of  an  infinitely  thin  and  uniformly  magnetized 
filament,  in  which  case  they  are  the  extremities  of  the  bar. 

As  a  matter  of  approximation,  however,  the  positions  of  such  points 
can  be  found ;  and  one  or  two  examples  will  be  given  in  the  next 
Chapter. 

41.  When  a  magnet  is  hung  in  a  uniform  field,  it  may  be  regarded 
as  acted  on  by  two  sets  of  parallel  forces,  one  set  acting  on  the  positive 
the  other  on  the  negative  magnetism.    The  resultants  of  the  two  systems 
of  parallel  forces  give  the  couple  acting  on  the  magnet ;  and  the  centres 
of  these  systems,  or,  what  is  the  same  thing,  the  "centres  of  mass"  of 
the  two  distributions  of  magnetism,  may  be  regarded  as  poles.     But  this 
idea  of  pole  is  not  of  any  use,  as  all  we  are  concerned  with  is  the  moment 
of  the  couple  on  the  magnet,  which,  as  we  have  seen,  is  the  product 
MH  sin  0,  where  M  is  the  magnetic  moment,  H  the  field  intensity,  and 
6  the  angle  between  the  direction  of  H  and  the  magnetic  axis. 

The  term  "  pole "  in  the  sense  of  a  quantity  of  magnetism  concen- 
trated at  a  point  is  also  frequently  used  in  specifying  magnetic  field 
intensity,  or  when  discussing  the  mutual  action  between  a  magnet  and 
a  field,  as,  for  example,  when  we  speak  of  the  force  on  a  unit  magnetic 
pole  (that  is,  unit  quantity  of  magnetism)  placed  at  a  point  in  the 
field. 
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Actions  between  Magnets.     Simple  Cases 

42.  We  calculate  first  the  field  intensity  produced  at  any  point  by 
a  straight  magnetic  ril.tm.  nt  A  /:  (  -in  at  A,  +  m  at/?).  Let  the  centn- 
of  tin-  filament  0  be  taken  as  origin 

4>t'  o.-.irdiuates,  and  x,  y,  as  indirat.-d  \v        ,''' 

in  Fig.  22,  for  the  co-ordinates  of  the  r.-r_V<'A' 

point   P  at  which    the   intensity  is  to  j-''  p\ 

be   found,  and    -21   tin-    length  'of  tin-  ',*-'  '  V, 

tihimriit.    Then  AP*  =  rf  =  (.<?  -f  /)*  + 
,,-.  lip-  .  r"  =  (a;  -  0*  +  y2.      The  ' 


_  _    . 

-  at  7'  din-  to  tin-  ends  -4  and  5  re-    A  O  B 

spectively  are  numerically  m/r^,  m/rf,  FIG.  22. 

the    former  acting    in    the    direction 

nls  A,  the  latter  in  the  direction  from  B.    The  direction  cosines  of 
the  lines  in  which  they  act  are  thus  —  (.«  +  l)frv-y/rlt  (x-l)frt,  >> 
respectively.    The  total  component  X  along  the  magnet  is  thus  given  1  <\ 


(27) 
j        r/ 

and  the  component  Y  in  the  direction  of  y  by 

......  (28) 


Hence  if  ^>  be  the  angle  which  the  resultant  makes  with  tin 
of  x,  we  have 


'  '  '  (29) 


If  rl  =  rz,  that  is  if  the  point  be  on  the  axis  of  y,  as  in  Fig.  2:>.  ire 


Y  -       -       y  -  o 

•A    =     —  ,  >    •*     '      "• 

rl 

t;iu  <f>   =   0. 

In  this  cue  A"  is  the  field  intensity,  and  it  can  be  written 


v 

• 

i  t  M  be  the  magnetic  moment  of  the  filament. 

it   it    /'be  on  tli.-  axis  of  x,  as  in   I  u    24,  so  that  r,-a:+/, 
.\'  l)ecomes  once  more  the  field-intensity,  and  we  have 

(      I  l\          '.'Mr 

2    -m\(^rv-(x-t)*i-(^-w'  • 

Tims  if  tin     magnet  be  an  ordinary  bar  magnet    \\«-  OU    find    tlu« 
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intensity  of  its  field,  at  distances  from  it  great  in  comparison  with  its 
half-length,  by  the  formulas 

*--*-" <32> 


according  as  the  point  is  on  the  axis  of  y  or  on  that  of  x,  M  denoting 

the  magnetic  moment  of  the  magnet. 

43.  If  a  short  needle  of  moment  M'  be  hori- 
zontally suspended  in  the  field  with  its  axis  making 
an  angle  6  with  the  axis  of  x,  the  couple  exerted 
upon  it  by  the  magnet  we  have  supposed  is  MM' 
sin  0'  (?/2  +  /2)2.  in  the  first  of  the  cases  stated  above 
(see  Fig.  23),  and  2  MM  sin  0'(xz-  P)z  in  the 
other  (see  Fig.  24). 

If  another  field  of  intensity  H  say,  due  to  some 
other  distribution  of  magnetism,  exist,  having  its 
direction  parallel  to  y,  another  directive  couple  of 
magnitude  MHcos#  will  act  on  the  needle;  and 
if  this  equilibrates  the  couple  due  to  the  magnet,  in 
each  of  the  cases  supposed,  we  have 

TT  J 

*f  =  /  o   ,   m,  tan  e (33) 

M       (y2-  +  P)i 

in  the  first  case,  and 

M  =  (^2)2tan*  <34) 

in  the  other. 

FIG.  23.  These  become  in  the  approximative  cases  referred 

to  above 


H       2 

^  =  —  tan  0 

M       x6 


(35) 
(36) 


H 


•H 


FIG.  24. 


where  M  denotes  the  moment  of  the  magnet  used  whatever  the  dis- 
tribution of  magnetism  in  it  may  be. 

We  shall  see  in  the  chapter  on  Magnetic  Measurements,  how,  by 
using  the  horizontal  component  of  the  magnetic  field  intensity  as  H 
the  values  of  H  and  M  can  be  determined. 
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SECTION  II.  —  Synopsis  of  Elementary  Theory  of  Magnetism.     Magti' 
Potential  of  any  given  Distribution 

44.  It  is  an  indirect  but  well  established  result  of  experiment.  that 
a    maijneti/ed  body   may  be  considered  as   made   up  of  a   very  large 
number  of  magnetized  particles,  the  magnetic  axes  of  which  in  any  small 
element  of  the  body  have  a  common  direction.     Further.  we  suppose 
these  particles  so  small  that  there  is  a  very  large  number  of  them  in 
a  Mnall  element  of  the  body.     Whatever  their  nature  may  be.  they  must 
be  regarded  as  atmni<-  <>r  indivisible  magnets,  in  order  to  explain  toe  fact 
that  a  portion  of  a  broken  magnet  is  itself  a  magnet,  differing  in  no 
essential  particular,  other  than  moment  and  peculiarity  of  distribution. 
from  the  original  magnet.     In  all  such  cases  the  algebraic  sum  of  the 
magnetisms  of  each  portion  is  zero;  a  fact   which  indicates   that    i  In- 
positive  ami  negative  magnetisms  of  each  magnetic  particle  are  really 

iirt'erent  aspects  of  one  and  the  same  physical  phenomenon. 
In  what  follows  we  shall  consider  only  bodies  of  isotropic  substance. 
that  is  which  do  not  show  differences  of  magnetic  ipiality  in  different 
directions,  and  further  only  states  and  changes  of  states  of  a  system  of 
bodies  which  are  maintained  at  a  common  constant  temperature.  All 
<  •<  insiilt  ration  of  the  magnetic  phenomena  of  crystals  and  other  a  olotropic 
substances,  and  of  thermodynamic  consequences,  are  at  pn-,  m  omitted. 
\\  •  -hall  consider  tin-  latter  at  least  in  a  later  Chapter. 

45.  (  'onsider  then  a  small  rectangular  prUm  <»f  the  body  with  • 
parallel  to  the  axes  of  x,  y,  z;  let  it  contain  //  particles,  of  which  tin- 
average  magnetic  moment  is  m  ;  then  the  magnetic  moment  of  the 
element  i-  //m.     It  the  lengths  of  the  edges  of  the  element  are  d<  . 

the  magnetic  moment  per  unit  of  volume  is  nm'dA-dydz.  Let  this 
be  denoted  by  I,  then  I  is  what  is  called  the  intensity  of  magnet  i/.at  ion 
of  the  substance. 

The  direction  of  I  is  the  common  direction  of  the  axes  of  the 
particles.  If  X,  p,  v,  be  the  direction-cosines  thi-  direction  we  have  XI, 
/*!.  vl,  for  the  components  of  I  along  the  axes  <>'  i-  -p.  ,  -lively. 

\Y.   -hall  write  XI,  pi,  vl=A,B,C.     A,  Bt  Care  called  the  comjtoi, 
of  magnet  i/.at  ion. 

It  the  centre  of  the  element  <f"fi/<f:  he  at  (.<•,  #.  ;)  the  potential  dtl 
which  it  produces  at  another  point  (£,  rj,  £)  is  by  the  n-ult  (  14»  obtained 
at  p.  1!»  above 


m 
=  nin 


r* 

or 


m//  =I(Ixdyd:.  and  XI,  pi,  vl  =  A,  />',  C. 
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46.  To  find  the  potential  H  at  (£,  rj,  £)  due  to  the  whole  magnetized 
mass  we  have  only  to  integrate  this  throughout  the  whole  space  in 
which  A,  B,  C,  are  different  from  zero.  We  thus  obtain 


Remembering  that  -3r/dx=  (£-#)/?*,  &c.,  we   find   by  integration 
by  parts 


-  {  —  +  —  +  —  )  dxdydz     .     (39) 
T  \ox        cy        cz/ 

47.  The  first  three  integrals  relate  to  the  surface  of  the  body. 
Consider  the  first.  It  expresses  that  the  whole  body  is  to  be  supposed 
divided  into  thin  rods  of  rectangular  cross-section  dydz,  with  their 
lengths  parallel  to  the  axis  of  x ;  and  for  each  such  rod  the  value  of 
Adydzjr,  for  the  negative  end  is  to  be  subtracted  from  that  for  the  posi- 
tive end.  Or,  in  the  general  case  in  which  the  body  is  of  re-entrant 
boundary,  or  consists  of  two  or  more  detached  pieces,  so  that  a  line 
parallel  to  Ox,  passing  completely  from  one  side  to  the  other  of  the 
body,  enters  and  emerges  more  than  once,  the  sum  of  the  values  of 
Adydzjr  for  the  entrances  is  to  be  subtracted  from  the  sum  for  the 
emergences ;  and  this  is  to  be  repeated  for  every  strip  of  section  dydz 
into  which  it  is  possible  to  divide  the  body. 

If  then  dSj,  dS*,  be  the  areas  intercepted  at  an  entrance  and  an 
emergence  respectively  by  a  given  strip,  and  lv  mv  n^,  12,  m.2,  nz,  be 
the  direction  cosines  of  the  outward  drawn  normal  at  each,  we  have 
/.,f?$  =  —  l-idS^=  dydz,  so  that  if  we  integrate  AldS/r  over  the  whole 
surface  of  the  body  we  get  exactly  the  sum  here  specified.  Equation 
(39)  thus  becomes  when  the  other  two  terms  are  treated  in  the  same 
way 

rn  /  \ 

O=    \\- (  Al  +  Bm  +  Cn)  dS 
JJr\ 

'1  /cA      dB 


where  I,  m,n  are  the  direction  cosines  of  the  outward  drawn  normal  to* 
the  element  dS  of  the  surface. 

48.  It  is  obvious  that  we  can  interpret  the  first  term  of  the  expres- 
sion in  the  right  of  (40)  as  the  potential  due  to  a  surface  distribution, 
of  density 

o-  =  Al  +  Bin  +  Cn  ......     (41) 

at  dS,  and  the  second  as  the  potential  due  to  a  volume  density 


(oA       3B 
p=  -  (—  +—  +—  )  ......     (42) 


at  dxdydz. 
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If  the.  angle  between  the  outward  normal  to  the  surface  at  anv 
point  ami  tin-  direction  of  I  there  be  6,  the  equation  for  the  surface 
density  becomes  <r  =  1  cos  6. 

49.  It  is  to  be  noted  that  since  tin-  \>-1u>lc  quantity  of  magnetism  in 
the  distribution  is  /ero  we  ought  to  have 


[[(.If  +  Bm  +  Cu)  dS  -  Jf  j 


=  0. 


Tliat  this  is  identically  true  is  obvious. 

50.  Tin-  i«  suits   hen-  arrived  at  are  of  course  consequences  of  tin 
suppositions  made  as  to  the  structure  of  the  magnetized  body.     The 
surface  and  volume  distributions  are  to  be  regarded  as  the  unbalanced 
polarities  of  the  magnetic  molecules  which  abut  on  the  surface,  and 
within  the  body  respectively. 

It  throughout  the  body  the  equation 

.1       cR      W 
r-+r-+r-  =  0         ......     (43> 

ix        cy 

hold,  the  distribution  is  said  to  be  solenoidal  or,  sometimes,  the  body 
is  said  to  be  uniformly  magnetized. 


Potential  of  a  Magnetic  Shell 

51.  A  magnetic  shell  is  a  thin  surface  ma^neti/ed  at  every  point  in 
a  ilirection  at  ri-ht  angles  to  its  surface.     If  I  be  the  intensity  of  i 
neti/.ation  of  the  .shell  at  any  point,  &v  its  thickness,  the  product  lSi> 

tiled  the  str.-nu'th  of  the  shell,  and  is  generally  denoted  hy  <I>.  It 
this  is  ill.  s.-iiue  at  every  point  of  the  shell  it  is  said  to  be  a  simple  or 
uniform  shell. 

Tin-  potential  of  a  simple  shell  at  any  j>oint  Pis  numerically  e.jual 
to  the  product  of  the  strength  of  the  shell  hy  the  solid  an^l,.  suht.-nded 
at  the  point  by  the  boundary  of  the  shell.  For  let  a  small  portion  ..f  the 
>hell  of  area  dS  be  considered,  the  distance  of  which  from  /'  is  r,  and  the 
normal  to  which  makes  an  an^le  Q  with  the  direction  of  r.  The  moment 
of  the  element  is  I&vdS,  and  hence  the  potential  is 


,70         T-  h 

d\l  =  lov         0        =  v  —  ....     (44) 

r-  r 

But  dScwB   is  the   projection   of  dS  at   ri^lit   angles  t<»  /-,  and  thi» 
divided    by    /  :    is    the    Solid   anjjle   which    the    element    subtends    at   P. 
Hence  int.'-ratini;  over  the  shell,  and  putting  a)  for  the  total  solid  a 
subtended  h\   the  bounding  curve  we  liave 

n  =  *«>    ........   (45) 
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The  solid  angle  o>  is  taken  positive  when  the  point  is  on  the  positive 
side  of  the  shell,  that  is,  is  so  placed  that  a  straight  line  drawn  from 
the  point,  and  intersecting  the  shell  once  or  an  odd  number  of  times, 
meets  first  the  positively  magnetized  surface. 

It  is  to  be  noticed  that  the  value  of  fl  remains  unaltered  however 
the  shell  may  be  deformed,  provided  its  strength  and  the  position  of  its 
boundary  remain  invariable,  and  the  point  remain  on  the  same  side  of 
the  shell. 

The  value  of  «  is  zero  for  a  closed  shell ;  and  hence  the  potential  of 
a  closed  simple  shell  is  zero  at  every  point.  On  the  other  hand  for  a 
point  within  a  closed  shell  <u  is  clearly  ±  4  TT  according  as  the  positive 
side  is  turned  inward  or  outward. 

52.  The  difference    of  potential   between  two   points   very  closely 
adjoining  but  on  opposite  sides  of  a  shell  is  4  IT  <£>.     This  may  be  seen 
in  the  following  manner.     Let  the  shell  be  made  a  simple  closed  shell 
by  a  cap  fitting  the  boundary.     The  potential  at  the  point  outside  will 
be  made  zero,  that    of  the  point  inside  ±  4  IT  3>.      Let  <]>&>;  be    the 
original  potential  at  the  latter  point.     Then  wt  has  been  changed  by  the 
amount  ±  4  TT  —  (ot  which  is  the  solid  angle  subtended  at  the  internal 
point  by  the  cap.     But  the  solid  angle  subtended  by  the  cap  is  the  same 
at  both  points,  and  hence  if  toe  be  the  solid  angle  subtended  by  the  shell 
at  the  external  point  we  have 

_L.       A  .       (\ 

or 

o>,    -    wi .    =    ±  4:r          (46) 

Lamellar  Distribution  of  Magnetism 

53.  When  the  magnetism  of  the  body  may  be  regarded  as  made  up 
of  simple  magnetic  shells,  either  closed  or  having  their  edges  on  the 
surface  of  the  body,  the  magnetization  is  said  to  be  lamellar.     Let,  in 
this  case,  <j>  denote  the  sum  of  the  strengths  of  the  shells  passed  through 
by  a  point  carried  within  the  magnet  from  any  chosen  zero  position  to 
any  other  position  (x,  y,  z)  :  then 

<£  =  I  I  cos  Ods. 

where  cos  Ods  denotes  the  thickness  of  any  shell  passed  through, 
I  the  intensity  of  magnetization,  and  6  the  angle  between  ds  and  the 
direction  (\,  p,,  v)  of  I.  But  since 

dx         dy 
ds  ds 

the  equation  for  <f>  may  be  written 


f,  (dx          dy        dz\ 

=    IU—  +  /*/  +  v—)ds      ....     (47) 
J    \  ds          ds         ds) 
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and  therefore 

c<f>dz 


da  da          da         da        ex  da       cy  da       rz  da ' 

Thus  we  find 

A  =  — ,  B  =  -   ,  C  =  - — 

function  <f>  is   called  the  potential  of  magnetization.     When 
A,  L  thus  derivable  by  differentiation  the  magnetization  is  said 

to  be  /«//c/ 

If  the  magnetization  is  also  solenoidal,  that  is,  is  lamellar-solenoidal, 
the  condition 


0       .....     (49) 

IP.  1,1s.  or  0  satisfies  Laplace's  equation  (p.  4G  below). 

Complex  Lamellar  Distribution 

"  k  It  a  shell  be  not  simple,  that  is,  if  its  .-tn-n^th  varies  from  point 
to  point,  it  is  said  to  be  complex.  If  a  magnet  1).-  mad.-  up  ot'  complex 
shells,  the-  nnly  condition  to  be  expressed  is  that  the  direction  of  mag- 
nrtixation  is  normal  tu  a  family  (if  surfaces.  The  equation  of  a  line  of 

is 


(50) 


and   it  this  !>«•  at   right  angles  to  a  family  of  surfaces  <f>(z,  y,  z)  =  c, 
\vln-rc  c  is  a  variable  parameter,  the  condition  must  hold 

c<£  c<t>  ty 

/'A  •  ;:—  ,    liB  —  —  ,    AC  =  r—  , 

wliere  A  is  a  function  of  the  co-ordinates  x,  y,  z.     Hence  we  have  the 
conditions 

- 

• 


and  tli.-se  give 

"  -  ?*)  -  0 

with  two  similar  »-.(  nations.     Multiplying  tln-se  e.juations  by  A,  B,  C, 
ctivt-ly.  and  adding,  we  find  tin-  c"iidition 


whicli  is  tliat  of' complex  lamellar  ma^netizjition. 
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55.  If  the  magnetization  is  also  solenoidal  we  have  besides 

8/4       ^8/t       _?/* 

A~  +  £v    +  CV  =  V24>, 
ox          dy  dz 

since 

dA       85       oC 

-  +  --  +  —  =  0. 

dx        dy        cz 
Multiplying  this  equation  by  h  we  find 

hA^  +  M™  +  A<7|*  -  AV2<#., 
oo;  cy  cz 

or 

8<A  87i       8<i  8A        8d>  8A 

,-^  +  /^  +  -f  —  =  /tV2<#»          •     •     •      52 
80;  ex       cy  cy        dz  cz 

This  may  be  taken  as  the  condition  fulfilled  by  a  lamellar  solenoidal 
distribution. 

A  number  of  theorems  equally  applicable  both  to  magnetism  and  to 
electricity  will  be  proved  in  chapter  VI.,  which  relates  more  particularly 
to  electrostatic  phenomena.  Further  developments,  however,  of  the 
mathematical  theory  of  permanent  magnetism  sketched  above  have  not 
in  general  any  very  direct  bearing  on  electromagnetism,  and  they  are 
therefore  not  given  here.  The  preceding  brief  discussion  will  be  sup- 
plemented in  what  follows  as  additional  information  is  required,  and 
in  another  chapter  which  will  contain  some  applications  of  thermo- 
dynamics to  the  explanation  of  magnetic  phenomena. 


CHAPTER  II 

INTKN-:iTY    ANI>    MA'.\I.M<      [NDUCTIOM 

Influence  of  Medium   occupying  the  Field 

\Vi:   have  d.-tiiH-il    field   intensity  above,  in    accordance   with   the 

.1  practice,  a*  tin-  force  which  unit  quantity  of  magnetism  experiences 

\\hen  placed  at  the  point  considered.     \\'e  n<>\v  propose  to  look  at  the 

•om  another  pxrint  of  view  so  as  to  distinguish  clearly  between 

what  it  is  now  usual  to  call  magnetic  induction  and  magnetic  intensity  or 

gnetic   t-irce.    To  do  so  we  must   call  more  direct    attention   than 

hitherto  to  the  fart  that  magnetic  action  must  be  propagated  by  changes 

which  take  place  in   the  ine.liuiu  occupying  the  tiflil.     These  consist  in 

rtain   effect  produced  at  every  point  of  the  field  by  the  presence 

the   magnetic  system,  and  propagated  outwards  from   the  magnetic 

in  by  mutual  actions  between  the  different  parts  of  the  medium. 

What  th  nature  of  this  effect  is  we  cannot  tell,  but  it  is  probably 

a  species  of  motion  of  the  medium    which  causes  such  parts  of  the 

in.  ilium   or  portions  of  matter  in  the  medium  as  are  magnetizable  to 

magnetic  phenomena.     We  shall  take  as  the  measure  of  this 

effect    a  quantity  which   we  shall  call  the  magnetic   induction.    The 

ordinary  le  of  reckoning  this  quantity  will  be  specified  presently. 

•he  result  of  the   existence  of  this  change  in  the   medium,  the 

field  will  he  the  seat  of  a  certain  distribution  of  energy,  which   we  shall 

nl  as  kinetic,  and  we  be-in   by  specifying  that  if  B  denote  the  mag- 

C  induction  at  any  point,  the  energy  per  unit  of  volume  tin-re,  or  Tvt 

shall   be  equal   to  BH  NTT.     This  introduces  a  second   quantity  H  the 

specification    of  which    so  far  is  simply  that    multiplied  into    B  STT  it 

gives  Tr.     H  will  afterwards  be  identified  with  what  we  have  railed  the 

magnetic  force  ,,i  magnetic  intensity. 

We  shall  see  later  \\  hen  considering  the  magnetic  field  produced  by  A 
cur  'ectricity.  that   there   is  a  perfect    mathematical    analogy    1" 

iiTent  and  the  magnetic  force  on  the  one  hand,  and  a  v. 
filament  or  system  of  filaments  in  a  perfect  fluid,  and  the  velocity  at  an\ 
point  in  t he  surrounding  fluid  on   the  other.     The  t m-rgy  of  a  ma-net n 

D    2 
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field  therefore  corresponds  exactly  to  that  of  the  motion  of  the  fluid  in 
the  field  so  to  speak  of  the  vortex.  We  shall  use  the  analogy  here  to- 
some  extent  by  adopting  a  phraseology  founded  upon  it  for  the  specifica- 
tion of  certain  quantities  with  which  we  have  to  deal. 

Comparison  with  ordinary  kinetic  energy  suggests  that  we  may 
regard  B/4?r  as  the  magnetic  momentum  per  unit  volume  of  the  medium 
at  the  point  considered,  and  H  as  the  corresponding  velocity ;  and  some 
such  convention  seems  preferable  to  the  alternative  view  which  might  be 
adopted,  in  which  B/4?r  is  regarded  as  a  magnetic  displacement  analogous 
to  an  elastic  displacement  in  the  medium,  and  H  as  the  corresponding 
"  force  "  producing  it.  We  shall  generally  use  the  term  magnetic  in- 
tensity for  H,  in  order  to  avoid  the  "  begging-the-question  "  influence 
of  the  name  magnetic  force.  Still  if  the  latter  term  is  used  it  ought  to 
be  remembered  that  magnetic  force  like  electric  force  and  electromotive 
force  is  not  a  force  in  the  ordinary  dynamical  sense  at  all ;  and  we  shall  see 
that  in  the  generalised  dynamical  method  of  Lagrange,  which  we  shall  use 
in  dealing  with  the  subject  of  current-induction,  there  is  an  indefinite 
number  of  kinds  of  "  forces  "  in  an  extended  sense  which  are  obtained 
by  a  simple  process  from  the  expressions  for  the  kinetic  energy. 

57.  We  denote   the  component  of  the  magnetic  induction  at  any 
point  by  a,  l>,  c.    Further  we  call  the  product  B  cos  6dS,  where  dS  is  an 
area  of  an  interface  drawn  in  the  field  through  the  point  in  question, 
and  6  is  the  angle  which  the  normal  to  the  element  makes  with  B,  the 
total  magnetic  induction  across  the  area  dS.     By  integration  we  can 
calculate  the  total  induction  across  a  closed  surface  drawn  in  the  field. 
This  will  have  the  value 

\  B  cos  MS, 

where  the  integral  is  taken  over  the  surface. 

We  further  assume  that  the  magnetic  induction  fulfils  the  condition 
that  its  integral  taken  over  any  spherical  surface  drawn  in  the  field  of  a 
quantity  of  magnetism  placed  at  the  centre,  is  numerically  equal  to  this 
quantity  multiplied  by  4?r :  that  is  we  assume  that 

B  cos  OdS  =  linn 

if  m  be  the  quantity  of  magnetism.  We  suppose  for  the  present  m  to 
be  the  only  magnetism,  so  that  the  total  induction  is  the  same  over  every 
concentric  spherical  surface  drawn  from  the  position  of  m,  and  equal 
to  4t7rm.  We  are  further  led  by  symmetry  to  take  as  the  direction  of  the 
induction  the  radial  direction  drawn  through  the  point  considered  and  the 
position  of  the  point -charge  of  magnetism. 

Total  Magnetic  Induction  over  Closed  Surfaces  in  Field 

58.  From  this  we  can  prove  that  the  total  induction  across  any  closed 
surface  drawn  in  the  field  and  not  including  the  charge  within  it  is 
zero.     For  consider  a  surface  drawn  in  the  field  and  bounded  by  parts 
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of  ;  ntric  spherical  surfaces  havin-  their  common  centre  at  tin 

char-e.  ami  by  a  surface  swept  out  by  ino\  in-  a  radius  so  that  a  point  in 
isse>   r<>  uiul   a  closed  curve.     The   total    induct  ion    across   the    inner 
spherical  part  of  tin-  boundary  is  obviously  equal  to  that  across  the  outer 
p.  at  i«>n.  while  there  can  be  none  at  ri-ht  angles  to  a  radial  portion. 

-idcr  now  a  cone  of  small  an^le  and  let  rf^  be  an  oblique  sect  i.'ii 

of  the  <•  .....  -the  outward  normal  to  which  makes  an  angle  0.,with  the  axis 

one.     The  total   induction  outward  across  this  is  Bx  cos  0^dS'l 

=  Bj'/>',  where  i/X,.   is  the  normal  section  at  the  same  place.     Con- 

i  another  oblique  section  dS*  f°r  which  the  corresponding  inclina- 

ti"ii   of  tin-   normal  to  the  axis   is  6.,.    and   normal  section  dS2.     The 

!    induction  there  is  B2  cos  B2dS'z  =  Btfl&p     But   we  have  seen  that 

B     -    —  B^/Xj  =  0,  and  hence 

Bo  ci.  -  ••  W        '&lco^d]dS'}  =  0, 


that  is  the  total  induction  outwards  from  the  surface  contained  between 
.o  obli.jue  sections  is  zero. 

u  this  the  conclusion  at  once  follows  that  the  total  induction 
M  a  dosed  surface  of  any  form  drawn  in  the  field  so  as  not  to  include 

iioint  charge  is  xen>. 

Moreover  it  clearly  follows  from  the  equation 

BI  cod  eidS'l  =  B.,  cos  Oj 


1  induction  across  a  closed  surface  of  any  form  drawn  so  as 
.dude  the  magnetic  charge  is  equal  to  that  taken  over  any  spherical 

in-  at  the  <  li,u-f,  in  other  words  is  equal  to  4?r//(. 
\Ve  now  assume  that  the  induction  at  each  point  produced  by  any 

•i    distribution   is   the   resultant  of   the    inductions    that     wuul.l    be 

:  at  the  point  by  each  elementary  part  of  the  distribution  act  in- 

\.     Hi  n  iiat  the  total  induction  over  any  closed 

Irawn   in  the  field   is  equal   to  4?r  times  the  total  quantity  of 

-in   within   the  surface.     For    the    total    induction    due    to   any 

•  •lit    out.-ide  tin-  surface    j<   zero,   and  so  therefore   is  the   induction 

for  the    whole  distribution.      For  an\  element    within 

her  hai.d,  the  total  induction   acres.;   the   surfa-  • 
equal  to  4?r  times  the  quantity  of  ma-  net  ism  at  the  element.     II-  HOC  \\  e 




where  ^,,/  is  the  total  quantity  of  magnetism  within  the  surface. 

Solenoidal  Condition  Fulfilled  by  Magnetic  Induction 

v    actual    ma-netic   distribution    the    total    qtiantity    of 
in    within     a    clo  diaun   entiiek     in    the    medium 

tillil  II.   tic    molecule-,    i 

Hie    ma-net,  as    alrea  i    made    up   of   molecular   ma- 
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every  one  of  which  possesses  equal  and  opposite  quantities  of  magnetism. 
Thus 

IB  cos  BdS  -  0. 
This  may  be  written,  if  \,  /*,  v  be  the  direction  cosines  of  the  normal, 

(Xa  +  fj.b  +  vc)dS  =  0, 
or 

\(adydz  +  bdzdx  +  cdxdy)  =  0. 

This  clearly  may  be  regarded  as  the  result  of  partial  integration 
throughout  the  interior  of  the  surface,  of  the  quantity 

da       db        dc 

•5-  +  —  +— » 
ox       cy       tiz 

so  that  we  have 

.j       db 

—    +    -T-    +    ~ 

;       .dy 

the  triple  integral  being  extended  throughout  the  whole  space  within 
the  closed  surface. 

Now  this  equation  holds  for  every  closed  surface  we  may  draw  in 
the  field,  so  long  at  least  as  we  do  not  come  down  to  dimensions  com- 
parable with  those  of  the  magnetic  molecules.  If,  however,  our  elements 
descend  to  molecular  dimensions,  we  have  to  deal  with  discontinuities 
of  structure  analogous  to  those  which  would  modify  the  equations  of 
fluid  motion,  if  the  fluid  instead  of  being  treated  as  a  continuum  were 
regarded  as  the  body  of  grained  structure  which  no  doubt  it  is  in  reality. 

With  this  limitation  we  have  the  equation 

da       cb        dc 

-r-  +  —  +  —  =  0, 
dx        dy        dz 

that  is  the  induction  fulfils  what  is  called  the  solenoidal  condition.  This 
result  is  sometimes  expressed  in  words  by  saying  that  the  convergence 
of  the  induction  is  everywhere  zero.  It  really  asserts  the  fact  that  at 
no  point  of  the  field  can  there  be  an  isolation  of  one  kind  of  magnetism 
from  the  other,  in  other  words  a  unipolar  magnetic  molecule  cannot 
exist. 

61.  For  any  given  case  lines  of  magnetic  induction  can  be  drawn 
in  the  field.  These  are  defined  mutatis  mutandis  just  as  are  lines  of 
magnetic  force  (p.  13).  A  tubular  surface  formed  by  lines  of  induction 
is  called  a  tube  of  induction.  The  total  induction  over  a  cross-section  of 
a  tube  is  the  same  everywhere :  if  it  is  unity  the  tube  is  called  a  unit 
tube. 
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The  inteii>it\  of  the   magnetic  induction  can  bo  expressed  by  the 
number  i.f  unit  tubes  (.r  /////  s  ,,f  in<(  action  per  unit  of  area  i.f  a  surface 
dr;i\vii  at   right  angles  to  the   lines  of  induction   in   tin.-  field,  that  is  to 
i-  in  vi  -r<ely  aa  'lie  cross  section  of  a  unit  tube. 

Particular  Cases  of  Magnetization 

I  -  to  l.w  understood  that  in  what  follows  the  medium  taken 
-:andard  of  reference  is  the  luminiferous  ether.  Ordinary  magnet- 
ixal.le  or  diamagnetizable  matter  will  be  regarded  as  existing  in  the 
ether,  ami  as  forming  when  jmlari/ed  part  of  the  magnetic  system  pro- 
ducing the  momentum  at.  each  point  of  the  ether,  and  the  magnetiza- 
tion \vhen-\er  it  exists. 

\\  '••   now   consider   one  or   two    important   particular  cases   of 

nation.      Tln-se,   like    the    results   of  the    preceding   discussion 

.•,-ption  of  the  solenoidal  condition  fulfilled  by  the  magnetic 

induction,  which  requires  modification  when  applied  to  the  correspond- 

(  plant  ity,  the  electric  displacement),  are  at  once  mutatis  mutandis 

applicable  t..  dielectric  polarization. 

-id.  rin-   as  before  an    i-otropic   field  we  take  first  the  case  in 

which  ti  't  the  field  is  symmetrical  about  one  point,  at  which  we 

siippo>r  a   point-charge  of  magnetism,  for  example  one  pole  of  a  very 

long  uniform  lilameiital  magnet,  to  be  situated.     The  induction  in  this 

•utwanls  from  the  pole  at  every  point.     Thus  by  what  has  gone 

get 

i-    E 


king  the  total  induction  across  a  spherical  surface  of  radius  r  having 
th.    point-charge  at  its  centre. 

The  magnetic  intensity  corresponding  to  the  induction  we  shall  sup- 

I  >i  '  .]  H  .it  ional  to  the  latter  according  to  the  specification  given  on  p. 

and  in  an  isotmpie  field   it    will  have  the  same  direction.     Thus  for  the 

..f  a  singl.    |  .oiiit  -charge  of  magnetism  just  specified  B  =  7tt/r2,  and 

:ake  as  the  intensity  the  quantity  H  =  m/pr*,  where  fi  is  a  multi- 

plier depending  on  the  medium.     If  we  regard  B  /  bir  as  the  momentum 

mit  volume  ..f  the  medium  at   the  point  considered,  and  H  as  the 

sjM.nding  velocity,  the  two  will  -r..\v  up  together  from  zero,  and 

BH/STT    as   the  em  -i-v    "f   the   medium   per    unit    volume   at 

the  place  \\here  the   induction   is  B  and    the   intensity   H.     Thus  the 

•  _ry  spi-nt  in  the  vohiii  constituting  a  shell  of  radius  r  and 

thickn.  •<-  ilr  having  its  centre  at  the  point  charge  is 


m  tn 


The  en.Tuy  thus  spent    in   unit  volume  in  setting  it  into  motion  is 

1  m» 

£BH   "    ftr, 
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and  the  whole  energy  spent  in  the  field  is 

f  m2 

*  -  -I    -A <55) 


where  dv  is  an  element  of  volume,  and  the  integral  is  taken  throughout 
the  whole  medium.  We  may  take  the  integral  for  example  throughout 
all  space  except  that  of  a  small  sphere  of  radius  a,  which  we  may  suppose 
to  surround  m.  Thus  we  get 


(56) 


Mutual  Energy  of  Two  Point-Charges.    Apparent  Force  of  Repulsion 

between  them 

64.  It  is  clear  that  this  integral  will  become  infinite  if  a  be  made 
infinitely  small.    This  however  is  for  our  present  purpose  of  no  moment ; 

and  the  formula  just  found  will  be  of 
\_           --'  use  afterwards,  especially  in  the  theory 

r.x^tf"'  °f  electrical  action.     What  we  wish  to 

'  p\  calculate  at  present  is  the  change  of 

\  energy  of   the   medium   produced   by 

\  bringing   a   second    point-charge   into 

\        the  field  of  a  first. 

B  6 A  To  find  this  let  the  distance  apart 

FIG.  25.  of  the  two  charges  in  their  final  posi- 

tions be  2«,  and  take  the  point  half 

way  between  them  as  the  origin,  and  the  line  joining  them  as  axis  of  x. 
The  direction  of  the  induction  or  magnetic  momentum  at  any  point 
due  to  either  charge  is  radially  outwards  from  the  charge.  To  find  the 
resultant  momentum  due  to  both  charges  we  have  simply  to  compound 
the  two  momenta.  Let  m  and  m1  be  the  charges  at  the  points  A  and  B, 
Fig.  25,  and  let  x  be  the  distance  of  the  point  considered  from  the 
origin  along  the  line  0  A,  p  its  distance  from  the  axis.  The  component 
momentum  along  the  axis  of  x  due  to  the  two  point-charges  is  easily 
found  to  be 

m  x  -  a  m'  x  +  a 


4?r  {(a*  -  a)2  +  pt't         477  {(x  +  a): 

The  component  at  right  angles  to  the  axis  is 

tn  p  m'  o 


47r  {(x  -  a)2  +  P2}*     h  4,r  {(x  -  a)2  + 


(\  /        '     r'    \  ~  »«   i\*w   —   iv  i      T~    gj    i  * 

and  by  the  symmetry  round  the  axis  there  is  no  other  component. 
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Thus  the  square  of  the  resultant  momentum  is 


,„ 


IGir^x  -  a)«  +  p«  "    ]•;-  '< .,-  j.a)    +  f 

x2  -  a2  +  p* 


The  t\v<>  first  terms  taken   together  and  multiplied  by  47T/2/A  make 
ip   tin-    work    dour    per    unit    volume   in  establishing  the   point  rh:.' 

,iatel\.      The  laM   term  also  multiplied  by  iV,  p  is  the  mutual  ei, 
of  the  t\\o  charges  per  unit  of  volume  at  the  point  considered.     Thus 

for  the  whole  mutual  energy  we  have 


rW  f  f        (x2-p8+p8)dx 

Irr/x  J  "^  Pj  {(X2  +  a2  +  p*)*  -  4aV|!  ' 


0  -co 

This  integral  can  be  evaluated  without  much  difficulty  and  the  result  is 

1 


Differentiating  this  we  ^vt  for  the  energy  spent  on  the  system  in 

itiii'_r  the  eh;irin-  through  a  distance  'I'lo.  the  value 

. 

Ida, 


the  force  between  the  charges  is  a  repulsion  of  amount 

mm'  mz 


if  the  charges  are  equal.     If  they  have  opposite  si^ns  the  force  is  of 

i  attraction. 

Magnetic  Inductivity.    Superposition  of  Magnetic  Effects 

The  magnetic  repulsion  on  unit  quantity  of  magnetism,  that  is 
the  inti-nsity  of  tin-  nni<//t  etic  field  produced  l>y  a  point-<li,ir<ir  m.  is  thus 
///  fir-  \\  i  the  distance  of  the  point  considered  from  that  at  which 

the  pole  or  point  charge  is  situated.     The  quantity  fi  is  what  we  have 
called  the  nniiini't  ic  inductivily  of  the  medium. 

The  greater  the  magnetic  inductivity  is  the  smaller  is  the  force  w/^r8 
lien,  e,  I  by  unit  quantity  of  magnetism  placed  at  distance  r  from  a 
point-charge  ///. 

Thus  we  identify  the  quantity  ?>i  //*»•*,  the  magnetic  intensity  refi  : 

Corresponding  to  the   magnetic  induction  at  the  point,  \\ith 
:ield  intensity  H  at  a  distance  r  from  the  point-change  m  as  defined 

at   p.   \'l  alt... 

Further   the    magnetic  potential  H  at  a  distance  r  from  a  point- 
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charge,  that  is  the  function  from  which  the  magnetic  intensity,  or  its 
components,  can  be  found  according  to  the  specification  a  =  -  cQ/Ba;, 
ft  =  -  ?nT-y,  y  =  -  cto/cz,  is  given  by 

a  =  m  .......    (59) 

fir 

66.  Now  by  the  principle  of  superposition  the  magnetic  intensity  for 
any  distribution  of  point-charges  in  the  field  can  be  found  by  calculating 
the  resultant  of  the  radial  intensities  due  to  the  assemblage  of  point- 
charges.  Thus  the  magnetic  intensity  can  be  calculated  on  action  at 
a  distance  principles  for  any  distribution  whatever,  and  the  methods 
already  discussed  are  at  once  applicable. 

The  induction  B  is  connected  with  H  by  the  equation 

B  =  pB.    ........     (60) 

The  same  relation  is  expressed  also  by  the  equations  connecting  the 
components  a,  I,  c,  of  B  with  those  a,  ft,  7,  of  H,  namely 


a  —  fj.a,  b  =  fjL/3,  c  =  p.y 


The  quantity  //,  is  a  physical  quantity,  not  a  mere  constant  of  com- 
parison of  media,  and  its  dimensions  depend  on  the  physical  property 
which  defines  it.  At  present  we  are  unable  to  fix  those  dimensions, 
all  we  can  say  is  that  the  dimensions  of  BH  or  /*H2  must  be  those  of 
energy  per  unit  volume  of  the  medium,  that  is  [ML~1T~~]  in  the  ordinary 
dimensional  notation  (see  the  Chapter  on  Dimensions).  If,  however,  H 
be  regarded  as  the  velocity  of  the  medium  at  the  point  considered,  /*/4?r 
must  be  regarded  as  the  density  of  the  medium  at  the  same  point. 

We  shall  denote  the  inductivity  of  the  standard  medium  by  /z0. 

Field  Containing  Different  Media 

67.  So  far  we  have  dealt  only  with  a  single  medium  :  we  must  now 
consider  the  case  in  which  the  field  'contains  different  media.  We  shall 
suppose  each  of  these  to  be  isotropic,  and  that  the  intensity  at  each  point 
is  in  the  direction  of  the  momentum  or  induction  there. 

In  the  first  place  we  can  show  that  the  normal  component  of  mag- 
netic induction  is  continuous  on  the  two  sides  of  an  interface  separating 
two  media.  For  describe  a  closed  surface  forming  a  shell  one  face  of 
which  is  just  within,  the  other  just  outside  the  interface,  the  surface  being 
supposed  so  drawn  as  not  to  cut  through  any  magnetized  molecule,  if  the 
media  contain  such.  (This  condition,  it  may  be  remarked,  must  always 
be  fulfilled  when  any  physical  interface  in  a  medium  is  constructed,  say 
by  cutting  a  narrow  crevasse  in  it.)  Then,  since  there  is  no  magnetism 
within  the  shell,  the  total  induction  across  the  surface  is  zero.  The 
edges  of  the  shell  contribute  nothing  to  the  integral,  and  hence  the 
integrals  over  the  two  faces  are  equal  and  opposite  ;  that  is,  since  we 
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may  take  tin-  shell  of  as  limited  an  -a  of  face  as  we  please,  the  normal 
components  of  induftii.n  have  tin-  same  numerical  value  and  the 
same  direction  ..n  the  two  sides  of  the  interlace.  Thus  we  get  denoting 
the  resultant  inductions  on  the  two  sides  of  the  surface  by  Bj,B.,,  and 
the  angles  which  the  normals  to  the  interface  drawn  towards  the  media 
on  the  two  sides  make  with  the  directions  of  the  imluction  by  6V  0*, 

I^cosfl!  =  Bgcosftj,  (62) 

or  if  .V,.  .V.,  denote  the  normal  components  of  induction  taken  from  the 

interface  towards  th,-  medium  on  each  side 

#!  +  X.,  =  0  .......     (62') 

If  /,  in,  n  be  the  direction  cosines  of  the  normal  to  the  surface  drawn 
towards  either  medium,  a,,  1>V  «,,".„&.,,  c2  the  components  of  the  magnetic 
induction  on  the  two  sides  of  the  surface,  we  may  express  this  surface 

condition  in  the  form 

aj  +  b^m  +  Cjn  =  aj  +  b2m  +  c2n        .     .     .     (63) 
It  follows  from  the  relation  stated  in  these  different  ways  that  since 

1  =  /A.,^  cos  0., 


the  normal  components  Hj  cos  Bv  H2cos#oof  field-intensity  are  dis- 

continuous. 

Magnetic  Intensity  and  Induction  in  Cavity  cut  in  Magnetized  Body 

•  is.  Kr.  .ni  the  result-  arrived  at  we  can  draw  some  important  con- 
Let  a  narrow  crevasse  be  cut  in  a  medium  in  the  Held,  so 
that  the  walls  of  the  civva>se  are  at  ri-ht  an-N-s  to  the  magnetic  induc- 
tion. and  t  heivf.  ,iv  also  at  ri-ht  an-les  to  the  magnetic  intensity.  \\  • 
may  suppo-,-  to  lix  the  ideas,  the  crevasse  to  be  tilled  with  the  standard 
medium.  The  induction,  as  we  ha\  has  the  same  value  in 

the  at  any  point    that    it     has   at   a  near   point    in   the  medium 

If.  Thus  if  fi  be  the  magnetic  induct  ivity  of  the  medium.  H  t  In 
magnetic  intensity  at  a  point  near  the  wall  of  the  crevasse,  and  H,,,  the 
field  intensity  at  a  near  point  in  the  CTQV9MB,  \\c  ha\e 


H,,  mny  l>e  n-'j'ard.  d  M  the  maun,  tic  foice  due  to  the  distribution 
of  ma-iieti>m  in  the  field.  But  this  distribution  consists  of  that  on 
the  walls  of  the  c|e\asse  -,t  free  1  1\  t  he  i  i'  forn  lat  ion  and  t  he  ma  •,'!  i.  • 

•id  since  the  surface  density  of  magnetiam  at  either  wall      i 

the  inten>ity.   which   afl  \\  e   h:i  ••   ma\    be  calculated   o|i  action 

distance  principles,  due  to  the  first  pu-t,  is  4??!  /^,,.    This  maj 

Mished  by  the  following  ii  OU,  which  ffiveS  OWei  useful  leMilt.s. 

i        a  cylindrical  ca\  ny  of   Icn-ih  -I.  and   radii,  ut  within 
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a  uniformly  magnetized  body  and  let  its  axis  make  an  angle  6  with  the 
direction  AB  of  magnetization  as  shown  in  Fig.  26.  Let  the  intensity 

of  magnetization  be  denoted  by  I. 
The  density  of  the  distribution  set  free 
on  the  curved  surface  is  I  sin  0  at  points 
in  a  plane  through  the  axis  parallel 
to  the  direction  of  magnetization,  if  for 
simplicity  the  standard  medium  filling 
the  cavity  be  supposed  devoid  of  mag- 

FIG.  26.  netization.     At  points  in  another  axial 

plane   making   an    angle  <£  with    the 

former  the  density  is  I  sin  0  cos  (f>,  This  distribution  gives  at  the  centre 
of  the  axis  a  field  intensity  at  right  angles  to  the  axis,  and  in  the 
plane  through  the  axis  and  the  direction  of  magnetization  of  amount 

+  IT/2  +1 

-2r«I  sin  $\  costyty  [,  2  f*  ,.a    =  ^  -sin  0  ., 

/*o  J  J(r   +  **)*  /*o          (l   +  r  )} 

-7T/2  -I 

Each  end  of  the  cylindrical  cavity  may  be  regarded  as  a  disk  of 
magnetism  of  density  I  cos  0  and  radius  r.  Now  considering  a  ring  of 
radius  z  and  breadth  dz  and  integrating,  we  get  for  the  magnetic  inten- 
sity due  to  the  whole  disk  at  a  point  on  the  axis  distant  I  from  its  plane 

27T  —  I  COS  0  f  ~  -^   =   27T  -  COS  6  (l    -   rjr-1 

/*o  J(*8+*8)i  /*o  (^+rs)W 


70.  If  r  is  very  small  in  comparison  with  I  this  becomes  zero,  and 
if  I  is  small  in  comparison  with  r  it  becomes  2?rl  cos  #//AO.  Thus  the 
ends  of  the  cylinder  give  in  the  former  case  an  intensity  along  the  axis  of 
zero  value  and  in  the  latter  of  amount  4?rl  cos  0/fJ>0.  If  0  =  0,  so  that 
the  axis  of  the  cylinder  is  parallel  to  the  direction  of  magnetization  the 
intensity  due  to  the  ends  in  the  latter  case  is  47rl/yu-0. 

The  intensity  due  to  the  walls  in  any  given  case  is  the  resultant  of  the 
components  due  to  the  curved  surface  and  the  ends,  and  hence  if  Z  be 
great  in  comparison  with  r,  the  intensity  is  at  right  angles  to  the  axis 
in  the  plane  through  the  axis  and  the  direction  of  magnetization,  and  is 
2  TT  I  sin  #//*0  and  when  r  is  great  compared  with  I  it  is  4?rl  cos  0//z0. 

We  see  therefore  that  in  the  case  of  a  right  cylindrical  hollow  of 
length  small  compared  with  r,  and  cut  at  right  angles  to  the  axis,  that 
is  in  the  crevasse  supposed  above,  the  intensity  is  4-TrI.  This  holds  for  a 
narrow  crevasse  whether  cylindrical  or  not,  provided  the  point  considered 
is  at  a  distance  from  the  edges  great  in  comparison  with  the  length. 

It  will  be  seen  from  Art.  87  below  that  within  a  spherical  hollow 
the  force  is  at  every  point  in  the  direction  of  I,  and  is 
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Magnetic  Inductivity,  Permeability  and  Susceptibility 

71.  Hence,  returning  to  the  discussion  of  tin-  induction  in  the 
crevasse,  we  find,  denoting  by  H'  the  field  intensity  due  to  the  magnetism 

.vhere  than  mi  the  surface,  that  is  the  intensity  in  a  long  narrow 
ryliii'l.T  with  its  axis  in  the  direction  of  magnetization, 


['  -I-  4-- 
\  /*, 

or  if  we  write  I  /  a,, 


^H  =  /i0(l  +  47r*)H'      ......     (65) 

Now  we  have  seen  above  that  the  intensity  H  is  the  magnetic  field 
intensity  calculable  by  action  at  a  distance  principles,  from  the  mag- 
netic distribution  elsewhere  than  at  the  point  in  question,  and  is  there- 
•  be  identified  with  H'.     Thus  we  get  the  equation 

....     (66) 


Tin-  factor  K  is  called  the  magnetic  susceptibility  of  the  substance 
rdativ.ly  to  tin-  medium  filling  the  crevasse  (which  we  have  supposed 
to  be  sonic  medium  taken  as  standard)  and  is  essentially  a  numeric. 

~..  The  multiplier  1  +4nrtc  we  call  the  magnetic  permeability  of 
tin  medium  of  magnetic  inductivity/i.  If  we  denote  it  by  cj  we  have 

~  =»  £-       .........     (67) 

/*(! 

that  is,  it  is  tin-  ratio  of  the  inductive  capacity  of  the  medium  to  that 
with  which  the  crevasse  is  filled.  That  it  should  depend  upon  the  latter 
medium  is  obvious  from  the  fact  that  in  the  investigation  in  Art.  71  I  is 
the  magnetization  intensity  with  reference  to  that  medium,  in  other 
words.  I  is  the  magnetic  surface  density  set  free  by  cutting  the  crevasse, 
ami  replacing  the  medium  taken  out  by  the  standard  medium. 

The  usual  mode  of  stating  the  relations  seems  much  less  clear 

and  hardlv  correct,  and  attention  has  recently  been  called  t«>  the  desir- 

ability of   avoiding  ci.  nfusion  in  this  connection.1      The   relation    (GO) 

tir.-t     idveii    by   Lord     Kelvin,-   who  called    the    force    in    a    nan.>\\ 

i--e  cut    in  a  ma-iieti/ed  body   at  right  angles  to  the  direction  of 

m.i-iieti/atioii  the  force  in  the  magnetised  body  according  to  the  rlectr..- 

juetic  definition,  while  that  in  a  narrow  cylinder  cut  with  its  length 

along  tiie  direction  of  magnet  i/ati..n  he  called  the  force  according  to  the 

p-'lar  definition.    The  standard  medium  filling  the  crevasse  was  air.    The 

ratio  ,,f  the  force  according  to  the  former  definition  to  that  according  to 

the  latter  he  .ailed  the  magnetic  permeability. 

r\\ard>  the  name  permeability  was  extended  to  designate  an 

>  0.  1  .  October  80,  1891,  or  Etcctrowngnctic  Theory,  Vol.  I.  p.  126. 
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absolute  quantity  depending  on  some  property  of  the  medium  itself 
and  therefore  only  justly  expressed  by  the  proper  absolute  measure  of 
that  quantity,  and  not  by  arbitrarily  assuming  that  fi0  for  the  standard 
medium  had  the  value  unity.  This  assumption  has  led  to  great  confusion 
in  questions  regarding  units. 

The  mode  of  presenting  the  matter  given  above  returns  to  the  view 
taken  by  Lord  Kelvin,  and  regards  the  intensity  in  the  crevasse  what  it 
properly  is,  a  magnetic  field  intensity  and  reserves  the  name  induction 
for  the  totally  distinct  physical  quantity  obtained  by  multiplying  the 
field  intensity  at  any  point  by  the  magnetic  inductive  capacity. 

Surface  Conditions  Fulfilled  by  Magnetic  Intensity 

74.  We  can  now  show  that  the  tangential  component  of  the  field 
intensity  is  continuous  on  the  two  sides  of  an  interface  separating  two 
media.     For  the  field  intensity  on  one  side  of  the  surface  only  differs 
from  that  on  the  other  by  the  intensity  due  to  the  surface  distribution  of 
magnetism  given  by  the  change  of  medium.    This,  if  the  interface  is  of 
continuous  curvature  and  the  magnetization  is  continuous,  is  clearly  an 
intensity  normal  to  the  surface.     Hence  the  normal  component  of  the 
magnetic  intensity  only  is  discontinuous,  the  tangential  component  is 
the  same  on  the  two  sides  of  the  surface. 

Magnetic  Potential.     Equations  of  Laplace  and  Foisson 

75.  If  we  denote  by  ft  the  potential  of  the  whole  magnetic  dis- 
tribution in  the  field,  whether  that  at  the  surface  of  separation  between 
two  different  media,  or  magnetism  distributed  throughout  a  medium  in 
any  given  manner,  the  surface  integral  of  magnetic  induction   taken 
over  any  surface  in  the  field  fulfils  the  equation 

Ba       86        cc 

—  +  —  +  —  =  0, 
ex       cy       cz 

and  therefore  so  also  does  the  magnetic  field  intensity  where  the  medium 
is  uniform.  But  the  field  intensity,  as  we  have  seen,  fulfils  the  equations 


an  ao  so 

ex'  ciy'  dz ' 


Hence  we  find 


^2 

dy 


which  is  called  the  characteristic  equation  of  the  magnetic  potential. 
It  was  first  given  by  Laplace  for  the  case  of  gravitational  attraction. 
It  is  to  be  carefully  noticed  that  it  holds  only  at  points  where  there  is 
none  of  the  attracting  or  repelling  matter. 
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For  the  case  of  symmetry  of  distribution  of  magnetism   round  a 
en  it  iv  the  equation  takes  the  form 


and  tor  symmetry  round  a  straight  line  as  axis  (say  the  axis  of  z)  the 

form 

"   .      °  +  l*-0.  (70) 

•  r-        r  dr 

as  can  easily  be  proved  directly  or  by  transformation  from  the  standard 
form. 

7<i.  A  more  general  equation  given  by  Poisson  holds  in  all  cases  in 
which  we  have  a  distribution  of  magnetism  (or  other  attracting  or  re- 
pelling matter)  of  finite  density  at  the  point  in  question.  Let  the 
density  of  this  distribution  be  denoted  by  p,  and  let  it  be  supposed  to 
vary  continuously  from  point  to  point.  Then  we  can  take  an  element 
so  small  that  the  density  may  be  regarded  as  uniform  throughout  the 
•  •lenient.  For  a  point  in  the  element  the  potential  may  he  divided  into 
two  parts  ftj,  n.,,  the  former  due  to  the  matter  outside  the  element, the 
latter  due  to  the  matter  of  the  element.  Take  the  element  a  sphere  of 
small  radius  r,  and  let  the  point  considered  be  at  a  distance  f  from  the 
centre.  The  force  along  the  radius  is  —  cCl/c£=  — (fftj  <~  £  +  TO.,  r£). 
This  force  in  so  far  as  it  depends  on  f!2  is  produced  by  the  matter 
internal  to  the  sphere  of  radius  f,  since  that  forming  the  shell  between 
lid  that  of  the  concentric  sphere  of  radius  r  produces  no 
; .  Thus  if  the  distribution  be  situated  in  a  medium  of  inductivity  ^i0 

Q        4        P        4       / 


and  therefore 


or  returning  to  the  standard  form  of  the  equation 
/o*0.,          Q 


sim-e  th.'i-e   is  none   of  the   matter  producing  ft,  at   the  point 
tidered,  Laplace's  equation  holds  for  n,  at  that  jwint.    Hence  we  get 

finally 


*ap+  r    +  4^-o    .  .   .    (71) 

which  is  Poisson's  equation. 

77.  The  (hiuart  ;iiation  of  the  potential  at  the  >urface  of  a 
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magnetized  body  is  easily  found  from  the  considerations  above  as  to  the 
discontinuity  of  the  normal  component  of  magnetic  force  at  the  surface. 
If  we  take  lengths  along  normals  to  the  surface  drawn  from  the  surface 
to  the  media  on  the  two  sides,  we  can  calculate  the  surface  density 
a-  which  would  be  consistent  with  the  actual  normal  intensities  —  911/9 1/, 
-  cn'/cv',  if  the  medium  on  both  sides  of  the  surface  were  the  standard 
medium  of  inductivity  JJ,Q.  This  would  be  given  by  the  equation 

cfi         cfi  \ 

—  +  —-7  )  +  47TO-  =  0 (72) 

cv         cv  / 

Thus,  /ji,  p  being  the  inductivities  of  the  media  in  which  the  in- 
tensities are  —  cfl/cv,  —  cfl'/'dv',  respectively,  we  have  for  the  continuity 
of  the  normal  component  of  the  induction  and  the  discontinuity  of  the 
magnetic  force  the  equations 

'  9Q        ,  en' 
P  —  +  /*  TV  =  °> 

Cv  ov 

/?!}        BQ'\ 
Mo  ( *•  ~^~T )  +  '*7ro"  =  0. 

These  give 

//  -  p.  oO'  /*  -  p.'  'cV 

—    ....     (73) 


The  density  thus  found  is  from  its  definition  of  a  fictitious  nature,  and 
the  expressions  for  it  are  not  of  very  much  practical  use.  But  since 
they  are  usually  given  they  are  repeated  here  with  the  addition  of  the 
factor  /u,0  necessary  to  give  a-  its  proper  dimensions. 

Method  of  Vector  Potential 

78.  We  have  seen  that  the  surface  integral  of  magnetic  induction 
over  a  closed  surface  in  a  magnetic  field  is  zero.  It  follows  from  this 
result  that  the  surface  integral  over  an  unclosed  surface  depends  only  on 
the  boundary.  For  it  is  equal  and  opposite  to  the  surface  integral 
over  every  cap  which  can  be  fitted  to  the  boundary  so  as  to  close  the 
surface.  The  integral  over  the  cap  must  depend  only  on  its  boundary 
and  so  therefore  does  that  over  the  surface  to  which  it  is  applied. 

Hence  it  follows  that  the  integral  of  magnetic  induction 
over  the  surface  can  be  expressed  as  an  integral  in  terms  of 
the  boundary,  that  is  by  a  line  integral,  of  some  quantity  A  round 
the  boundary.  Since  this  quantity  must  change  sign  with  the  induction, 
it  is  a  directed  quantity.  Let  it  make  an  angle  9  with  the  element 
ds  of  the  boundary,  its  components  along  the  axis  be  F,  G,  H,  the  pro- 
jections of  an  element  ds  of  the  boundary  on  the  axes  dx,  dy,  dz,  and 
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direction  cosines  of  the  normal  to  an  element  dS  of  the  sui: 
:i-'ii  we  have 


.     .     .     (74) 


I      th  i«  I  th<>  relation  between  F,  G,  H  and  a,  b,  c,  consider  a 
triangle  ABC  (Fig.  27)  formed  by  the  three  mutually  rectangular  faces 

in  -ili-oii,  the  three  edges  OA,OJB,OC  of 

which  are  tin-  axes  of  x,y,z.     Then  according 

be    theorem    the    surface    integral   of  B 

tlu-   triangular  area  is  equal  to  the  line 

integral  round  Al'-1'.     "\\V  shall  take  the  latter 

_i;tl  round  the  boundary  in  the  direction 

in  which    it    would  be  necessary  for  a  person 

to  go  round  in  order  to  have  the  area  on  his 

hand.     Now    we    see   at   once    that    the 

integration    round    ABC    can    be     converted 

into  integration  round  the  three  closed  paths 

OABO,  OBCO,  OCAO,  since   the   integrations 

;ig  the  lines  OA,  OB,  OC  are  cancelled  by  integrations  along  AO, 
£0,  CO. 

Thus  we  get 


ABC 


OABO 


iUli  n 


III  .10 


1ft    tin-  tetrahedron  he  small  and  the  lengths  of  its  edges  dxt 

•':,  th.  i!  \ve  .an  use  the  values  of  Ft  G,  H  for  the  middle  points  of 

-///,  BO,  &c.,  in  calculating  the  quantities  on  the  right.     Thus 

tirst  of  the  three  integrals  is 


/_,       1  •/  •    .  \  . 
(F  +  -    -  dx)dx 

V  / 


1  cG 

~1    '  £   ' 


!*)* 

'> 


which  reduces  to 


./cG       <f\,  1 

1  1  -  )</x</y  -  (  --  -  )  x 

•\a«     'y/  a»r/ 


area 


The  same  method  gives  corresponding  results  which  we  ran  at  once 
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write  down  for  OBCO,  OCAO.     Now  take  ABC  as  dS,  then  since  area 
AOB  =  ndS,  &c. 

n  i   ,       \      jf°H      <'G\  (W      3 

(fa  +  ml  +  nc)  =  «—.—)+  m  K  - 

Vfy     a*/        \s«      &? 

Thus  we  find  the  equations 


m     CG 

a  = 

fy         cz 


$F       cH 
°  =  5 ^  (75\ 

CIZ  OX     (     '  \10/ 

cG       cF 

COC  v'U      I 

Specification  of  Vector  Potential 

80.  These  give  the  components  of  magnetic  induction  in  terms  of 
those  of  vector-potential,  which  is  the  name  given  to  the  quantity  A.  To 
specify  the  vector-potential  consider  that  due  to  an  element  of  the  mag- 
netic distribution   of  volume  dv,  and  therefore  of  magnetic  moment 
Idv.     Then  the  vector-potential  due  to  this  element  is  Idv  sin^/?*2,  at 
a  point  P  distant  r  from  the  element  on  a  line  making  an  angle  <f)  with 
the  positive  direction  of  magnetization.     The  direction  of  the  vector- 
potential  is  at  right  angles  to  the  plane  of  the  angle  <£,  and,  in  accordance 
Avith  the  direction  chosen   as   that   of  integration,  appears  to  an  eye 
regarding  the  path  of  integration  of  A  in  the  direction  opposed  to  that  of 
magnetization  of  the  element  to  be  directed  round  the  curve  in  the 
counter-clockwise  direction. 

We  shall  see  that  the  specification  of  the  vector-potential  thus  given 
corresponds  precisely  to  that  of  the  direction  of  the  magnetic  force  at  P, 
due  to  an  element  of  a  circuit  replacing  Idv  so  that  the  direction  of  flow 
of  current  is  the  same  as  that  of  magnetization. 

81.  To  verify  the  specification  let  p,  q,  r  be  the  direction  cosines  of 
I,  x,  y,  z  the  coordinates  of  Idv,  %,  rj,  %  those  of  the  point  considered,  then 


the  r  inside  the  brackets  only  being  a  direction  cosine.     This  gives 


dG  =        {rtf  -x)-  X*  -  *)}» 
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-   throughout  the  whole  distribution  of  magnetism  we  get 
}>IIP  l/r,  and  for  Ij>,  Iq,  lr  their  values  A,  2>,  C 


: 


(76) 


H  =      A      -  £ 

J\  CX 

ive  since  cu/cg=  -  hi.  fix,  &c. 

U(A?  +  *!-  +  cl>  -  \AVvt.  •  (77) 

r£  <£J\     ex  fa/  J 

with  similar  expressions  for  Z>  and  c. 

first  t«-rm  of  the  expression  on  the  right  is  the  value  of  /*0a, 

uli.  n  a  i>  tin-  magnetic  force  at  the  point  considered,  due  to  the  mag- 

in  ti.-   distribution  elsewhere,  and  fi0  is  the  inductive   capacity  of  the 

iiuni  with  rospect  to  which  the  values  A,  B,  C  of  the  components  of 

ni'tixatic.n  are  taken. 

Tin   remaining  trim  is  zero  unless  the  point  considered  falls  within 

limits  of  integration.     If  the  latter  is  the  case  the  value  is  4nrA', 

tht   value  of  A  at  the  point  considered.     For  it  is  clear  that 

is  the  potential  at  the  point  considered  of  a  volume  element 

ting  or  repelling  matter  of  density  A,  and  therefore  that  the 

potential  at  the  same  point,  U  say,  of  the  whole  distribution  is  given 

king  the  volume  integral,  so  that 


U=  ( 


Hence 


-  o 

-  7;- 


\vlirr«-  A'  is  the  density  at  the  point  considered. 


I 


ami  therefore 

-   -  I*  A'. 


f 


Thus  we  obtain  finally 

cH       oO 
*  =  ~xT  ~  ~n 

CT)  0{ 


52  MAGNETISM  AND  ELECTRICITY  CHAP. 

by  equation  (77).     Similarly  we  should  find 

b  =  ^~  ™ -*£ 
cG        W 

"Tt  "*mf#. 

and  the  specification  is  verified. 

The  use  of  the  vector-potential  is  sometimes  convenient  as  an 
analytical  expedient.  But  it  is  not  a  physical  quantity  which  can  be 
observed  experimentally,  and  its  use  is  sometimes  attended  with  diffi- 
culty owing  to  the  introduction  of  certain  arbitrary  functions  which 
there  is  some  trouble  in  interpreting. 

Uniformly  Magnetized  Ellipsoid 

82.  Many  special  cases  of  magnetization  might  be  described  as 
examples  of  the  principles  set  forth  above,  but  we  shall  consider  only 
one  or  two  of  great  practical  importance.  The  first  we  choose  is  that 
of  an  ellipsoid  of  uniform  quality  magnetized  entirely  inductively  in  a 
uniform  field  of  inductivity  /t0 ;  but  before  dealing  with  this  particular 
example  we  consider  some  results  which  hold  generally  for  inductively 
and  uniformly  magnetized  bodies. 

It  is  clear  that  any  case  of  uniform  magnetization  may  be  imagined 
as  produced  by  creating  two  volume  distributions  of  magnetism,  of 
uniform  density  numerically  the  same  in  the  two  cases  but  opposite 
in  sign,  coincident  with  the  body,  then  displacing  them  relatively  to  one 
another  through  a  small  distance  parallel  to  the  direction  of  magnetiza- 
tion, and  so  that  the  motion  of  the  positive  distribution  relatively  to 
the  negative  is  in  the  direction  of  magnetization.  The  density  p  must  be 
imagined  great  so  that  when  it  is  multiplied  by  the  displacement,  8s  say, 
the  product  p8s  may  be  finite.  For  since  the  surface  density  of  the 
magnetic  distribution  is  I  cos  0,  where  6  is  the  angle  between  the  direc- 
tion of  magnetization  and  the  normal  to  the  surface  at  any  point,  and 
the  surface  density  of  the  magnetic  distribution  produced  is  p8&.  cos#,  it 
is  clear  that  I  =  p.  8s. 

If  now  we  call  p  Uj^  the  magnetic  potential  at  any  point  P  produced 
by  the  positive  volume  distribution,  the  potential  at  the  same  point 
due  to  the  negative  distribution  will  be  opposite  in  sign  to,  but  the 
same  numerically  as,  the  value  which  p  U\^  would  take  if  the  point  P 
were  displaced  a  distance  8s  in  the  positive  direction,  that  is  it  is 
-  p(U+  cUfis. Bs)/fj,0.  Hence  if  fi  be  the  potential  at  P  due  to  the 
magnetized  body  we  have 

cU  W 

-pfc.-=  -I-. 
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Putting  p,  q,  r  for  the  direction  cosines  of  I  we  have  A,B,C=l2^  *?• 
:  since  p,q,r  =  dxjds,  dyfds,  dz[ds, 

I  -   -  (A?7  +  B~  +  c[U]  =  AX  +  BY  +  CZ  .     .  (78) 
\  o»  / 

it  A*.  V.  Z  1"   tin.;  components  of  magnetic  force  at  P  due  to  the  positive 
distribution  when  p=l.      This   equation   enables  the  components  of 

etic  intensity  for  the  actual  case  to  be  found  by  differentiation. 
83.  We  ran  now  apply  these  results  to  the  case  of  a  uniformly  mag- 
neti/ed  ellipsoid.     We  have  only  to  rind  first  the  components  X,  Y,  Z  of 
'ted  at  the  external  point  by  a  homogeneous  ellipsoid  of  repelling 
matt 

1-  .  mi   he  jm.ved  1  that    t«>r  an  external  point  the  values  of  X,  Y,Z 
are  gi\en  l>y 


'  +  ^>i«  '  '  '  (79) 

an«l   two   similar  equations    for   Y,  Z,  that  may  be  written  d«>\vn  by 
i  iet  rv.     Here   a,  b,  c  denote  the  semiaxes  of  the  given  ellipsoid, 
and  0j-  the  positive  root  of  the  cubic 


~~  "     •• 


c2  + 


If  now  we  choose  multipliers  L,  M,  N  so  that  X=  L%,   Y  = 

Z  =   -Ar£,  We    li 

.....     (80) 


Thus  the  components  a,  $,7  of  magnetic  force  are  given  by 


T-A\ 
¥**t)' 

\\heiv  /,£.  .I///.  A"£  are  iriven  by  (70)  and  similar  equations. 

<  >n  the  other  hand  for  an  internal  point  the  components  of  magm-tie 
are  calculable  from  a  potential  H  given  also  by   (78),  but  with 
value-,  of  A',  Y,  Z  given  by 


1  Sw  Absolute  Ifcaaurcmenti  in  Electricity  and  Magnttirm,  Vol.  II.  Part  I.  p.  52,  ttttq. 
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and  similar  equations  for  Y,  Z}     Hence 

/*0o  =  -  AL,    Mo/3  =  -  JBM, 


=  -  CN    .     .     (82) 

since  L,  M,  N  are  independent  of  £,  ij,  f. 

The  magnetic  force  is  thus  uniform  within  the  ellipsoid,  and  is  the 
same  for  the  same  intensity  of  magnetization  within  similar  ellipsoids. 

The  direction  cosines  of  the  magnetic  force  are  proportional  to  AL, 
BM,  ON,  and  those  of  I  to  A,  B,  C.  Thus  the  force  does  not  coincide  in 
direction  with  the  magnetization  except  when  the  latter  is  along  one  of 
the  axes  of  the  ellipsoid.  In  the  latter  case  the  force  is  in  the  opposite 
direction  to  the  magnetization,  and  tends  to  demagnetize  the  body. 

Uniformly  Magnetized  Ellipsoid  of  Revolution.     Demagnetizing  Forces 

84.  The  integral  can  be  easily  obtained  in  finite  terms  if  the  ellipsoid 
have  two  axes  equal,  that  is,  is  an  ellipsoid  of  revolution.  Thus  to  find 
L  we  make  the  substitution  (ft2+^2)J  =  l/'t',  and  integrate.  Similarly 
M  and  N  can  be  found.  We  find  (1)  for  a  prolate  ellipsoid  of  eccen- 
tricity e  [b  =  c  =  a^(\  —  e2)] 


L    =    47T 


-    €2 


.     .     .     (83) 


(2)  for  an  oblate  ellipsoid  of  eccentricity  e  (&  =  c  =  «/v/l  — e2) 


=  N  = 


"  C" 


-  sn 
« 


,.     .     .     (84) 


If  the  ellipsoid  be  infinitely  long  6=1,  and  therefore  L  =  0. 
Hence  if  the  magnetization  is  parallel  to  the  axis  the  force  within  an 
infinitely  long  ellipsoid  (or  which  is  the  same  within  a  uniformly  mag- 
netized cylinder  of  great  length,  at  a  point  at  a  distance  from  either 
end  great  in  comparison  with  the  diameter)  is  zero,  and  if  the  magnet- 
ization is  transverse  it  is  —  27rl//t0  in  the  same  direction. 

If  the  ellipsoid  is  so  oblate  as  to  be  capable  of  being  regarded 
as  a  flat  disk,  M=N  =  rn2ajc,  and  the  force  at  right  angles  to  the 
disk  is 


A. 

—     =    -    47T  

/*o  /*o 


(85) 


a_See  Absolute  Measurements  in  Electricity  and  Magnetism,  Vol.  II.  Part  I.  p.  52  ct  seq. 
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Lastly,  if  the  ellipsoid  is  spherical  e  =  0,  and  it'  the  magnetization  is 
parallel  to  the  axis  of  A,  the  force  within  it  is 


(86) 


All  these  forces  an-  in  the  opposite  direction  to  that  of  I.     They 
f<>re  tend  to  diminish  the  magnetization  by  producing  magnetization 
of  the  opposite  sign  to  that  existing.     Hence  they  are  called  demagnet- 
izing forces.     We  shall  have  to  take  them  into  account  when  we  deal 
with  experimental  determinations  of  magnetic  induction  in  the  mag- 
ible    metals. 

Uniformly  Magnetized  Sphere 

85.  Consider  now  a  uniformly  magnetized  sphere  placed  in  afield 
nit'orm    intensity  F  and   inductivity  /n0,  and  let  the  directions  of  I 
and  F  coincide.     Then  for  the  force  within  the  sphere  we  have 

H  =  F -|- 

and  if  K  be  the  magnetic  susceptibility 

4 
3 

I'    "                 T?  /QT\ 

=  j  +  ,VK  F        (87) 

Or  if  fi  denote,  the  inductivity  of  the  sphere  so  that  p  =  p,Q  (1  + 


'2 

I'-note  the  peiTneability  /n//i0  of  the  sphere. 

It  w  l»f  ^r.-;,t  this  ajiproximates  to  3/i0/4w,  so  that  if  the  sphere  is 

>ceptible  the  intensity  of  magnetization  is  always  very  approxi- 

mately   .SM,,F  4-7T.     Hence    it   is   useless   to    attempt   to   measure  t  In- 

susceptibility or  permeability  of  a  highly   magnetizable  substance   by 

liinents  on  a  spherical  portion  of  it.    The  results  for  different  speci- 

mens would  be   much    more   affected   by  slight   deviations   from    the 

spherical  figure  than  by  actual  differences  in  susceptibility. 

In  an  important  class  of  cases  w  is  less  than  unity,  and  then  the 
value  of  I  i-  -iven  by  the  equation 


so  that  I  has  the  opposite  sign  to  that  which  it  had  in  the  former  case. 
Substances  belonging  to  this  .  .-ailed  diama_  Their  nature 

will  be.  more  fully  considered  in  a  later  cha].t.T. 


•. 
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Field  External  to  Uniformly  Magnetized  Sphere 

86.  It  is  to  be  noticed   that   the    field  external  to  the  sphere  is- 
disturbed  by  the  magnetization.     Figs.  28  and  29  show  the  field  both 


FIG.  28. 


outside  and  inside  a  paramagnetic  and  a  diamagnetic  sphere  respec- 
tively.    The  value  of  -us  for  the  former  is  2*8,  for  the  latter  '48. 

The  equation  of  the  lines  of  force  is  easily  found.  The  magnetic 
force  due  to  the  magnetization  of  the  sphere  is,  from  the  synthesis  given 
above,  clearly  the  same  at  all  external  points  as  that  due  to  a  doublet 


H 


a 
FIG.  29. 


of  moment  =  I  x  volume  of  sphere,  placed  at  the  centre  with  its  axis 
in  the  direction  of  magnetization.  Denoting  the  moment  of  the  doublet 
by  m,  then  we  know  by  the  theorem  given  at  p.  19  that  the  magnetic 
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potential  of  the  doublet,  supposed  situated  at  the  origin  with  its  axis  in 
the  direction  of  #,  has  at  tin-  jwint  (xty,:)  the  value 


Mo  (*2  +  ?/*)* 
total  component  force  in  the  direction  of  x  is  thus 

X.     _£^  +  F  =  *2*2        }  +  F, 

/*„(**  +  »*)* 

and  that  in  the  direction  of  y  is 


<>      Mo(*2  +  y2)' 

But  the  equation  of  a  line  of  force  is  dxjX  =  dy:Y,  which  gives 
m       3xy  /m  y-  -  2x- 

~~   •&   +       5)3       *   +    (fjS   +       M    "         /  = 

an  equation  at  once  integrable  when  multiplied  by  y.     The  integral  is 

(x2™yy23  + YFy2  =  C  '     <90> 

where  (7  is  a  parameter  variable  only  from  line  to  line. 

Eith«i  the  j)ositive  or  the  negative  sign  may  be  given  to  the  radical 
MII  the  left.  With  the  positive  sign  the  equation  suits  the  case  of  a 
paramagnetic  sphere  magnetized  by  the  field,  with  the  negative  sign  it 
expresses  the  form  of  an  external  line  of  force  when  the  sphere  is 
diamagnetized  by  the  action  of  the  field. 

The  e<[uati»n  may  be  written  in  the  form 


(91) 


hy  putting  '2m  F/z0  =  a3,  and  2C'Tfjt0  =  1-.    From  this  form  of  the  equa- 

tion tin-  curves  given  in  Figs.  28  and  29  are  plotted.     These  curves  are 

taken  from  Lord  Kelvin's  paper  on  Lines  of  Force  (J!<-f>ri/if  of  ]'np>  rs  on- 

"//'/    Mti'tii'titin.  §  <i:>^  .  in  whieh  the  theory   stated   above 

:irst  given  and  illustrated. 


CHAPTER  III 

TERRESTRIAL   MAGNETISM 

Directive  Force  on  Compass  Needle.     Magnetic  Dip.     Magnetic  Equator 

87.  THE  tendency  of  a  suspended  lodestone  or  magnet,  or  compass 
needle  to  set  itself  at  a  given  place  in  a  particular  direction,  was  at  a 
very  early  date  attributed  to  some  action  of  the  earth.  It  was  recognized 
after  the  discovery  of  the  magnetic  dip  by  Hartmann  about  1544  and 
Norman  in  1576,  that  at  every  point  of  the  earth's  surface  there  is  a 
magnetic  force  in  a  definite  direction  generally  inclined  to  the  horizontal, 
and  further  observation  showed  that  the  direction  and  magnitude  of  this 
force  varied  from  point  to  point  on  the  surface  of  the  earth. 

The  whole  matter  was  discussed  in  the  clearest  manner  by  the 
famous  Dr.  Gilbert,  of  Colchester,  Physician  in  Ordinary  to  Queen  Eliza- 
beth, in  his  Latin  treatise,  DC,  Magnete  magneticisque  corporibus.  There 
he  put  forward  the  extremely  important  idea  that  the  earth  is  a  great 
magnet,  and  that  therefore,  in  the  language  of  Faraday,  there  exists  a 
terrestrial  magnetic  field  (or  orbis  virtutis,  as  Gilbert  called  it),  in  which 
a  small  needle,  except  in  so  far  as  it  is  disturbed  by  gravitational  or 
other  forces,  sets  itself  with  its  axis  in  the  direction  of  the  resultant 
force  at  the  place  where  it  is  situated. 

The  different  positions  of  a  small  needle  freely  suspended  at  different 
parts  of  the  earth's  surface  are  illustrated  by  the  drawing  of  a  terrella, 
Fig.  6  above,  which  is  taken  from  the  second  edition  of  Gilbert's 
book.  It  is  instructive  to  compare  this  with  the  lines  of  force  due  to  a 
uniformly  magnetized  sphere,  which  we  have  seen  are  at  external  points 
coincident  with  those  due  to  a  small  magnet  at  the  centre.  Here  it 
is  clear  that  at  the  points  N.  and  S.  the  needle  would  stand  vertical, 
and  at  points  on  the  circle  midway  between  these  horizontal. 

This  corresponds  roughly  to  what  is  found  by  magnetic  surveys  to 
take  place  at  the  earth's  surface.  At  different  points  on  a  sinuous 
line  surrounding  the  earth  in  the  region  of  the  equator  the  dipping 
needle  (that  is  a  bar  magnet  suspended  by  its  centre  of  gravity)  remains 
horizontal.  This  line  is  called  the  magnetic  equator. 

The  theory  that  terrestrial  magnetic  phenomena  are  due  to  a  small 
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gnet  .it  the  earth's  centre  seems  to  have  been  held  by  Tobias  Mayer, 

who  flourished  between    17:?:>  and  1702.     He  worked  out  according  to 

tliis  theory  tin-  <lip  ;in«l  turn-  .m  a  small  needle  at  different  places  on  the 

b'a  <  uriaee.     The  results  do  not  agree  with  observation;  but  it  was 

a  n«>t«  worthy  attempt  to  explain  on  a  simple  hypothesis  the  facts  of 

-'rial    magnetism. 

Terrestrial  Magnetic  Poles 

ss    The  conclusion   which  has    been    arrived    at  from    a  study  of 

i  vations  of  terrestrial  magnetism  made  at  different  parts  of  tin- 
that  there  are  two  distinct  points,  one  in  each  hemi- 
>plnTe,  at  which  the  horizontal  component  of  magnetic  force  vanishes 
and  the  dipping  n<  .die  rests  vertical.  These  are  called  magnetic  poles. 
Tln-y  ar«-  marked  mi  the  chart,  Plate  I  (at  the  end  of  this  volume), 
showing  lines  of  equal  total  magnetic  ton-.-  tor  the  date  1875. 

ill  l>e  seen  that  the  magnetic  poles  are  not  diametrically  opposite 
and  do  not  coincide  with  the  extremities  of  the  earth's  axis.    According 

be  calculations  of  Gauss,  who  investigated  this  subject,  they  should 

lie  at  latitude  T.TSo'N.,  longitude  iY.4    21'  K..  and  latitude  72°  35'  S., 

longitude  152°  30'  E.,  respectively.     The  north  magnetic  pole  was,  ho\v- 

iched  in  1831  by  Sir  James  Ross,  and  found  to  be  at  latitude 

70°  5"  N.  and  longitude  203°  17'  E.     Again,  on  the  Erebus  and  Terror 

dition  of  l.s.S!)  4.S,  a  dip  of  88°  50'  \\a-  attained,  and  it  was  inferred 

from  the  observations  that  the   south   magnetic  pole  was  situated   in 

latitude  73°  5'  S.  and  longitude  147°  5'  E.     These  positions  agree  very 

ly  with  those  given  by  Gauss.     As  will  be  seen  later,  there  is  reason 

to  Keli.ve  that  the  poles  are  gradually  c-han-  ing  their  positions 

It  is  to  be  noted  that  the  line  joining  these  points  is  not  parallel  to 
the  magnetic  axis  of  the  earth,  that  is  the  axis  of  greatest  magnetic 
moment.  This  will  appear  later  in  the  sketch  we  propose  now  to  give 
of  Gauss's  great  memoir  on  Terrestrial  Magnetism.1 

True  and  False  Magnetic  Poles 

It  has  been  held  by  many  people  that  then-  are  two  north  poles 
and  two  south  poles  of  terrestrial  magnetism.  It  is  easy  to  show  that 
it'  there  an-  more  north  poles  or  more  south  poles  than  one,  then-  mu>t 
bean  odd  number  of  each.  For  consider  surfaces  of  equal  magnetic 
potential.  A  north  or  south  pole  must  be  a  place  where  such  a  surface 
touches  the  surface  of  the  earth.  If  then  there  are  two  north  poles, 
th.se  must  be  due  either  to  the  fact  that  two  equipotential  surfaces 
li  the  earth,  or  that  one  touches  in  two  points.  If  two  surfaces 
touch,  then,  since  equipotential  surfaces  cannot  cut  one  another,  they 
must  each  have  two  protuberances,  as  >hown  by  the  dotted  lines  in  tin- 
diagram  (Fig.  30).  The  intersection  of  the  hori/ontal  surface  of  the 

>neine  Theorie  <les  Er<luiu<j,<-  ' '  njnttitchen  Vertin»t  L< 

Wtrika,Ma  H.I.,  >.  :. 
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earth  with  the  equipotential  surfaces  must  therefore  give  the  other 
curves  represented  in  the  diagram,  namely,  two  series  of  closed  curves 
passing  into  a  figure  of  8  curve,  and  then  into  larger  curves  inclosing  the 


FIG  30. 

others.  Thus  the  points  a  and  c  are  true  poles  in  the  sense  of  the 
definition,  that  is,  the  horizontal  component  of  the  magnetic  intensity 
vanishes  at  these  points.  But  the  point  P  is  also  a  point  at  which  an 
equipotential  surface  touches  the  surface  of  the  earth  at  a  point  of 
depression,  and  is  therefore  also  a  magnetic  pole.  There  is,  however,  a 
distinct  difference  between  the  pole  P  and  either  of  the  other  two. 
Supposing  the  latter  to  be  true  north  poles,  that  is  points  towards 
which  the  north  pointing  end  of  a  magnet  turns,  it  will  be  seen  that 
a  north  pointing  pole  near  P,  but  within  the  looped  figure,  will  point 
away  from  P,  while  if  it  be  outside  it  will  point  towards  P.  Hence 
such  a  pole  has  been  called,  though  not  quite  appropriately,  a  false  north 
pole.  It  is  easy  thus  to  see  that  counting  both  true  and  false  poles, 

NORTH 


SOUTH 

FIG.  31. 


there  must  be  an  odd  number  if  there  are  more  than  one  pole  of  either 
kind.     This  result  is  also  due  to  Gauss. 

90.  A  false  pole  may  also  be  produced  by  the  presence  in  the 
earth's  strata,  near  the  surface,  of  a  quantity  of  magnetic  iron  ore.  The 
illustration  of  such  a  case  <nven  in  Fig.  32  is  due  to  Gauss.  The 


in  TERRESTRIAL    MAGNETISM  61 

_nmi  sli..\vs  tin-  effect,  on  the  east  and  west  equipotential  lines,  of  a 
miried  under  the  surface    with  its  north  pointing  pole  upj>-  r- 
m»-t.     It  will  be  seen  at  once  that  this  is  a  particular  case  of  Fi_.  .'il 
in  which  one  of  the   two    poles  there  shown  is  at  an  infinite  distniu  <• 
from  tin-  other.      Since  the  horizontal  forces  of  the  earth  and  magnet 
1  one  another  at  the  double  point  P,  it  is  here  again  a  so-called 
pole  of  the   same    kind   as  the   earth's  south   pole  for  a  needle 
.1  outside  the  looped  figure,  that  is  north  of  the  equipotential  line 
P,  of  the  opposite  kind  for  a  needle  placed  elsewhere. 


Magnetic  Potential  at  Earth's  Surface 

The  question  as  to  whether  the  magnetic  intensities  in  the  case 

-•rial  magnetism  are  derivable  from  a  potential  is  one  not  yet 

quite  settled,  and  we   shall   return  to  it  in  Art.  105  below.     Assuming 

that  they  are  so  derivable,  let  ft  be  the  magnetic  potential,  and  consider 

force  at  a  point  on  the  earth's  surface.     If  H  be  the  horizontal 

i  ud  H  the  total  force  we  have  H  =  H  cos  i|r  where  -ty-  is  the 

dip.     If  now  ds  be  any  element  of  a  line  drawn  on  the  earth's  surface 

making  an  angle  6  with  the  direction  of  H,  that  is  with  the  magnetic 

meridian,  the  force  along  ds  is  H  cos  tycost). 

I!*  uce 

=  H  COSl/r  COS  6  =  7/COS0.    .  .       .       (1) 

ds 

Thus  if  ft,  ft'  be  the  values  of  ft  at  the  beginning  and  end  of  any 
lin.  drawn  on  the  surface  of  the  earth 

fl  -  n'  =  I  //  cos  6  da (2) 

where  the  integral  is  taken  from  end  to  end  of  the  line. 

This  integral  has  the  same  value  along  whatever  path  the  integral 

is  taken  from  a  given  initial  to  a  given  final  point,  and  therefore,  on 

mpt  ion  made  above,  the  integral  taken  round  a  closed  curve  is 

Horizontal  Terrestrial  Magnetic  Force  at  Earth's  Surface 

Let  now  P0  Pv  P., Fig.  33,  be  the  angular  points  of  a 

drawn  on  the  surface  of  the  earth,  the  sides  being  a 
eireles  of  the  surface   regarded   as   >pln'rieal,   each   small    in   length  in 
< •ompanson   with  the  circumference  of  a  great  circle.     We  may  take 
lie  integral  along  each  side  the  length  of  the  side  multiplied  into 
UK  an  of  the  values  of  H  cos  B  for  the  beginning  and  end.     Thus 
if  0,  be  the  inclination  of  tin-   first  side  PQ  P.,  at  its  initial  end,  to  the 
magnetic  meridian,  and   6\,  the  angle  for  tne  other   .-nd,  we  have  for 
th<   integral  along  the  side  the  approximate  value. 

ft.  +  II.  COS0'  )  /'o^V 

*\       v  1  1/UI 
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Denote  by  £  the  variation  at  any  place,  that  is  the  angle  in  azimuth 
between  the  astronomical  north  and  the  magnetic  north,  reckoning  it 
positive  when  toward  the  west  and  negative  when  toward  the  east. 
Then  if  J7?,  Hv  ff2,  ....  be  the  horizontal  forces  at  P0,  Pv  P2, .  .  . ,  £0,  $0i> 
the  variation  and  the  azimuth  of  the  line  P0  Pl  at  P0,  gv  <£'01,  the  cor- 


FIG.  32. 


responding  angles  at  Pv  and  so  on,  the  integral  along  P0  Pl  is  nearly 


~ 


cos 


cos 


Again  the  integral  along  Pl  P2  is 


ff,  cos 


and  so  on. 

These  added  round  a  closed  polygon  ought  to  give  a  zero  result 
provided,  as  we  shall  see,  that  there  is  on  the  whole  no  electric  current 
flowing  across  the  enclosed  area  ;  and  therefore  if  the  polygon  be  a 
triangle  for  which  the  lengths  of  the  sides,  the  angles  specified,  and  the 
horizontal  forces  at  two  of  the  angular  points,  are  known,  we  are  able 
to  calculate  the  horizontal  force  at  the  third  point.  Gauss  performed 
this  calculation  for  a  geodesic  triangle  having  its  vertices  at  Gb'ttingen, 
Milan,  and  Paris.  From  the  latitudes  and  longitudes  of  the  places  it 
was  easy  to  calculate  the  angular  distances  of  the  places  from  one 
another  along  great  circles  on  the  earth's  surface,  and  hence  from  the 
known  radius  of  the  earth  to  find  their  actual  distances.  The  value 
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7  t'..r  I'aris  \\a<   thus  I'.niiiil   from  those  for  Guttingen  ami  Milan  to 
within   !.  per  c.-nt.  of  the  observed  value. 

93.  \\V   may  express  the   hori/ontal   magnetic  force    at  the  earth's 
MV  in  terms  of  two  components,  one  along  tin-  astronomical  meridian 
the  plan-,  the  other  at  right  angles  to  the  meridian.      Let  X  denote 
the   longitude  of  the   place,   it   the   complement   of  the  geographical 
latitude,  and  let  the  meridian  be  an  ellipse  of  semi-major  axis  It,  and 
i-miimr  axis  R  (1  —  e).    Then  the  length  ds  of  an  arc  of  the  meridian 
l-e)[l  +  1(1-  e)4  -  I!  sin2«]i/;l  -  (2e-e2)sin-  M)    and  an  ele- 
ment of  the  parallel  of  latitude  has  the  length  d<r  =  R  (1  —  c)  sin  v  <1  \ 
I  -de  —  t  Taking  now  the  component  force  A'  in  the  dii 

tion  of  tin-  astronomical    meridian  and    Y   that   alon^    the  parallel    of 
latitude  in  the  westward,  here  the  positive,  direction  of  X,  we  have 

'/L>  J1    -  (2c  -  c2)>in 

"  ds    == 


•Hi  !  1  -  (2e  -  c2)  sin2  W|  J 


r«  I  ' 
(A  J 


'/«r  /«!  (1  -e)  sint* 

ln.ri/«.ntal  f..n-e  is  therefore  v'.l'    -   )"-,  and  if  ^be  the  variation 
/  =  YfX. 
If  e  rx-  put  =0,  that  is  if  the  surface  be  regarded  as  spherical, 


-A 

components  at  the  surface.    If  the  point  (supposed  external)  be 
at  distance  r  from  the  centre,  E  in  these  expressions  must  be  replaced 

Determination  of  Surface  Potential  from  Horizontal  Force  Relations 
between  Horizontal  Components 

\\'.-  can   now  prove    a   number  of  theorems  of  great  inter.-t. 

of  all,  it  the  northward  component  of  force  is  known  all  over  tin 

surface   of  the   earth,  and  the   magnetic  potential  at  one   point,   the 

•itial  at  any  other  point  can  be  found.     For  if  ft  be  the  potential  at 

_riven  point,  and  ft0  that  at  any  other  point  of  a  latitude  «0,  then  by 

.rat  in-  along  the  meridian   through  the  latter  point  to  the  north 

pole,  ami    thence  to  the  given   point  along  its  meridian,  we    tind   th.- 

rerjuired  potential,  thus 

O  =  00  -  \RXdu  4- 

J«n 


first    two  terms  give   the  potential  at  tin-  n-.rth  pole,  ft,   say. 

Thus 


n  =  «„  +  VRXd* 

Jo 
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From  this  we  can  find  the  westward  component  of  the  magnetic 
force  at  the  given  place.  For 

1       EO  1    CU3X 

Y=  --  :  —  —  =  -  —.  —  I    ^  —  du     ...     (6) 
H  sin  u  3A  sin  wJ0  cA 

95.  Again,  if  Y  be  given  for  all  points  the  northward  component  at 
each  point  can  also  be  found,  provided  the  value  of  X  along  any  line 
running  from  the  north  pole  to  the  south  is  known,  say  along  a  meri- 
dian.    For,  integrating  along  the  meridian   first  from  the  north  pole, 
then  along  a  parallel  of  latitude  to  the  given  point,  we  find 

f"  fA 

O  =  7?     Xdu  -  R\     Ysinud\  +  nn      ...     (7) 

Jo  JA« 

Thus  O  is  known  along  the  earth's  surface  and  therefore  so  also  is 
JL.  The  value  of  the  constant  iln  so  far  as  X  is  concerned  is  of  no 
importance. 

96.  Consider  now  a  closed  path  on  the  earth's  surface,  joining  along 
parallels  of  latitude  and  meridians,  four  points  defined  by  their  longitude 
and  colatitude  as  follows,  \,u,  XJ/M,  X^t',  \u'.     The  line-integral  along 
this  path  must  vanish,  and,  therefore,  putting  X,X^  for  the  forces  along 
the  meridians  of  longitude  X,  \v  and   Y,  Y'  for  the  forces  along  the 
parallels  of  colatitude  u,  u',  respectively,  we  get 


snw 


TAJ  fu'  fAi  ft*' 

l    Yd\  -       X^du  -  sinu  \    Y'd\  +  \   Xdu  —  0. 

J\  Ju  J\  Ju 


If  we  take  the  parallels  of  latitude  very  close  together,  so  that 
u'  =  u  —  du,  we  have  Y'=  Y—  dY/du.du,  and  the  equation  just  written 
becomes 


—  (7sin«)cZA  =  0    ....     (7') 


which  is  of  course  derivable  from  (7).  From  this  it  follows  that  if  the 
northerly  component  of  the  horizontal  magnetic  force  is  known  for  any 
meridian  and  colatitude  u,  and  the  values  of  Y  and  dY/du  are  known 
along  the  parallel  of  latitude  from  that  meridian  to  another,  the  value 
of  the  northerly  component  can  be  found  for  that  other  meridian. 

If  the  meridians  differ  in  longitude  by  the  amount  d\(  =  \l  —  X)  only, 
(7')  becomes 


(7") 


which  is  only  (6)  in  another  form. 

If  the  longitude  be  expressed  in  terms  of  local  time  t,  measured,  say, 
from   the    meridian   of  Greenwich   where   the   time   is    t0,  we    have 
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—  t    T  whore  T  is  the  length  of  the  day.     Thus  we  may  write 
(7'),  ("">  in  the  alternative  forms 


Expression  of  Magnetic  Potential  at  an  External  Point  in  Series  of 
Spherical  Harmonics 

Whatever  the   distribution  of    magnetism    may    be   to   which 
•il  magnetic  phenomena  are  due,  if  it  is  wholly  within  the  earth 
in  express  the  magnetic  potential  in  a  series  of  spherical  hann«>nio. 
Thus  if  S0,  Sv  X.,  .....  be  spherical  surface  harmonics  the  potential  at  a 
/'  ilistant  /•  t'nnn  the  centre  is  given  by 


which   is  convergent  for  .K<r,  that  is,  if  the  point  for  which  H  is  ex- 

is  external  to  or  on  the   surface  of  the  sphere.     If  now  dm  be 

a  portion  of  the  magnetic  distribution  at  a  distance  r0  from  the  centi. 

"t  the  earth,  and  at  colatitude  and  longitude  u0,  \0,  and  n,  X,  be  the 

itude  and  longitude  of  P.  the  distance  p  between  the  points  is 

p  =  [/•-  -  :>/Y0Jcos  wcos  u0  +  sin  u  sin  «0  cos(X  -  A^)}  +  r02]*. 
'  n<  ling  l/p  in  a  series  of  harmonics  we  get 

\  =  l\T«+T^  +  T.*l  +  ...>>,-„). 
Integrating  throughout  the  whole  distribution  we  have 

r.*»  +  ...;     .   -   (9) 

iiis  with  tin-  series  for  H  we  see  that 


At  any  external  point  at  distance  r  from  the  centre  we  can  timl 
the  tun-.-s  .1,  }'.  /,  tin    first  two  being  taken  as  formerly,  the  last  out- 
lie  radius  vector  r.     Thus  we  have 


R*  fdS    .^R,   <tf3' 
"  r3  |  du         da  r        to  r' 


8X         'X  r 


.    s*1       \ 

3X  r4  "        J 


(11 
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At  the  surface  of  the  earth  where  R  =  r,  these  take  the  form 

R  I  du         du        du  ) 

Y  =    - 


Rsinu  (   aA 


a^3 


and  the  value  of  O  at  the  surface  is  given  by 

n  =  sl  +  s.2  +  s3  4  ...  +  sm  + (is) 

99.  The  following  conclusions  follow  from  these  results  : 

1.  That  if  Z  is  known  and  can  be  expressed  in  a  series  of  spherical 
harmonics  Z^  Z2,  ...  ,  fl  can  be  found.     Thus 

Z=  ^(Zl  +  Z.2  +  ...  +  Zm  +...).     .     .     (14) 

Comparing  this  with  (12)  we  get 

Zm  =  (m  +  l)Sm  (15) 

which  proves  the  proposition. 

2.  That  if  X  is  known  for  every  point  on  the  earth's  surface  the 
value  of  fl  can  be  calculated.     For 

fl  =  K\Xdu  +  nn 
Jo 

and  developing  the  integral  in  a  series  we  find 

-  R^Xdu  =  O,  -  Sl  -  S,  -  ...  -  Sm  - (16) 

Jo 

By  taking  a  sufficient  number  of  different  values  of  u  and  \  the  dif- 
ferent terms  of  this  series  can  be  calculated.  It  is  to  be  observed 
that  $p  Sv  . . .  are  functions  of  u  and  X. 

3.  If  Y  be  known  over  the  whole  surface  and  X  for  all  points  on  a 
line  drawn  from  one  pole  to  the  other,  a   meridian  for  example,  the 
value  of  fi  can  also  be  found.     This  follows  from  (7). 

100.  Using  results  for  twelve  different  places  successively  equidistant 
along  each  of  seven  parallels  of  latitude  Gauss  calculated  the  values  of 
Sl}  S.2,  ...,  and  therefore  the  values  of  fl  for  these  places,  as  far  as  terms 
involving  the  fourth  power  of  sin  u.  The  coefficients  of  the  different  terms 
in  the  values  of  Sv  S.2,  &c.,  thus  obtained,  enabled  the  values  of  these 
-quantities  at  other  places  to  be  found  to  the  degree  of  accuracy  involved 
in  the  number  of  terms  of  the  series  taken.  The  values  of  >/r  and  H 
were  then  calculated  for  a  large  number  of  places  at  which  observations 
had  been  made,  so  that  the  calculated  dip  and  total  magnetic  force  for 
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~e  places  could  be  at  once  tabulated.     The  results  thus  obtained  are 

ilia  Gauss's  memoir,  side  by  side  with  those  of  observation,  and  show 

a  very  remarkable  agreement.     The  results  used  were  those  given  for 

magnetic  force  at  different  places  by  Sir  Edward  Sabine,1  for 

variation  by  .Mr.  Barlow,2  and  for  dip  by  Horner.3 

I  due  representation  of  Gauss's  calculated  results  shows  that 

tin  -re  are  only  two  magnetic  poles,  or  places  where  the  dip  becomes  90° 

ami  the  ln»ri/.oiital  force  vanishes.     The  positions  of  these  have  already 

ii  specified.     Gauss  gives  as  the  value  of  fl  at  these  places  numbers 

which  ivduced  to  C.G.S.  units  give 

at  N.  pole,  ft  =  -  -313  7?, 
at  S.  pole,  O  =      «360  R, 

M  is  of  course  to  be  taken  in  centimetres.     It  is  approximately  (5  '4  x  lus 
centimetres. 

The  Magnetic  Moment  of  the  Earth 
1  .  We  have  seen  from  the  expansions  of  1/p  and  H  that 


and  tli.  -ivf.'iv  from  the  value  of  Tl  it  can  be  shown  that 

K2»Sl  =  a  cos  u  +  ft  sin  u  cos  A.  +  y  .-in  u  >in  A, 
\vli. 

a  =  Ir0cos«0c/w     /3  =  I  r0  sin  n0  cos  \0dm     y=  Ir0  sin  u0sin  \{)dm  (17) 

iit-  -Corals  being  taken  throughout  the  whole  magnetization. 
Tlif  first  of  these  is  the  component  of  the  magnetic  moment  of  t  lu- 
ll in  the  direction  of  the  earth's  axis,  the  second  the  component  in 
tin-  .liivction  of  the  equatorial  radius  of  zero  longitude,  the  third  of  tin- 
equatorial  radius  of  longitude   90°.      According  to  Gauss's  calculated 
result-  iviluce.l  to  C.G.S.  units, 

a  =  -3234T653,  £  =  -031106J?3,  y  =  -  -062456#3  .     (IS) 

I  !'•_».  T,,  compare  the  magnetization  with  that  of  a  bar  of  steel  we 
r;ilcnlatf  tin-  maximum  magnetic  moment  of  tin-  n  nvstiial  magnet, 
that  is  tin-  mmnent  with  reference  to  the  magnetic  axis.  This  a\ 

i  Mel  to  the  diameter  of  the  earth,  intersecting  its  surface  at  tin- 
points  of  latitu.l.  and  longitude  77°  50'  N.,  296°  20'  E.,  ami  77°  :>0'S., 
1  1  '•  L".»'  E.  respectively.  The  moment  relatively  to  this  axis  is  in  C.G.S. 
urn- 

Tin-    moiiiriit  per   cubic  n-iitinn-tiv,   that    is    tin-   nn-aii    intensity  of 
magm-ii/ati-m.  is   thus  -H'M\f2  \TT       !i!^76/12'5614  _=  '07903.     H< 
tin-  nn.  m.  nt  oif  a  cubic  metre  is  79000,  nearly,  in  <  '.<  J.S.  units. 

N"\v  a  certain  sti-el  liar,  a  |i<iun<l  in  weight,  used  by  Gauss  in  a  deter- 

1  B.A.  Report,  1833.        a  Phil.  Trans.  R.S.,  1833.        »  Phyiik.    tntrUrbuch,  Band  6. 

l     I' 
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initiation  of  the  horizontal  component  of  the  earth's  field  intensity  had 
a  moment  of  10087'?  C.G.S.  Hence  such  bars  uniformly  distributed 
throughout  the  earth's  substance  at  the  rate  of  7'83  per  cubic  metre, 
and  having  their  like  poles  all  turned  in  the  same  direction,  would  just 
give  the  above  magnetization  intensity.1 

Certain  long  bars  of  steel  of  comparatively  high  magnetizability 
have  been  found  by  the  author  to  take  a  magnetic  moment  of  about 
780  per  cubic  centimetre  (that  is,  an  induction  in  the  steel  of  over 
10,000,  about  four  and  a  half  times  that  taken  by  Gauss's  bar  !) 
Consequently  the  magnetic  moment  of  a  cubic  centimetre  of  such 
steel  is  about  ten  times  as  great  as  that  of  a  cubic  decimetre  of  the 
earth  ;  that  is,  the  mean  magnetization  intensity  of  the  earth's  substance 
is  about  TrrJinr  °f  that  °f  verv  highly  magnetized  hard  steel. 


Locality  of  Cause  of  Terrestrial  Magnetic  Phenomena 

103.  A  question  of  great  interest  and  importance  discussed  by  Gauss 
is  whether  the  cause  of  terrestrial  magnetism  is  wholly  within  or  partly 
without  the  earth's  surface.  If  part  of  the  magnetic  distribution  is 
external  to  the  earth,  the  potential  at  any  external  point  nearer  the 
centre  than  any  part  of  the  external  distribution,  or  at  any  point  of 
the  surface,  can  be  expressed  in  a  double  series  of  spherical  harmonics, 
one  giving  the  effect  of  the  internal,  the  other  that  of  the  external 
distribution.  Thus 


+  T>a  +  T'*  +  ......  *r's=  +  .....  (2CI) 

where  Tv  T9,  .  .  .  are  the  harmonics  expressing  the  surface  value  of  the 
potential  due  to  the  external  distribution. 

Then  we  have  at  points  on  the  earth's  surface 

^  =  Z  =  1  {2^  +  SS2  +  ...  +  (m  +  l)Sm+- 

-  T^  -  2T,  -...-  mTm  -...}     (21) 

Hence  if  Zm  denote  the  general  or  mth  term  of  Z 

RZm  =  (m  +  \}Sm-  mTw      .....     (22) 

Again  if  fl,»  be  the  general  term  of  H 

Om  =  Sm  +  Tm      .......     (23) 

From  observations  of  vertical  force  the  value  of  Zm  can  be  found  and 
from  observations  of  horizontal  force  that  of  flm.  It  was  found  by 
Gauss  that  Tm  is  sensibly  zero,  so  that  so  far  as  his  researches  went  there 
was  no  sign  of  any  external  agency  producing  terrestrial  magnetic  force. 

1  Intcnsitas  vis  Magneticac,  &c.,  Art.  21  ;  and  Allgcm.  Th.  d.  Erdmag.,  Art.  31. 
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11  now  find  a  distribution  of  magnetism  on  the  surface 
of  the  earth,  \vliich  at  all  external  points  will  produce  the  same  potential 
ami  torn-  as  tin-  actual  distribution  produces. 

It  is  proved    below  (see  Arts.  192—201,   315—319),   that   if   we 

have  a  distribution  of  electricity  (or  magnetism)  on  one  side  of  a  closed 

ice,  it  is  possible  so  to  distribute  electricity  (or  magnetism)  over  the 

ice  that  the  action  of   this  distribution  on  the  other  side  of  the 

surface  shall  be  the  same  as  that  of  the  actual  distribution.     If  the 

potential  of  the  actual  distribution  at  each  point  of  the  surface  be  ft, 

and  ft'  be  that  of  the  substituted  surface  distribution,  the  condition  to 

:  tilled  is 

n  -  «'  =  o 

it'  the  distribution  is  within  the  closed  surface,  and 

12  -  12'  =  constant 

if  the  distribution  be  outside  the  closed  surface. 

ii  these  conditions  give  space   rate   of  variation   of  ft'  in  any 

direction  in  the  equivalent  field  equal  to  the  space  rate  of  variation  of 

the  same  direction,  that  is  the  fields  due  to  the  two  distributions 

(indistinguishable;  the  constant  is  zero  in  the  former  case  simply 

because  the  potential  is  zero  at  an  infinite  distance  from  the  surface. 

It  will  be  proved  that  if  tr  be  the  surface  density  at  any  point  of  the 
distribution,  and  </H  <h>r  </ft  dvz,  the  rates  of  variation  of  the  potential 
in  the  direction  from  the  surface  on  the  two  sides  at  the  point 

*  +  »  +  <„  _  0    .  (24) 

dvl       dv.2 

\\hrthrr  the  surface  be  open  or  closed.  Or  we  may  state  the  theorem 
thus 

.V,  -  X  =  47ro- (25) 

where  Nt  is  the  normal  force  from  the  surface  on  one  side  and  N%  the 
normal  force  toward  the  surface  on  the  other  side,  the  positive  direction 
of  loive  brills  takrn  as  that  ill  which  an  element  of  positive  electricity 
-or  ina^nrtisnij  tends  to  move. 

NOW  by  (8)  above  (since  £0  =  0)  we  have  for  the  potential  at  a  point 
iist and    /•  from  the  centre  of  the  earth  produced  by  the  equivalent 
surface  distribution, 


.  ri         -  ^        „  ^ 
This  gives  at  a  point  just  outside  the  suit  .t.  .- 


yj(-Sl     {  3   4 

as  in  (12). 

Considering  now  the  potential  at   an  internal  point  at  distance    r 
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from  the  centre,  by  the  surface  distribution  we  have  since  the  internal 
and  external  potentials  must  agree  at  the  surface 

T  r^          .7*^ 

n'  =  *s\  -  +  s.2—  +  A$'3—  +  ... 

This  gives  for  the  radial  force,  Z  say,  at  that  point 

+  ^i  +  Mi£+-)  •  •  <26> 

Taking  now  two  points  infinitely  near  to  one  another,  and  on  opposite 
sides  of  the  surface,  we  have  by  the  values  of  Z  and  Z1  just  found,  and 
the  theorem  stated  in  (25) 

47ro-  =  Z  -  Z'  =  4 
K 

that  is  from  (12)  and  (13) 


This  result  was  also  given  by  Gauss. 

Are  the  Terrestrial  Magnetic  Forces  derivable  from  a  Potential  ?  Question 
of  Current  Perpendicular  to  Earth's  Surface. 

105.  The  question  whether  the  magnetic  intensity  external  to  the 
earth's  surface  is  derivable  from  a  potential,  as  the  theory  of  Gauss 
supposes,  has  engaged  the  attention  of  several  investigators,  among 
others  Schuster,  Schmidt,  von  Bezold,  Riicker,  and  V.  Carlheim-Gyllen- 
skiold.  The  matter  was  dealt  with  by  Schmidt  as  follows.1  It  has  been 
shown  by  Gauss2  that  Y  can  be  developed  in  a  series  of  the  form 
Z  +  /'cos\+Z'sin\+  ....  Hence  if  the  line  integral  of  Ground  the 
earth  along  a  parallel  of  latitude  vanishes  we  must  have  2?r£  sin  u  =  0. 
But  this  of  course  is  (nA+2)r  —  HA)/J?. 

As  far  as  available  data  would  allow  this  line  integral  has  been 
computed  by  Schmidt  for  the  epoch  ]  885,  and  for  every  fifth  parallel  of 
latitude  from  60°  N.  to  60°  S.  As  a  result  it  has  been  found  that 
27r£sin  u  is  at  latitude  45°  N.  or  S.,  apparently  about  8  per  cent,  of  the 
difference  between  the  maximum  and  minimum  values  of  fl/JD  for  the 
parallel  of  latitude  in  question.  At  the  equator  it  is  less  than  1  per 
cent,  of  this  difference.  Nearer  the  poles  than  45°  N.  or  S.  it  seems 
again  to  diminish. 

The  question  has  also  been  tested  by  Eiicker,  and  by  V.  parlheim- 
Gyllenskiold,  who  have  determined  the  value  of  the  line  integral  of 
magnetic  intensity  round  closed  circuits  in  regions  for  which  exact 

1  Abh.  d.  K.  B.  Akad.  II.  Cl.  xix.  Bd.  i.  1895. 

2  Gauss  u.  Weber,  ResuUate  u.s.u:  im  Jafire  1838. 
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.netic  surveys  have  been  made,  but  without  obtaining  for  any  circuit 

a-  si-nsibly  different  from  zero.     The  same  thing  has  been  done  also 

In  von  Bezold1  for  a   trapr/ium  bounded  by  the  meridians  4°  W.  and 

K.,  and  the  parallels  of  latitude  35°  N.  and  65°  N.,  using  numbers 

11  by  Neumayer  in  the  collection  of  tables  published  by  Landolt  and 

istein;  but  again  the  result  has  been  a  nearly  zero  value  of  the 

rial, 

It  these  line  integrals  were  of  sensible  amount  we  should,  as  we  shall 
see  later,  be  forced  to  the  conclusion  that  electric  currents  flow  between 

and  the  surface  enclosed  by  the  path  of  integration. 
That  the  theory  of  Gauss  is  approximately  correct  seems  certain,  but 
tneaa  •  •  m  only  be  settled  when  accurate  observations  made  at  a 
greater  number  of  stations  are  available. 

Also  it  would  be  of  great  interest  to  have  for  all  the  magnetic  obser- 
vations in  Europe,  observations  taken  simultaneously,  especially  at  some 
•  tit  (hiring  a  magnetic  storm  as  suggested  by  Eschenhagen.'2     It  has 
also  been  suggested  by  von  Bezold  that  electric  currents  may  exist  over 
inland  seas  and  lakes,  and  that  it  might  be  worth   while  to  obtain 
;rate   values  of  the   line   integral   round   the    Black  Sea  and  the 
( 'aspian. 

The  Magnetic  Elements 

106.  The  horizontal  force,  the  dip  (or  inclination),  and  the  variation 
(or  declination)  are  called  the  magnetic  elements,  and  are  regularly 
observed  ami  recorded  at  magnetic  observatories.  The  methods  of 
determining  them  will  be  fully  discussed  in  the  chapter  on  Magnetic 
Measurements.  We  shall  here  only  deal  with  the  distribution  of  their 
values  over  the  surface  of  the  earth,  and  their  secular  and  other  changes. 

Lines  of  equal  horizontal  force  drawn  on  a  Mercator's  chart  of  the 
i's  surface  are  shown  in  PI.  II.,  at  the  end  of  this  volume.     Lines 
of  equal   vertical    force  in   PI.  III.,  and   lines   of  equal   variation   in 
PI.   IV.     These   charts   are   taken    from    the    Admiralty   Manual    of 
'is  of  the  Compass,  1893  edition.     The  numbers  at  the  right- 
hand  side  of  the  diagram  opposite    the   corresponding   lines   arc    tin 
values  .it'  tli.-   horizontal  forces  in  terms  <>t  that   at  London  taken  a» 
unity.     To  reduce  to  C.G.S.  units  they  must  be  multiplied  by  '1832. 

By  an  inaccurate  analogy  the  lines  of  equal  magnetic  dip  have  been 
called  lines  of  magnetic  latitude.  The  term  however  more  properly 
belongs  to  lines  of  equal  magnetic  potential,  since  these  are  cut  at  right 
an^lfs  liy  tin-  nia^netie  meridians,  or  lines  of  horizontal  for. 

Th<-  chart  of  lines  of  equal  magnetic  variation  is  of  great  use  to  the 
navigator,  as  it  enables  him  in  the  absence  of  sights  of  sun  or  st 
\\htn  h.   kii..\vs  \i\>  approximate  locality,  to  tell  the  direction  in  which 

1  Zuf  Th.  d.  Erdmag.   Math.  «.  Aotanr.  MiUh.  K.  Phy.  Akad,  2.,  Berlin.    April,  1897. 
3  L.  A.  Bauer.  Terr.  Itagnetitm.     April,  1899. 
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his  compass  needle  (supposed  freed  from  the  effect  of  the  magnetism  of 
the  ship)  actually  points. 

The  chart  of  lines  of  equal  total  magnetic  force,  shown  in  PI.  I.  at  the 
end,  has  some  interesting  features.  It  will  be  seen  that  in  both  the 
Northern  and  Southern  hemispheres,  the  lines  bend  in  towards  one 
another  in  the  middle  on  the  two  sides,  until  the  two  sides  meet  to  form 
a  two-looped  or  figure  of  8  curve.  Then  within  each  loop  the  lines  become 
small  closed  curves  surrounding  points  of  maximum  or  minimum  total 
force.  These  points,  it  is  to  be  observed,  do  not  coincide  with  the  magnetic 
poles,  but  fulfil  an  entirely  different  definition,  namely,  that  of  being 
points  of  maximum  or  minimum  total  force ;  while  a  magnetic  pole  is  a 
place  at  which  the  horizontal  component  of  the  magnetic  force  vanishes. 

There  are  of  course  irregularities  in  these  curves  due  to  local 
disturbing  forces  which  are  hardly  taken  account  of  in  the  charts.  For 
example  in  parts  of  the  British  Islands  where  there  are  large  masses  of 
basalt  in  the  underground  strata,  there  are  deflections  of  the  north  pointing 
pole  towards  such  places  from  distances  of  as  much  as  fifty  miles.  There 
seems  little  doubt  that  local  deviations  of  the  compass  needle  on  board 
ship  have  been  thus  produced.  It  is  possible,  as  pointed  out  by  Riicker 
{Rede  Lecture,  Nature,  Dec.  23,  1897),  that  the  surface  strata  containing 
magnetic  matter  are  indications  of  much  greater  masses  of  similar  rock 
beneath,  from  which  the  strata  have  been  extruded. 

Again  there  is  an  attraction  of  the  north  pointing  pole  towards 
places  where  rocks  of  the  carboniferous  or  precarboniferous  period  have 
been  thrust  out  through  the  newer  strata,  as  at  various  coalfields.  Thus 
a  ridge  line  of  magnetic  matter  runs  along  the  Pennine  Range,  the 
so-called  "  Backbone  of  England,"  and  another  runs  from  Nuneaton  to 
Dudley,  and  then  south  to  Reading.  Thence  lines  run  in  different 
directions ;  one  of  these  passes  southwards  to  the  Channel  at  Chichester, 
and  appears  again  in  France  near  Dieppe,  whence  it  has  been  traced  by 
M.  Moureaux  to  a  point  fifty  miles  south  of  Paris  (See  Ritcker,  loc.  cit!). 

Some  remarkable  irregularities  have  lately  been  observed  by  M. 
Moureaux  in  South  Russia.  At  a  village  called  Kotchetovka,  in 
lat.  57°  N,  and  long.  6°  8'  east  of  Poulkowa,  the  extreme  values  of  the 
elements  at  fifteen  stations  scattered  over  an  area  of  about  a  square 
kilometre  were  Declination  +  58°  to  —  43°,  Dip  79°  to  48°,  and  Hori- 
zontal Intensity  "166  to  '589  C.G.S.  Thus  the  horizontal  intensity  is 
actually  greater  at  some  stations  than  at  the  equator,  and  since  the  dip 
does  not  fall  below  48°  there  must  be  at  such  places  an  extremely  high 
value  of  the  total  intensity. 

Time  Changes  of  the  Magnetic  Elements  and  their  Causes 

107.  Perhaps  the  most  mysterious  and  perplexing  of  the  phenomena 
of  terrestrial  magnetism  are  the  secular  and  other  changes  which  they 
undergo.  Chief  of.  these  is  the  secular  periodic  change  in  the  variation. 
An  unbroken  series  of  observations  of  the  variation  at  Paris  made  nearly 
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ry  year  from    K;M»  to  tin-  present  time,  and  at  longer  intervals  f«n 
some  timr  previously.  >hows  that   in  HJfiU  tin-  variation  was  X.-IM  ti 
and  acquiring  a  westerly  value.     This  westerly  value  continued  to  grow 
up   until   in    1M4   it   attained  a   niaxiinuin   of  -2-2   :U'.  when  tin-  needle 
began  again  to  turn  toward  the  east.     In  l!S(J2  it  was  K>    i'ii  '".i  W. 

The  same  changes  have  been  going  on  throughout  Europe.  In  1659 
tin-  compass  pointed  north  at  London,  and  was  gradually  moving  round 
towards  the  west.  The  westerly  variation  continued  to  increase  until  in 
1  ^  •_'.'>  it  had  attained  a  maximum  of  I'-i0  30',  and  had  begun  to  diminish. 
In  1MM-  it  was  17  23'  \V.  at  Kew. 

While  this  change  in  the  variation  has  been  going  on,  the  mag- 
netic dip  at  London  has  no  doubt  been  gradually  diminishing.  At 
the  present  time  the  decrease  is  about  !'••">  annually.  This  gradual 
diminution  of  the  dip  lias  been  carefully  observed  at  Paris.  In  1U7I 
the  dip  was  about  73°,  in  1776  it  was  72°  25',  in  1876  65°  37',  and  in 

55     !»'-L'. 

Along  with  this  diminution  of  the  dip  has  taken  place,  as  was  to  be 

:.  an  increase  in  the  horizontal  magnetic  force.     According 
Thorpe  and  Riicker,1  there  is  a  mean  yearly  increase  of  about  •OUc^'J 
8.  tor  England,  "00018  for  Scotland!  and  '00020  for  Ireland. 
It    appears    at    first    sight    as    if  the    whole   terrestrial  magnetic 
m  were  slowly  turning  round  the  earth's  axis  in  a  period  of  nearly 
and  in  the  direction  opposed  to  the  earth's  rotation.     In  a 
model  made  liy  Mr.  Henry  Wilde  one  of  two  sets  of  currents  contained 
within  a  globe,  which  represents  the  earth,  rotates  round  the  polar  axis 
nnd  produces  changes  in  fair  agreement  with  those  observed  at  several 
places.3     There  are  however  great  difficulties  in  the  way  of  accept  in- 
anv  such  theory  as  that  here  indicated. 

Ins.  The  secular  changes  in  variation  and  dip  have  been  graphically 

represented   byL.  A.  Bauer4  by  drawing  the  curve  which  the   north 

ting  end  of  a  magnet  freely  suspended  at  its  centre  of  gravity  would 

to  an  observer  situated  at  the  centre 
of  the  magnet  seem  to  describe.  Thus 
the  curve  shows  the  change  of  dip  as 
well  as  that  of  declination.  The  curve 
for  London,  from  1540  to  1S90,  is  shown 
in  Fig.  33,  and  for  comparison,  the 
curves  for  London,  Rome,  Ascension 
Island,  and  Cape  Town,  places  within  a 
range  of  longitude  of  about  ."n  ,  Imt  of 
latitudes  varying  from  52°  N.  to  35°  S.,  are  shown  at  the  end  of  this 
volume  in  Plate  V.  It  will  be  seen  that  the  direction  of  motion  ,,f 

•Hi*h  /»tr.i.  Phil.  Tram.,  1890. 

I  I/ml  Kelvin's  I'»jn>,'  •     i  /</.//.«<-.«,  Vol.   III.  )• 

..V.  .Jim.-  1<»,  1890.     Steals,,  Ku.-k.  r.  B.A.  A.l.ln-w,  1894. 

Kcnnt,i.  <l.   H'e»ens</.  toy*.  (Inaag.  Disaert.  Univ. 
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the  pole  is  clockwise,  and  this  is  found  to  be  the  case  at  nearly  all  the 
places  for  which  observations  have  been  recorded. 

From  the  dates  marked  on  the  curve  it  will  be  seen  that  the  speed 
of  the  pole  in  the  secular  orbit  is  not  constant.  Let  us  suppose,  as  was 
done  by  Mr.  Wilde,  that  the  changes  are  due  to  the  superposition  on  a 
perfectly  constant  magnetic  system,  rotating  with  the  earth,  of  a  second 
magnetic  system,  also  turning  with  the  earth  but  at  the  same  time 
describing  a  secular  orbit  round  the  earth's  axis.  If  a  needle  could  be 
suspended  so  that  the  earth  turned  beneath  it,  successive  nearly  iden- 
tical sets  of  daily  changes  of  the  position  of  the  needle  would  be  observed, 
and  each  of  these  might  be  represented  by  a  curve  like  that  just 

described.     The  curve  thus  obtained  for  a 

178O   •••»••  single  day  ought,  if  the  second  system  were 

invariable  and  its  successive  positions  were 
symmetrical  about  the  earth's  axis,  to  agree 
with  the  secular  variation  curve  so  far  as 
known  for  past  time  for  the  latitude  of  ob- 
servation, and  could  then  be  used  to  predict 
the  remainder  of  the  secular  curve. 

The  daily  curves  would  be  exactly  re- 
peated, but  the  longitudes  associated  with 
various  positions  of  the  pole  of  the  needle 
would  continuously  change.  Without  sym- 
metry of  position  and  constancy  of  the 
disturbing  system  the  curves  would  slowly 
change  in  form  as  well,  which  Fig.  34  and 
PI.  VI.  show  is  to  some  extent  the  case. 
Fig.  34  shows  such  curves  drawn  by  Bauer 
for  the  epochs  1780,  1885,  and  a  place  in 
latitude  40°  N.,  from  recorded  observations.. 
FIG.  34.  A  comparison  of  curves  for  latitudes  40°  N., 

0°,  and  40°  S.   is  given   in   PI.  VI.     The 

longitudes  for  different  positions  of  the  needle  are  marked  on  the  curves. 
It  will  be  seen  from  Pis.  V.  and  VI.  that  these  diurnal  curves  resemble 
the  secular  curves  in  form,  and  in  respect  of  their  difference  of  size  for 
equal  north  and  south  latitudes.  The  hypothesis  must  however  still  be 
regarded  as  very  uncertain. 

109.  Besides  these  secular  changes  there  are  changes  of  comparatively 
short  periods  both  in  the  variation  and  in  the  other  magnetic  elements. 

The  annual  change  in  variation  in  the  northern  hemisphere  is 
easterly  from  May  to  October,  and  westerly  during  the  remaining  six- 
months,  with  a  range  at  Greenwich  of  2'  25".  The  maximum  easterly 
deviation  from  the  mean  takes  place  in  August,  the  maximum  westerly 
in  February.  In  the  southern  hemisphere  the  changes  are  simultaneous 
but  in  the  opposite  direction. 

The  daily  march  of  the  variation  at  Greenwich  is  shown  in  Fig.  35. 


LATITUDE  40°  N. 
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The  straight  line  running  along  the  diagram  ami  marked  <>  denotes  the 

mean  position  of  the  needle;  the  curve  shows  the  deviation  from  the 

mean  positions  at  the  hours  marked  along  the  top  of  the  figure  beginning 

Midnight.     It  will  be  seen  that  at  midnight  the  needle  is  1'A  to  the 


16  18          20         22 


,'w 


FIG.  35. 

of  its  mean  position,  and  remains  there  until  about  2  A.M.  when  it 
begins  to  move  still  further  towards  the  east,  reaching  a  maximum  de\  ia- 
•  -f  4-'  about  8  A.M.    Then  it  moves  rapidly  towards  the  west  and  attains 
a  maximum  westerly  deviation  at  1  P.M.,  after  which  it  returns  through 
zero  towards  the  initial  deviation  of  1'$  east,  reaching  it  about  midnight. 

The   cause   of   this    daily  change   of   variation    is   of  course   the 
changes  which  take  place  in  the  forces  towards  the  geographical  north 
and   west.     The  changes  in  the  latter  during   twenty-four  hours  an 
shown  for  Greenwich  and  Lisbon  in  the  curves  of  Figs.  36  and  37,  which 

taken  from  Professor  Schuster's  recent  paper  on  the  Diurnal  Varia- 
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of  Ten ext rial   Magnetism.1     It  will  be  seen   that  the  cha: 
combination  mainly  of  a  diurnal  and  a  semidiurnal  constituent. 

The    doited    curves     in    the     ti-llIV>     \\elV     dlaWll    1»V    ProfeSSOl'   ScllUStCF 

i'roi:  taUulate.l  troni  the  variable  part  of  the  magnetic  potential, 


1   Phil.   Trnn.".  U.S..  Tart  A.,  1889. 
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AS  found  by  him  after  the  manner  of  Gauss,  from  observations  of  mag- 
netic force  at  different  parts  of  the  earth's  surface.  It  will  be  seen  that 
the  two  sets  of  curves  in  each  case  very  nearly  coincide. 

110.  Professor  Schuster  also  investigated  the  changes  in  the  vertical 
force.  His  results  for  Greenwich  and  Lisbon  are  given  in  Figs.  38  and  39, 
and  illustrate  fairly  his  results.  The  object  of  the  research  was  to  decide 
whether  the  cause  of  the  diurnal  variation  of  terrestrial  magnetism 
was  external  or  internal  to  the  earth's  surface.  The  answer  obtained 
was  that  the  exciting  cause  is  external  to  the  earth,  but  is  accompanied 
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FIG.  39. 


•Comparison  between  calculated  and  observed  curve  of  vertical  force.  Abscissae  denote 
astronomical  time,  ordinates  denote  vertical  forces,  to  unit  10*6  C.G.S.  The  full  line  is 
the  observed  curve  ;  the  dotted  line  is  the  calculated  curve  on  the  hypothesis  of  out- 
side force  ;  the  chain  dotted  line  is  the  curve  calculated  on  the  hypothesis  of  internal 
force. 

by  an  internal  source  of  change  to  which  it  stands  in  fixed  relationship. 
This  is  shown  very  well  in  Figs.  38  and  39.  The  full  curves  show  the 
observed  variation  of  vertical  force,  the  lightly  dotted  curves  the  changes 
of  vertical  force  on  the  supposition  of  an  external  cause,  the  chain 
dotted  curves  the  same  thing  on  the  supposition  that  the  cause  is  in- 
ternal. It  will  be  recognized  at  once  that  in  each  case  (and  the  same 
holds  for  curves  given  in  the  paper  for  Bombay  and  St.  Petersburg) 
the  curve  calculated  on  the  former  supposition  agrees  in  character  with 
the  observed  while  the  other  calculated  curves  do  not.  The  difference 
in»  the  amounts  of  the  observed  and  calculated  effects  is  due  to  the 
internal  agency  already  alluded  to  as  connected  with  the  external  cause 
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of  change.     Such  an  internal  source  of  periodic  change  of  magnetic  force 
\\.i-  of  e.  .urse  to  be  expected:  for  such  changes  must  necessarily  give 
to  induced  currents  within   the  substance  of  the  earth  which  will 
react  on  the  magnetic  field  intensities. 

111.  The  currents  induced  in  a  conducting  sphere  by  periodic 
changes  in  magnetic  potential  are  investigated  by  Professor  Horace  Lamb 
in  an  appendix  to  Professor  Schuster's  paper.  The  theory  shows  that  if  the 
whole  earth  were  of  good  conducting  material,  the  effect  of  the  induced 
currents  would  tend  to  equality  with  the  primary  effect,  and  the  phase 
of  tin-  ivsultunt  would  approximate  to  a  difference  of  45°  from  that  of 
the  primary  disturbance. 

The  ivsnlts  given  in  the  curves  show  that  there  is  good  agreement 
of  phase  between  the  actual  effect  and  the  computed  primary  effect: 
BO  that  the  secondary  action  of  the  induced  currents  is  only  effective  in 
reducing  tin-  amplitude.  It  has  been  suggested  by  Professor  Lamb  that 
this  result  would  be  produced  if  the  currents  circulated  mainly  in  the 
internal  parts  of  the  earth,  and  were  only  slight  in  comparison  in  tin- 
outer  strata.  This  is  very  likely  to  be  the  case,  as  the  hi^h  internal 
temperature  will  undoubtedly  have  the  effect  of  reducing  the  resistance 
of  many  of  the  materials  of  which  the  earth  is  composed. 

Besides  reducing  the  amplitude  of  the  variable  part  of  the  vertical 
force,  the  currents  reduced  in  the  earth's  substance  must  be  effective 
in  increasing  the  amplitude  of  the  periodic  changes  of  horizontal  force. 

111'.  The  following  is  Professor  Schuster's  own  summary  of  the 
results  of  his  investigation. 

"  1.  The  principal  part  of  the  diurnal  variation  is  due  to  causes  outside 
the  earth's  surface,  and  probably  to  electric  currents  in  our  atmosphere. 
Currents  are  induced  in  the  earth  by  the  diurnal  variation,  which 
produce  a  sensible  effect  chiefly  in  reducing  the  amplitude  of  the  vertical 
component  and  increasing  the  amplitude  of  the  horizontal  components. 

•  .".  As  regards  the  currents  produced  by  the  diurnal  variation,  the 
i  does  not  behave  as  a  uniformly  conducting  sphere,  but  the  upper 
layers  must  conduct  less  than  the  inner  layers. 

The  horizontal  movements  in  the  atmosphere  which  must 
accompany  a  tidal  action  of  the  sun  or  moon,  or  any  periodic  variation 
of  the  barometer  such  as  is  actually  observed,  would  produce  elect ri«- 
. -Mi-rents  in  the  atmosphere  having  magnetic  effects  similar  in  character 
to  the  observed  daily  variation. 

If  the  variation  is  actually  produced  by  the  suggested  cau.s,.  th. 
atmosphere  must  be  in  that  sensitive  state  in   which,  according  to  tin 
author's  experiments,  there  is  no  lower  limit  to  the  electromotive  f" 
producing  a  current." 

Diurnal  Changes  of  Intensity  at  Points  on  same  Parallel  of  Latitude. 
Representation  by  Vector-Diagrams 

113.  The  daily  variations  in  terrestrial  magnet  i-m  have  been  dis- 
cussed to  some  extent  recently  in  connection  with  Schuster's  theory  by 
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v.  Bezold.  This  writer  first  deals  with  the  assumption  that  the  mean 
normal  daily  changes,  as  they  are  obtained  from  days  free  from  irregular 
disturbances,  are  equivalent  to  a  system  of  magnetic  forces  which  may 
be  regarded  as  revolving  round  the  earth,  without  alteration  of  itself  in 
a  period  of  twenty-four  hours  ;  then  he  offers  some  observations  on  the 
desirability  and  method  of  testing  whether  this  system  of  forces  is 
derivable  from  a  potential  function. 

According  to  the  assumption  referred  to,  if  Xd,Yd,Zd  be  the  com- 
ponent magnetic  intensities  which  express  the  daily  variations,  each  of 
them  must  be  a  periodic  function  of  X,  that  is  of  the  local  time  of  the 
place  at  which  observations  are  made.  Thus  if  t  be  that  local  time,  t0 
the  corresponding  time  at  Greenwich,  and  T  the  period  of  revolution 
(twenty-four  hours  expressed  in  terms  of  the  chosen  unit  of  time)  we 
have 


with  similar  equations  for  Yd,Zd. 

To  compare  this  result  with  observation,  the  diagram  first  used 
for  the  representation  of  Xd>  Yd>  by  Airy  is  of  great  importance.  This 
v.  Bezold  calls  a  vector-diagram.  In  it  the  change  of  the  horizontal 
force  in  direction  and  magnitude  is  laid  down  for  each  hour  of  the  day, 
by  drawing  straight  lines  from  an  origin  0  (see  Fig.  40),  so  that  each 
line  represents  by  its  length  the  magnitude  of  \fX^  +  Yd2,  and  makes 

an  angle  tan  ~lYd/Xd  with  the  axis  of 
the  Y  forces.  The  extremities  of  these 
lines  or  vectors  lie  on  a  closed  curve 
from  which  the  amount  of  change  fur 
any  interval  during  the  day  can  be  at 
once  obtained.  The  successive  hours 
are  marked  round  the  curve,  and  of 
course  occur  at  different  intervals  de- 
pending on  the  varying  rate  of  change 
during  the  day. 

Clearly  the  radii-vectores  in  such  a 
diagram  are  the  directions  in  which  a 
horizontally  suspended  needle  freed  from 
the  mean  action  of  the  earth  would  suc- 
cessively place  itself  in  consequence  of 
the  diurnal  change  of  horizontal  inten- 
sity. 

Airy  and  Lloyd,  who  both  used  this 

diagram,  took  as  components  of  the  change  those  along  and  per- 
pendicular to  the  magnetic  meridian.  For  the  present  purpose  this  is 
not  so  convenient,  and  the  a.xes  are  taken  as  indicated  by  the  component 
X&  along  the  astronomical  meridian  at  any  place,  and  Yd  along  the 
parallel  of  latitude  there.  When  this  is  done  it  is  found  that  the 
supposition  as  to  its  being  the  same  succession  of  changes  that  occur  at 
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all  places  along  a  parallel  of  latitude  is  confirmed.     The  vector-diagram 
at  all  such  places  is  the  same  for  the  same  local  time  at  each. 

Fiur.  4n  is  the  vector-diagram  for  lat.  60°  N.,  and  the  diagrams  for 
latitu.li-s  ilitV.  ring  successively  by  20°,  from  80° N.  to  80°  S.,  are  shown 
in  PI.  VII.  as  obtained  for  the  summer  months  of  the  northern  hemi- 
sph« -iv.  These  diagrams  are  taken  from  v.  Bezold's  paper,  as  deduced 
bv  him  from  Schuster's  values  of  the  potential.  It  will  be  seen  that  for 
a  place  in  lat.  60°  N.,  where  the  magnetic  meridian  is  astronomically 
north  and  south,  the  daily  chan-v  in  //,  tin-  magnetic  intensity  along  tin- 
magnetic  meridian,  has  its  maxima  at  noon  and  9  p.m.,  while  the  other 
component  has  its  maxima  at  about  G  a.m.  and  3  p.m.  The  component 
along  OX  is  zero  at  the  times  corresponding  to  the  intersections  of  the 
}'"}'  with  the  edge  of  the  curve,  that  is  at  6  p.m.  and  a  little 
before  4  p.m. 
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FIG.  41. 

To  find  the  components  along  and  perpendicular  to  the  magnetic 
meridian  at  any  other  place,  it  is  only  necessary  to  draw  the  meridian  on 
t  In-  diagram,  making  the  proper  angle  with  the  axis  of  X.  Thus  let  MM 
be  the  magnetic  meridian.  The  maximum  daily  variations  along  MM, 
that  is  the  variations  in  //,  are  obtained  by  drawing  tangents  to  the 
vector-diagram  at  right  angles  to  MM.  Thus  on  the  diagram  they 
occur  about  9  a.m.  and  6  p.m. 

The  components  along  MM  are  zero  for  the  times  corresponding  to 
the  intersection  of  a  line  perpendicular  to  MM  with  the  curve,  that  is 
for  Fig.  40  about  3.30  a.m.  and  2  p.m. 

The  maximum  magnetic  east  and  west  variations  of  intensity  are 
obtained  by  drawing  tangents  to  the  curve  parallel  to  MM.  and  accord- 
ingly have  place  about  mid. lay  an«l  !>  p.m. 
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It  is  clear  that  from  this  curve  the  march  of  the  change  in  H,  that  is 
of  the  component  along  MM,  can  be  obtained  and  compared  with  that 
observed.  Thus  Fig.  41  gives  such  derived  curves  for  the  latitude 
60°  N.  and  the  magnetic  meridians  for  which  the  declinations  are  50°  W. 
and  0°.  The  vector-diagram,  however,  shows  the  whole  phenomenon 
of  which  the  periodic  curves  in  this  figure  show  only  part.  As  that  has 
different  forms  for  places  of  different  values  of  the  mean  declination 
its  graphical  representation  does  not  clearly  display  the  progressive 
march  of  the  changes  along  the  parallel  of  latitude. 

Diurnal  Changes  in  Different  Latitudes.    Difference  of  Amount  in  Summer 
and  Winter.    Results  of  Observations  on  "  Quiet  Days  " 

114.  An  examination  of  PI.  VII.  brings  some  curious  facts  to  view. 
First  there  is  the  great  difference  between  the  summer  and  the  winter 
results  as  regards  the  daily  changes,  and  this  difference  as  it  alternates 
with  summer  and  winter  from  hemisphere  to  hemisphere,  suggests  a 
cause  connected  with  meteorological  change.    The  difference  would  have 
been  still  more  marked  if  the  results  had  not  been  a  mean  for  the  half 
year,  but  had  been  taken  for  the  time  of  the  summer  solstice,  or  for  the 
months  of  June  and  July.     It  would  be  well  also  to  obtain  results  for 
the  winter  solstice,  or  the  month  of  December,  and  likewise  for  the 
equinoctial  months. 

Another  point  of  considerable  interest  is  the  comparative  smallness 
of  the  north  and  south  components  of  the  daily  change  of  magnetic 
intensity  at  40°  N.  and  S.  Above  and  below  that  latitude  in  both  hemi- 
spheres the  two  components  give  an  irregular  oval  curve.  The  direction 
of  rotation  of  the  radius-vector  round  the  diagram  is  negative  (or  clock- 
wise) in  higher  northern  latitudes  than  40°,  positive  in  latitudes  between 
40°  N.,  and  some  parallel  south  of  the  equator,  then  again  negative  to 
lat.  40°  S.,  and  finally  once  more  apparently  positive  in  higher  southern 
latitudes. 

115.  It  is  clear  that  for  a  .more  complete  discussion  of  the  daily 
variations  of  terrestrial  magnetism  a  set  of  careful  observations  at  places 
on  parallels  of  latitude  every  5°  or  10°  apart  would  be  of  great  value; 
and  though  the  daily  progression  of  the  phenomena  along  each  parallel 
has  been  established,  the  degree  of  exactness  of  this  repetition  of  the 
phenomena  as  \  varies  would  be  tested  by  observations  made  for  the 
same  interval  of  time  at  different  places  on  each  of  a  sufficient  number 
of  parallels.  The  results  of  such  observations,  so  far  as  regards  horizontal 
force,   should   be  for  ease  of  interpretation   represented   by  means   of 
vector-diagrams,  and  to  exhibit  the  variations  in  dip  as   well   as   in 
declination,    Bauer's   mode   of    representation    (Art.    109)    should    be 
employed. 

Observations  are  now  made  of  the  daily  changes  at  English  Obser- 
vatories on  five  days  of  each  month  selected  by  the  Astronomer-Royal. 
These  days  are  chosen  for  their  freedom  from  irregular  disturbances,  and 
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therefore  called  "  quiet  days."  It  has  been  found  however  by  Chree 
(J!.  A.  Jieps.  1895,  1896)  that  when  the  changes  of  direction  of  the 

ilf  during  a  solar  day  are  represented   in  tin-  manner  suggested  by 

108  above)  the  needle  does  not  come  back  at  the  end  of 

thi-  day  to  its  original  direction,  that  is  the  path  is  not  closed.     It  is  to 

mbered  that  the  path  of  the  pole  of  the  needle  while  showing 

the  diurnal  chan-e  must  be  affected  by  the  secular  change,  which  would 

« any  the  pole  in  the  opposite  direction,  and  so  prevent  the  path  from 

tg  closed.  But  this  is  not  sufficient  to  account  for  the  whole  effect, 
and  thus  it  appears  th.it  on  the  quiet  days  the  effect  of  magnetic  storms 
i>  t«>  check  the  secular  motion  of  the  needle. 

Question  of  Derivation  of  Diurnal  Changes  of  Intensity  from  a  Potential 

1  l»i.  With  regard  to  the  derivations  of  A',,,  I',,,  Z,i,  from  a  potential 
i\  it  is  obvious  of  course  that  the  daily  revolution  of  the  changes 
round  th.-  parallels  of  latitude  makes  £ld  a  periodic  function  of  period  T, 
that  is: — 

nrf  =  F(\,  «,  <0  +  uT), 

_r«j  of  the  revolving  value  of  nrfwith  longitude,  is  permitted,  and 


it  the  revolving  system  is  invariable. 

The  vanishing  of   /  Yd  dt,  that  is  of  the  line  integral  of  Yd,  round  a 

tllel  of  latitude  is  necessary, but  is  not  sufficient  to  establish  that  Yd 
is  derivable  from  a  potential  function.  To  settle  the  question  of  the 
'(•nee  of  a  potential,  what  is  needed  is  an  evaluation  of  the  line 
integral  round  u  sufficient  number  of  closed  paths  of  other  forms, 
drawn  on  the  surface  of  the  earth.  We  have  already  given  above  tin- 
expression  for  the  line  integral  round  a  path  consisting  of  two  arcs  of 
m.-ridians  joined  by  parallels  of  latitude,  and  found  equations  (7'),  (7") 
ab. AC  \\h.it  the  expression  becomes  when  (1)  the  distance  along  the 
meridians  is  made  infinitesimal,  (2)  when  the  distance  along  the 
parallels  is  also  made  infinitesimal. 

These  torn  mlus  could  easily  be  tested  at  places  at  which  thedaily  changes 
observed,  ami  the  <|uestion  settled.     For  this  purpose  simultaneous 
ivationsat  a  number  of  places  properly  placed  would  as  in  the  case 
of  the  ordinary  m«.r<-  -lowly  (hanging  intensity  be  of  great  value. 

Equipotential  Lines  of  Diurnal  Changes 

117.    Von  Ue/.oli  1  has  al-o  thrown  Sclm>t.  r'-  recalculated  values  of 
the  potential   f},,  into  a  system  of  lines  of  equal  potential  drawn  on  a 
'fl  projection  of  the  earth  This  chart  isreproduc. 
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PI.  VIII.  at  the  end  of  the  present  volume.  It  will  be  seen  that  these 
lines  show  four  well  marked  poles  of  the  system  of  daily  magnetic 
intensities  for  noon  at  Greenwich.  The  chain-dotted  line  shows  the 
boundary  between  the  illuminated  and  non-illuminated  pails  of  the 
earth's  surface,  and  it  is  to  be  observed  that  one  of  the  poles  lies  in 
lat.  40°  N.  on  the  meridian  of  the  place  for  which  the  non-circle  is 
11  h.  20  m.,  or  thereabouts,  while  an  opposite  pole,  in  the  same  latitude 
nearly,  is  west  of  Greenwich  almost  on  the  chain-dotted  line.  The  two 
other  poles  lie  on  the  south  of  the  equator,  one  of  opposite  sign  to  that 
first  mentioned  nearly  on  the  same  longitude  and  in  about  30°  south 
latitude ;  the  fourth  lies  about  10°  further  south,  7  h.  30  m.  west  of 
Greenwich,  or  nearly  in  the  same  longitude  as  the  second  mentioned  pole, 
and  is  of  the  opposite  sign  to  the  latter.  This  system  of  lines  of  course 
travels  round  the  earth  in  a  solar  day. 

Von  Bezold  points  out  that  these  poles  cannot  be  produced  by  a 
system  of  currents  inside  the  earth,  though  of  course  the  magnetic 
intensities  may  be  modified  by  such  a  system.  This  he  shows  by 
considering  the  vertical  and  horizontal  forces,  and  pointing  out  that  an 
internal  system,  which  accounted  for  the  observed  vertical  component, 
would  give  horizontal  forces  opposite  to  those  observed,  and  vice  versd. 

The  difference  between  the  phenomena  in  the  summer  and  winter 
hemispheres  is  here  again  brought  out  very  markedly,  and  suggests  as 
before  that  the  daily  changes  are.  greatly  modified  by  meteorological 
influences. 

It  is  suggested  by  v.  Bezold  that  currents  depending  on  the  great 
•-atmospheric  currents,  the  cyclones,  and  the  anticyclones,  would  produce 
these  poles  in  or  near  40.°  of  north  and  south  latitude. 

Magnetic  Storms 

118.  Besides  these  regularly  periodic  variations  in  the  magnetic 
elements  there  are  irregular  and  violent  changes  which  take  place  from 
time  to  time,  and  are  well  described  as  magnetic  storms.  Such  dis- 
turbances have  been  found  to  be  simultaneous,  often  with  auroral 
displays,  a  fact  which  seems  to  point  to  electric  discharge  in  the  upper 
regions  of  the  atmosphere  as  a  cause  of  magnetic  storms,  as  well  as  of 
the  regular  changes.  It  has  also  been  observed,  though  the  correspon- 
dence has  not  been  unmistakably  made  out,  that  magnetic  storms 
seem  to  be  more  frequent  at  times  of  great  solar  activity  as  shown 
by  the  outburst  of  sun-spots.  Hence  some  physicists  have  been  led  to 
credit  magnetic  action  exerted  by  the  sun  with  such  magnetic  disturb- 
ances and  also  with  the  annual  and  diurnal  variations  of  the  magnetic 
elements. 

In  this  theory  there  is  at  the  outset  a  very  serious  difficulty.  It 
may  be  true  that  the  sun  is  a  powerful  permanent  or  electro-magnet, 
exerting  a  steady  effect,  but  to  produce  suddenly  changes  of  the  mag- 
netic forces  experienced  on  the  earth,  comparable  with  the  total  amount 
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of   these  forces,  this  magnet  must  be  subject  to  enormous  changes  of 

•iisity  rapidly  produced  and  rapidly  dying  away.    The  subject  has 

i  discussed  recently  by  Lord  Kelvin  in  his  Presidential  Address  (St. 

iivw's  Pay.  1892)  to  the  Royal  Society,  and  the  conclusion  arrived 

at  is  ad\vrs«-  t<>  the  hypothesis  of  a  direct  solar  origin  of  these  magnetic 

changes.     The  following   is  a  short  summary  of  his  treatment  of  the 

subject.     (See  also  Lloyd,  Magnetism,  p.  233,  and  G.  J.  Stoney,  Phil. 

Oct.,  1861.) 

1  I'.'.  Supposing  the  sun  magnetized  to  the  same  mean  intensity  as 
is  tin  earth,  the  magnetic  force  produced  by  it  at  an  external  point  can 
easily  be  calculated.  Let  the  direction  of  magnetization  be  at  right 
angles  to  the  plane  of  the  ecliptic,  which  it  roughly  is  no  doubt,  if 

sun's  magnetization  is  connected  with  its  rotation,  as  Lord  Kelvin 
thinks  is  the  case  with  the  earth.  The  force  then  at  a  distance  D  from 
the  sun  at  a  ]niint  in  the  ecliptic  is  ^Tr-B8!//)3,  if  I  be  the  intensity 
of  '  ition.  that  is  the  magnetic  moment  per  unit  of  volume, 

and  /.'  lie  tin    radius  of  the  sun.     If  D  be  equal  to  the  earth's  distance 

i    the   sun  so  that  IP  =  2283^3,  we  get  for  the  force  the   value 

I  228*.     Tin-  force  at  the  earth's  surface  along  a  meridian  at  the 
Trl.      Hence   the   force   produced   by   the   sun   would   be 
about  1/2283,  or  1/12,000,000,  of  the  earth's  force. 

It  is  clear  therefore  that  the  sun  must  be  something  like  12,000 
times  as  intensely  magnetized  as  the  earth  in  order  to  produce  a  force 
perceptible  with  ordinary  instruments  used  in  a  magnetic  laboratory. 
This  according  to  the  estimate  given  above  (Art.  102)  would  be  about 
tin-  intensity  of  magnetization  of  well  magnetized  hard  steel. 

Since  the  moon's  apparent  diameter  is  approximately  the  same  as 
tin-  sun's,  the  ratio  of  the  moon's  radius  to  the  distance  of  the  earth 
from  the  moon  is  nearly  equal  to  the  corresponding  ratio  for  the  sun, 
and  so  the  estimate  just  made  for  the  sun  holds  also  for  the  moon. 

1 20.  Now  considering  the  earth  at  the  vernal  equinox,  the  magnetic 
due  to  the  sun  may  be  resolved  into  two  components,  one,  "92 
of  the  whole  amount,  parallel  to  the  earth's  axis,  the  other,  '4  of  the 
\\  hole,  at  right  angles  to  the  axis.  The  former  contains  a  constant  part, 
and  a  part  varying  with  the  sun's  distance  and  having  therefore  ;« 
period  of  a  year.  The  latter  component  would  affect  the  variation, 
Hipposing  the  magnetisms  in  the  northern  and  southern  hemispheres 
of  the  sun  to  be  of  the  same  sign  as  those  on  the  correspond iiu;  hemi- 
spheres of  the  earth,  as  if  the  south- pointing  ends  of  needles  on  the 

li  were  attracted  towards  a  star  in  the  plane  of  the  equator  and  at 
Right  Ascension.     This  would  give  rise  to  a  change  in  the  declina- 
tion of  period  one  sidereal  day. 

This  diurnal  constituent,  it  is  to  be  observed,  is  distinct  from  that 
discussed  by  Schuster,  which  had  for  period  a  solar  day,  and  is  smaller 
in  amount  than  the  latter.  So  far  it  has  not  been  sought  for  by  the 
harmonic  analysis  ;  but  even  if  a  change  in  the  declination  were  found, 
it  would  not  follow  that  it  was  due  to  the  action  of  the  sun  as  a  magnet. 
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The  whole  effect  might  be  due  to  effects  of  currents  circulating  in  the 
earth's  atmosphere,  and  therefore  depending  on  the  period  of  rotation, 
and  moreover  containing  solar  diurnal  terms  depending  on  difference 
of  temperature  produced  by  the  sun's  radiation. 

121.  But  the  chief  objection  urged  by  Lord  Kelvin  to  solar  agency 
:as  the  cause  of  magnetic  storms  is  the  enormous  expenditure  of  electri- 
cal energy  necessary  to  produce  by  the  action  of  the  sun  the  oscillations 
of  magnetic  force  observed  in  a  magnetic  storm.  Thus  in  a  magnetic 
storm  which  took  place  on  June  25,  1885,  the  horizontal  force  at  the 
following  eleven  places :  St.  Petersburg,  Stonyhurst,  Wilhelmshaven, 
Utrecht,  Kew,  Vienna,  Lisbon,  San  Fernando,  Colaba,  Batavia,  and 
Melbourne,  increased  considerably  from  2  to  2.10  P.M.,  and  fell  from 
2.10  to  3  P.M.  with  irregular  changes  in  the  interval. 

The  mean  value  at  all  these  places  was  '0005  above  par  at  2.10  and 
'005  below  par  at  3  P.M.  The  changes  as  shown  by  the  photographic 
records  were  simultaneous  at  the  different  places.  Assuming  these 
•electrical  oscillations  of  the  sun,  Lord  Kelvin  estimates  that  the  electrical 
activity  of  the  sun  during  the  storm,  which  lasted  about  eight  hours, 
must  have  been  about  160  X  1024  horse  power,  or  about  12xl035  ergs 
per  second ;  that  is  about  364  times  the  activity  of  the  total  solar 
radiation,  which  is  estimated  at  about  3  X  103S  ergs  per  second.  The 
•electrical  energy  thus  given  out  by  the  sun  in  such  a  storm  would 
supply,  if  transformed  to  the  electrical  vibrations  of  shorter  period  con- 
cerned in  its  ordinary  radiation,  the  whole  light  and  heat  radiated 
during  a  period  of  four  months.  This,  as  Lord  Kelvin  remarks,  is  con- 
clusive against  the  hypothesis  that  these  violent  magnetic  disturbances 
.are  due  to  direct  action  of  the  sun. 

It  is  of  course  conceivable  that  the  earth  might  be  immersed  in  a 
ray  of  abnormally  great  solar  energy ;  but  it  is  extremely  unlikely  that 
unless  the  radiation  were  abnormally  great  all  round,  the  earth  would 
remain  in  such  a  ray  for  a  period  of  several  hours. 

The  cause  of  magnetic  storms  therefore  remains  undiscovered.  But 
it  is  only  one  of  the  mysteries  of  terrestrial  magnetism,  for  the  great 
fact  of  the  earth's  magnetism  itself,  not  to  speak  of  all  its  wonderful 
(periodic  changes,  secular,  annular,  and  diurnal,  remains  unaccounted  for 
fcy  any  satisfactory  theory. 


CHAPTER  IV 

M\',\i:n>M    "|    AN    IRON  SHIP  AND  COMPENSATION   OF     THE  COMPASS 

Ship's  Magnetism 

1  -~2.  IT  is  not  possible  to  discuss  fully  here  the  magnetism  of  an  iron 

ship,  and  the  compensation  of  a  mariner's  compass  for  use  on  board  such 

:    but  these  subjects  are  so  important,   both    practically   and 

from  the  point  of  view  of  pure  science,  that  it  seems  desirable  to  give  a 

short  account  of  them. 

Th''  magnetization  of  an  iron  ship  is  (1)  permanent  or  sub-permanent, 
ami  (2)  transient.  The  permanent  magnetization  is  independent  of  the 
change  of  place  of  the  ship  or  the  lapse  of  time,  except  in  so  far  as  the 
iron  is  subject  to  strains  or  shocks  due  to  unusual  stress  of  weather  or 
use.  It  is  set  up  mainly  by  terrestrial  magnetizing  force  during 
tin-  building  of  the  ship,  and  its  distribution  depends  on  the  position  of 
tin-  ship  while  being  built. 

The  sub-permanent  magnetism  slowly  changes  with  time,  and  its 
variations  show  effects  only  observable  after  the  lapse  of  intervals  of  daya 
or  even  weeks. 

Tin-  transient  magnetization  is  induced  by  the  varying  magnetic  force 
to  which  the  iron  is  subject,  and  follows  the  changes  of  these  fore.- 

•  -I  by  the  varying  position  of  the  ship. 

The  deviation  of  the  compass  needle  in  a  ship  is  the  angle  which 

:irection  makes  with  that  which  it  would  have  if  the  needle  v 
und<  i  the  earth's  force  alone.     It  may  be  regarded  as  made  up  mainly 
of  two  parts,  called  th<-  N-  ///«/•</•/•//////•  deviation  or  error,  and  the  qiiadranful 
deviation  or  error.     How  these  arise  and  the  manner  of  their  compensa- 
tion will  form  the  first  part  of  the  present  discussion. 

1  _.;  The  ship  forms  a  large  magnet  or  rather  combination  of  magnets. 
It  has  (a)  longitudinal  magnetization,  (&)  transverse  magnetization,  and 

ertical  magnetization.     The  first  must  obviously  exist,  as  the  ship's 
hull   is  a  great  iron  or  steel  girder,  with  its  length  in  the  fore  and  aft 
direction  ;  the  second  is  principally  the  longitudinal  magnetization  of  the 
transverse  beams  and  bulkheads;  the  third  component  is  mainly  du« 
the  rib-  and  vertical    beams   and   bulkheads.     Tbese  produce  magnetic 


86 


MAGNETISM  AND  ELECTRICITY 


CHAP. 


forces  within  the  ship,  to  which  must  be  added  also  those  produced  by 
the  magnetization  of  iron  or  steel  masts  or  spars,  or  of  iron  or  steel 
carried  as  cargo. 

Soft  Iron  of  Ship  Represented  by  Iron  Rods 

124.  The  magnetic  forces  at  any  point  in  the  ship  may  be  referred  to 
as  fixed  in  the  ship,  and  the  action  on  the  compass  needle  for  any 
position  of  the  ship's  head  ascertained.  Let  the  axes  be  drawn  from  the 
centre  of  the  compass  needle  as  origin,  that  of  x  from  the  stern  to  the 
head  of  the  vessel,  that  of  y  from  port  to  starboard,  and  that  of  z  from  the 
compass  needle  downwards,  as  shown  in  Fig.  42.  Also  let  the  compon- 
ents of  magnetic  force  due  to  the  earth  be  denoted  by  X,  Y,  Z,  the  forces 
due  to  the  permanent  magnetism  by  P,  Q,  R,  and  the  total  components  by 
X1 ,  Y',  Z'.  The  earth's  force  will  magnetize  the  iron  of  the  vessel  tem- 


FIG.  42. 

porarily,  and  every  one  of  the  three  components  X,  Y,  Z,  will  produce  its 
own  part  of  each  of  the  three  total  components  X ' ,  Y',  Z'.  For  consider 
the  first  component  X.  It  will  produce  at  the  compass  needle,  in  con- 
sequence of  the  induced  magnetization,  a  force  which  experience  shows 
may  be  taken  as  proportional  to  X,  and  which  may  therefore  be  denoted 
by  aX,  where  a  is  a  constant.  If  a  be  positive  this  force  will  produce 
the  same  effect  upon  the  needle  as  would  a  long  soft  iron  rod  placed  in 
the  ship  in  a  fore  and  aft  direction,  beginning  at  a  point  in  front  of  the 
needle  and  running  towards  the  bow  (as  shown  at  a  in  Fig.  42),  or  begin- 
ning behind  the  needle  and  running  towards  the  stern,  and  magnetized 
"by  the  force  X.  If  a  be  negative,  the  force  is  equivalent  to  that  which 
would  be  produced  by  a  short  rod  beginning  in  front  of  the  binnacle, 
passing  under  the  binnacle,  and  ending  behind. 

The  same  force  X  will  produce,  in  consequence  of  unsymmetrical 
distribution  of  the  iron  of  the  ship  about  the    longitudinal  plane  of 
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:u.  try  of  figure  (that  is,  the  plane  of  tin-  kr.-l),  an  effect  similar  to 

that  of  a  long  bar  beginning  at  a  point,  say,  to  port  of  the  needle  and 

running  towards  the  stern,  or  to  that  of  two  bars,  one  situated  as  just 

and  the  other  beginning  at  a  point  to  starboard  of  the  needle 

and  ninninir  towards  the  bow  (d  in  Fig.  42).     This  will  give  a  force  <IX 

in  the  direction  of  y,  where  d  is  positive.     If  the  force  dX  due  to  this 

•  of  symmetry  be  negative,  the  rod  or  rods  producing  an  equivalent 

must  be  reversed  in  direction. 

there  \\ill  similarly  be  produced  a  force  <7-Vin  the  direction  of  2, 

which  will  be  equivalent  to  that  produced  by  two  rods,  one  beginning 

ve  (g  of  Fig.  42),  the  other  below  the  needle,  and  running,  the  first 

•In-  bow,  the  other  towards  the  stern  of  the  vessel,  or  vice  tv/>"\ 

according  as  g  is  positive  or  negative.     Of  course,  instead  of  the  pair  of 

rods  here  specified,  either  rod  singly  may  be  substituted. 

In  like  manner  the  forces  produced  by  Y  and  'A  can  be  accounted  for 
it. Hi  rods  thwart-ship,  and  three  vertical, according  to  the  schemes 
!i  in  Fig.  4-1'. 
Thus  we  have  the  equations 

-Y'  =  -Y  +  aX  +  bY  +  cZ  +  P  \ 

T  =  Y  +  dX  +  eY  +fZ  +  Q  I       .....     (1) 

Z'  =  Z  +  gX  +  /*}'  +  kZ+  Jt  J 

when    ".   ;.   '•...  are  constants.     These  equations   were  first  given  by 

•  n.     \Ve  now  proceed  to  consider  the  effect  of   the  forces   thus 
specified  in  producing  deviations  of  the  compass. 

Expressions   for   Total  Deviation  of  the  Compass.     Analysis  of 

Deviations 

I  L'">.   Let  the  ship  be  on  even  keel,  and  the  direction  of  the  head  be 
•ills  a  point  at   angular  distance   f  eastward   from   the   magnetic 
north,  and  f*  eastward  from  the  north  point  as  indicated  by  the  com- 
pass.    Then  £  shows  the  "  magnetic  course,"  £  the  "  compass  course." 
<  '!•  , irly  f  —  £*  is  the  deviation,  o  say,  of  the  compass  needle  from  the  true 

•  tic  north,  that  is,  the  compass  error. 

!•    //!)••   the  total  horizontal  force  of  the  earth.  //'  that  in  the  ship, 
.iiul  -^r  the  dip,  we  have 

.Y  =  //  cos  {,    Y  =        II  ^in  £ ,    Z  =  //tan  ^ 
and 

A"  =  //'  cos^,    1"  =   -  //'Hin^, 

the  direction  of  the  needle  in  the  ship  is  that  of  IT.     Thus  from 
'••[nations  (1)  we  have 

//  1-03 1  =  (1  +  a)//cos{  -6//«in(  +  c//tan^  +  /'      ...     (2) 
-  //'  sin  £  =  (  -  sin  £  +  d  cos  £)  //  -  ell  sin  {  +  ///  tan  4  +  Q      (3) 
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Multiplying  the  first  of  these  by  sin  £  the  second  by  cos  f,  adding  and 
reducing  we  get 


+  (c  tan  A  +  —  )  sin  £  +  ( /tan  \b  +  —  ) cos  £ 
\  nj  \  11 1 


H'    .     „      d  -b 
_„„»____ 

Again,  multiplying  the  first  equation  by  cos  f,  the  second  by  sin  £,  and 
subtracting  we  find 

H'  a  +  e       /  P  \ 

—  cos  6=1  + H  I  c  tan  ^  +  77  )    cos  4 

It  '2  \  11 ) 


-   (/tan  ^+  |)  sin  ^+  ^  COs  2£  -  ^?sin2£    .     .     .     (5) 


Denoting  1  +  («  +  c)/2  by  X,  and  writing 


-  6  P  <? 

=  —  ,     XB  =  ctani/^  +  -,  A(7  =  /tan^  +  —  , 
£                                      a.  a. 

a  ~  e  b  +  d 


-3-  , 

Ave  get 

.       A  +  B  sin  ^  +  C'  cos  £  +  Z)  sin  2^  +  E  cos  2£ 

tan  o  =  -  -  -  (b) 

1  +  B  cos  £  -  (7  sin  £  +  Z>  cos  2£  -  E  sin  2£ 

which  enables  the  deviation  to  be  calculated  in  terms  of  the  magnetic 
course. 

Substituting  f  +  B  for  ^,  and  sin  8/  cos  8  for  tan  S  in  the  last  equation, 
and  simplifying,  we  obtain 


sinS  -  ^cosS  +  J3sin£  +  Ccos^'  +  £sin(2£'  +  8) 
or 


.  Ccosg  +  (A 

Sin  O  =    -  ^  -  p:  -  ;rp  —  ;  —  jj  —  ;  —  ^rr,  -        .       .       (o) 

1  —  D  cos  24  +  L  sin  2^ 

The  coefficient  E,  it  will  be  seen  presently,  is  comparatively  small, 
and  we  may  neglect  the  term  E  sin  2^  in  the  denominator.  If  the 
denominator  be  then  expanded,  and  B  be  not  too  great,  so  that  we  may  put 
S  =  sin  B,  cos  8  =  1,  we  may  write  the  above  equation  in  the  form 

8  =  Al  +  Bl  sin  £  +  C^  cos  £  +  Dl  sin  2£'  +  E^  cos  2^ 

+  F,  sin3t  +  G1caa3g  +  &c.     .     .     .     (9) 

The  higher  terms  in  the  second  line  may  generally  be  neglected. 

126.  This  result  could  of  course  have  been  reached  by  noticing  that  if 
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tlit-  ship's  head  were  turned  roinul  to  successive  points  of  tin-  mm  pass,  the 

same  deviation,  8,  of  the  needle  would  recur  every  time  tin-  ship's  head 

t«>..k  a  iriven  direction,  except  in  so  far  as  the  changes  in  the  .-hip's 

.  net  ism  lagged  behind  tin-  change  in  the  magnetic  force.     Hence  B 

periodic  function  <>t  £',  and  is  expressible  in  the  manner  indicated. 
Th.  e.ierticients,  Av  7>,,  <\.  A:e.,  can  be  found  from  the  preceding  A,B,  C,. 

(>y  expanding  the  denominator  (l  —  D  cos  2  f  )-1  and  substituting  for 
tin-  pow«-r>  of  cos  2f  cosines  of  multiples  of  2f. 

1'iuvided  the  compass  error  is  not  more  than  about  20°,  which  it 
hardh  ever  is,  as  the  deviation  is  either  less  in  itself,  or  is  reduced  to  a 
-mallei  value  by  partial  compensation,  we  may  take  only  the  first  five 
terms  of  the  series  above,  and  put 


A  =  sinAlt  B  =  sin/?^!  +  isin/^),  C  =  sinful  -  isinZJj),  D  =  sinZ^j,  E  =  sin£'t 

re  -/./•'.  6',  &c.,  are  the  values  given  above.  (See  Admiralty  Manual 
of  Deviations  of  the  Compass,  1893  edition,  p.  132,  et  seq.} 

i  ''  -nsidering  the  different  terms  which  make  up  the  deviation  we 
see  first  that  the  constant  term,  A  =  (d—b)/2\,  is  the  effect  of  the  unsym- 
metrieal  distribution  of  the  soft  iron  of  the  ship  with  respect  to  tin- 
plane  of  the  keel.  This  is  the  deviation  when  £  =0,  that  is,  when  the 
shift's  liead'is  on  the  north  point  as  shown  by  the  compass. 

The  Quadrantal  Error 

1  1'7.  The  constants  b  and  d  enter  also  into  the  coefficient  E,  the 
term  which  gives  the  variable  part  of  the  deviation  depending  mi  this 
want  <>t  symmetry.  It  is  to  be  noticed  that  since  the  distribution  of  the 
in-n  of  the  ship  is  very  nearly  symmetrical  with  respect  to  the  plane 
referred  to,  the  constants  b  and  d  are  very  small  numerically,  and  there- 
fore the  terms  Al  +  El  cos  2£"  are  relatively  small  parts  of  the  total 
deviation. 

term  /\  sin  2  £"  depends  on  a  and  e,  and  represents  the  effect 

of  the  fore  and  aft,  and  thwart-ship  components  of  induced  ma^m-ti/a- 

ti'in  '>n  the  corresponding  components  of  disturbing  force  at  the  compass 

iifi-dli-.     Since  the  longitudinal  effect  is  greater  than  the  thwart-ship 

(a  —  e)/2\,  or  D,  is  always  positive.     The  pair  of  terms 

Dl  sin  2f  +  L\  cos  2£ 
make  up  what  is  called  the  i/nadrantal  deviation.     If  we  put   in  these 


cos     ,  ,         +         -  sn 

BO  t; 


Z>,  sin  2f  +  ^  cos  2f  =   ,//>,*  +  A'i2  ««  2  «T  +  *)• 

we    see    that     this    part    of    the    deviation    has    a    maximum     when 
2((T  '  +  <£)  =  00°,    and    again    when    2(C'  +  <^)  =  3CO°-|-000I  that  is,  when 
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=  45°,  and  £'+0  =  225°.  Hence  if  £'  +  <£  is  changed  from  0  to 
360°  (that  is,  since  <£  is  a  small  angle,  when  £'  is  changed  through 
360°)  this  part  of  the  deviation  has  two  equal  maxima.  It  has  also 
two  minima  of  numerical  value  equal  to  the  maxima,  namely  when 
2(f  +  <£)  =  2700,  and  when2(f  '+<£)  =  630°,  that  is  for  ?'  +  <fr  =  135°,  and 


Thus  a  numerical  maximum  of  amount,  \/D^  +  J^2,  or  D± 
approximately,  is  obtained  on  four  compass  courses,  successively  a 
quadrant  distant  from  one  another.  Hence  the  name  "quadrantal 
error." 

This  part  of  the  compass  error  does  not  in  general  amount  to  more 
than  from  5°  to  10°  in  iron  vessels,  unless  the  compass  has  been  badly 
placed,  or  soft  iron  carried  as  cargo  is  stowed  too  near  the  binnacle. 

The  Semicircular  Error 
128.  Considering  now  the  remaining  pair  of  terms,  namely, 

Bl  sin  £  +  Cj  cos  £' 
we  see  that,  since  approximately 


=  B  =  -  —  ,     smC    =  C  = 


eing  the  dip),  the  coefficients  of  these  terms  depend  partly  on  the  effect 
produced  by  vertically  induced  magnetism  in  consequence  of  unsym- 
metrical  arrangement  of  the  soft  iron  of  the  ship,  (1)  with  reference 
to  the  cross  section  of  the  hull  at  the  compass  needle,  which  gives  the 
constant  c,  (2)  with  reference  to  the  plane  of  the  keel,  which  gives  the 
constant  /.  The  latter  constant  is  small  in  comparison  with  c. 

The  remaining  parts  of  the  coefficients  Bv  Cv  depend  upon  the  per- 
manent magnetism  of  the  ship,  since 

-  +  1  J3"tan  if,  =  EH,     ^  +  T  #tan<A  =  CH 
\       A  A.         A 

where  B  =  sin  B^  (7=  sin  Cl  approximately.     We  shall  see  presently  how 
these  parts  can  be  determined. 
The  sum 

^sin^  +  tfjcosf 

is   what   is    called  the  semicircular  deviation.     For  writing  it  in  the 
form 

*JB*  +  6\2  sin  (£  +  <£') 
where 


cos    '  = 


we  see  that  its  numerical  value  is  a  maximum  for  £'  +  <£'  =  90°,  and 
'  =  270°.     Thus  when  the  compass  course  is  changed  through  360° 
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this  part  of  tli«'  drviatioii  attains  a  maximum   numerical   value  on  two 
courses  180°  apart. 

The  maximum  s. •mirircular  error  of  the  compass  may'amount  to  30° 
or  40°  in  an  armour-clad  vessel,  and  to  over  20°  in  an  ordinary  iron 
vessel.  But  as  pointed  out  above,  the  total  error  can  be  kept  down  to 
less  than  20°  by  partial  compensation,  in  cases  in  which  no  attempt  is 
m;i«lf  to  completely  annul  it. 


BUILT    HEAD  NORTH 
r NORTH 


BUILT   HEAD  EAST 
NORTH n 


Fl.:.  43. 


Graphical  Representation  of  Deviations.     Determination  of  the 
Coefficients.     The  Dygogram  ' 

!:!'.».  The  semicircular  and  quadrantal  errors  for  two  ships,  one  built 
head  north,  the  other  built  head  east,  are  shown  in  Fig.  4S.  The 
successive  points  of  the  compass  are  laid  down  at  *->\\\u\  distance-  apart 
along  a  straight  line,  ami  the  errors  on  tin-  various  courses,  as  taken 
•  linrtly  from  the  compass  which  is  being  observed,  are  shown  by 

1  This  somewhat  unintelligible-looking  word  in  a  contraction  of  dynamogonioyram, 
that  is,  the  diagram  of  force  and  of  angle.  The  curve  U  well  known  aj  the  Limaron  of  Paaral. 
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ordinates  drawn  at  right  angles  to  this  line.  The  quadrantal  errors  are  the 
same  in  both  cases,  and  have  a  maximum  of  5°  on  the  N.E.,  S.E.,  S.W., 
and  N.W.  courses.  This  is  shown  by  the  diagram  on  the  left.  The 
other  two  diagrams  give  the  semicircular  errors,  which  are  shown  by  the 
lighter  full  lines  for  the  cases  specified.  It  will  be  seen  that  the 
maximum  semicircular  error  is  here  about  10°.  The  dark  full  lines 
in  these  diagrams  show  the  resultant  error  obtained  by  compounding 
the  quadrantal  and  semicircular  errors. 

130.  Fig.  44  illustrates  a  mode  of  representing  the 
errors  graphically  devised  by  the  late  Mr.  J.  R. 
Napier,  F.R.S.  Instead  of  laying  off  the  deviations 
observed  on  given  courses,  at  right  angles  to  the  line 
of  courses,  they  are  laid  off  along  lines  drawn  at 
angles  of  60°  to  this  line.  These  lines  are  shown 
dotted  in  Fig.  44.  Westerly  deviations  are  laid 
off  towards  the  left,  easterly  deviations  towards 
the  right  of  the  line  of  courses.  It  is  to  be  noticed 
that  in  drawing  this  diagram  the  courses  taken  are 
courses  as  shown  by  the  compass  on  board,  and  are 
not  correct  magnetic  courses. 

The  convenience  of  Napier's  diagram  lies  in  this, 
that  the  curve  of  deviations  having  been  thus 
drawn,  the  correct  magnetic  course  to  be  laid  down 
on  the  chart  as  corresponding  to  the  compass  course 
which  has  been  steered  or  vice  versd  can  be  at  once 
found.  A  series  of  full  lines  intersecting  the  dotted 
lines  at  angles  of  60°,  and  cutting  the  line  of  courses 
at  the  same  points  are  drawn  on  the  diagram.  The  rule 
(reversed  for  the  other  problem)  is  then  as  follows : — 
Take  on  the  line  of  courses  the  compass  course 
actually  steered,  then  pass  from  that  point  parallel 
to  the  diagonal  dotted  lines  to  the  curve,  then  from 
that  point  parallel  to  the  diagonal  full  lines,  back  to 
the  line  of  courses.  The  point  arrived  at  is  the  true 
magnetic  course  to  be  used  on  the  chart. 

This  rule  is  obviously  true.     The  distance  from 
the  starting  point  of  the  final  point  arrived  at  on 
the  line  of  courses  is  equal  to  the  deviation,  since  the 
three  points  are  the  vertices  of  an  equilateral  triangle. 
The  curves  shown  in  Fig.  44  show  the  quadrantal 
and  semicircular  deviations,  and  the  resultant  error 
for  H.M.S.  Achilles,1  a  now  obsolete  ironclad.      The  maximum  quad- 
rantal error  is  about  6°'9',  the  maximum  semicircular  error  21°  15'. 

131.  By  determining  the  semicircular  error   on   different    compass 
courses  the  values  of  Bv  Cv  can  obviously  be  found  to  any  necessary 
degree    of  accuracy.     If   the    observations    are    made  at   positions    of 
1  Elementary  Manual  of  tke  Deviations  of  the  Compass,    Edition  1870. 
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ship    Mirtii-ii-ntly   far    apart    in    ma^netie   latitude.   when-    the    .lip 

and    tin-  horiiontal  component   «-f  tli.-  .-artli's  ti.-ld  intensity  are  kn<»\\n. 

the  ditVen-nt  parts  of  tin-  exact  coefficients  JJ,  C,  can  be  calculated.     For 

/.'j.  J>'.,  be  values  of  the  former  coefficient  at  two  such  places  where 

11  v  iL,  I/TJ,  ^r2  are  the  values  of  H  and  ty.     Then  we  have 


£  +  C-  If,  tan  ^  =  B.II  . 


which 


P  =  //,//»(£,  tan  fo  - 
X  //.,  tan  i^.,  —  //] 

c  BI  7/j  —  //  // 


(H) 


X       //x  tan  i/'j  -  //.,  tan  i/^., 

•Similarly 

^  =  //^/.(^tan^-^tan^) 
X    '          7/2  tan  f,  -  //!  tan  ^ 

/  fi^i  -  ^    " 


X       //!  tan  ^  -  //2  tan  ^2 

The  quantity  X  (  =  l  +  (a+e)/2)  is  easily  interpreted  as  the  average 
value  »>t  //'cosS/H  for  all  possible  courses.  To  prove  this  we  recall 
the  equation 

-  —  cosS  =  1  +  7?cos£-  Csin£  +  Z)cos2£  -  Csm2£ 
X  // 

Multiplying  both  sides  by  d£,  and  integrating  from  £=0,  to  f=27r,  \ve 
obtain 


thai 


- 


which  proves  the  proposition.     HI-IK  ••• 

........     • 


\\here    the    bar  denntf-    the    mean    value    of  theprodoct     But  //'  is  t  h-> 

«  '.niponent  of  th«'  l«»  ;d  liurix-'iital   f.nvr,  and   thi-isin   the  direetinn   ,.f 
i  ho  needle.      Hem  •    //Cos  6  i-  the  e<.mjM.n«  nt  horizontal  magiu-t  i«   t 
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in  the  direction  of  the  head  of  the  vessel.     Thus  H\  denotes  the  mean 
value  of  this  component  for  all  possible  directions  of  the  vessel's  head. 

We  are  unable  here  to  go  into  particulars  regarding  the  mode 
of  observing  compass  deviations  in  actual  cases.  Full  information  will 
be  found  in  the  Admiralty  Manual  of  Deviations  of  the  Compass,  and  in 
treatises  on  Compass  Adjustment.1  It  must  suffice  to  state  that  the 
different  coefficients  can  be  found  by  harmonic  analysis  if  a  sufficient 
number  of  values  of  B  are  obtained  for  different  compass  courses. 

132.  When  the  coefficients,  A,  B,  C,  &c.,  have  been  found,  the 
deviations  on  different  courses  are  capable  of  a  very  elegant  graphical 
representation  invented  by  Archibald  Smith,2  to  whom  the  complete 

working  out  of  the  theory    of   compass 
deviation  is  in  great  measure  due. 

Draw  first  (Fig.  45)  two  lines  op,  or, 
to  represent  the  magnetic  north  and  the 
magnetic  east  directions.  Then  take  a 
length  op  as  great  as  is  convenient  to 
represent  the  value  of  \H;  and  from  p 
take  a  length  pa  eastward  or  westward  to 
represent  a  positive  or  negative  value  of 
A  .  \IT  on  the  same  scale,  and  a  second 
length  ae  to  represent  E.  Next  draw  from 
the  point  e  a  line  ed  northward  or  south- 
ward to  represent  D  .  \H,  according  as  D  is 
positive  or  negative,  and  a  second  length 
db  from  d  to  represent  B  .  \H.  Lastly,  from 
b  draw  to  the  east  or  west  a  line  bn  to 
represent  C  .  \H  according  as  it  is  positive 
or  negative. 

The    angle   nop  is  the   deviation  for 
£=  0,  that  is,  when  the  ship's  head  is  due  north.     For  we  have 

B  +  D}, 


the 


FIG.  45. 


pa  +  In  +  ae  =  \H  (A  +  C  +  E). 

Thus  if  we  take  op  as  unity,  the  first  length  represents  1  + 
second  A  +  C  +  E.     Now  by  equations  (4)  and  (5) 


inS-^l  +  C  +  E 


\H 

--  cos  8=  1  +  B  +  D 


(16) 


1  See  Traite  de  la  Regulation  et  de  la  Compensation  des  Compos,  par  A.  Collet.  Paris  ; 
Challamel  Ainfe. 

-  Other  forms  of  dygogram  are  also  employed  in  practice.     For  their  construction  se 

the  Admiralty  Manual. 
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when  £=0.     Therefore  for  this  value  of  £ 

taunop  =  tun80 
and 


T"  timl  tin-  value  of  B  for  any  other  value  of  £,  from  a  as  centre  and 
with  <»'  a>  radius,  describe  a  circle.  Join  ml  and  produce  tin-  line  to  cut 
tin  rircle  attain  in  q.  If  now  a  slip  of  paper  with  straightedge  be  made 
of  a  length  2nd,  and  be  placed  in  different  positions  so  that  the  middle 
jM.int  of  its  straight  edge  always  lies  on  the  circle,  and  the  edge  passes 
through  <j,  the  extremities  for  each  position  will  give  two  points  on  a 
curve,  called  by  Archibald  Smith  the  dygogram.  Thus  n,  s  are  two 
positions,  /,.  m  other  two,  and  so  on. 

133.  Taking  the  angle  kqn  as  representing  f,  we  can  easily  show  that 
tin-  value  of  H'I\H  is  represented  by  ok,  and  the  deviation  for  the 
corresponding  magnetic  course  f  by  the  angle  pole.  For  each  of  the 
point-  //./.•  we  have  diametrically  opposite  points  ,s.  ///,  corresponding  to 
course  £+  ISO0,  for  which  the  dygogram  gives  the  deviation  and  mag- 
netie  f"! 

To  prove  these  statements  it  is  only  necessary  to  observe  that  it 
l_  k'j/i  =  f,  the  projection  of  ok  on  the  line  op  is  op  +  projection  of  ad' 
+  projection  of  dk.  The  second  of  these  is  the  radius  of  the  circle  ad 
turned  through  2£;  hence  its  projection  on  op  is  the  sum  of  the  pro- 

ions  of  ae,  and  ed  on  op,  after  each  has  been  turned  through  an  angle 
2£  in  the  same  direction.  Hence  the  projection  is  edcos2£  —  aes'm  '2%. 
Thus  the  projection  is  op  +  ed  cos  2f  —  ae  sin  2f  +  projection  of  //'/.-. 
But  d'k  is  dn  turned  through  the  angle  £  and  its  projection  on  <>/>  i> 
ci|ual  to  the  sum  of  the  projection  of  the  components  db  and  bn  when 
turned  through  the  same  angle,  that  is,  is  equal  to  dbcos£—  bn  sin  £ 
Thus  the  total  projection  sought  is 

op  +  db  cos  £  -  bn  sin  £  +  ed  cos  2£  -  ae  sin  2£, 

which  since  op  =\H,db  =  ]:.  \If.  />,<  -  C.\/f,ed  =  D.\H,  ac  =£.  \H, 

be  written 

X//(l  +  £cos£  -  Csinf  +  Dcos2{  -  E»in2Q. 

which  we  have  seen  (p.  88  above)  is  the  value  of  /jTcosfi. 

Similarly  it  can  be  shown  that  the  projection  of  ok  upon  or  is 

\//(A  +  Ji»in{  +  Ccoe{+  Z)  sin  2f  +  £"  cos  2f  ), 

which  \ve  have  seen  is  /fsin  8.     Hen.-e 

-  l>ok  -  S,  ok  -  // 
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Since  angles  at  the  circumference  of  a  circle  standing  upon  the  same 
arc  are  equal,  the  angle  nqk  is  equal  to  the  angle  dfd'.  Hence  since  the 
angle  nqk  represents  £  and  the  ship's  head,  when  £=0,  is  in  the  direction 
fd,  when  the  compass  course  is  £  the  direction  is  fd',  and  all  the  lines 
showing  the  direction  of  the  ship's  head  pass  through  /.  Thus  the 
diagrammatic  plan  of  the  hull  in  Fig.  45  shows  the  position  of  the 
ship's  head,  d,  d',  the  positions  of  the  compass. 

It  is  important  to  remark  that  a  knowledge  of  the  five  exact 
coefficients  A,  B,  O,  D,  E  permits  the  dygogram  to  be  traced.  Then  a 
single  determination  of  the  ratio  IT/ H  of  the  horizontal  force  within  the 
ship,  at  the  place  of  the  compass,  to  the  value  of  the  earth's  horizontal 
force  gives  the  value  of  \H,  the  mean  value  of  the  component  of  horizontal 
force  in  the  direction  of  the  ship's  head. 

134.  There  are  also  what  are  called  sextan tal  and  octantal  errors 
which  are  sensible  in  compasses  of  which  the  needles  are  long,  and  are 
represented  by  the  group  of  terms — 

Fsin  3g  +  Gcos  3£  +  JSTsin  4£'  +  L  cos  4£'. 

The  two  first  terms  are  the  sextantal  error,  and  arise  from  too  near 
approach  of  the  needle  to  permanent  magnets.  It  attains  six  equal 
numerical  maxima,  positive  and  negative  alternately  when  the  compass 
-course  is  changed  through  360°.  These  are  at  successive  distances  of 
60°  apart.  The  other  two  terms  constitute  the  octantal  error,  so  called 
because  it  passes  through  eight  alternately  positive  and  negative 
maxima,  which  occur  at  successive  angular  distances  of  45°.  These 
terms  arise  from  the  too  near  approach  to  the  needle  of  pieces  of  soft 
iron,  which  are  magnetized  by  and  re-act  on  the  needle. 

With  modern  compasses,  such  as  that  of  Lord  Kelvin,  which  have 
short  needles,  these  terms  are  not  of  importance  and  may  be 
neglected. 

The  Heeling  Error 

135.  Hitherto  the  ship  has  been  supposed  to  be  on  even  keel.  When 
however  she  is  heeled  over  to  one  side  or  the  other  the  quantities  a,  b,  c, 
&c.,  require  modification.     For  the  effect  of  the  inclination  is  to  raise 
•one  side  of  the  ship  and  depress  the  other,  hence  altering  generally  the 
positions  of  the  equivalent  soft  iron  rods  relatively  to  the  compass. 

Supposing  the  ship  heeled  over  through  an  angle  i,  the  fore  and  "aft 
soft  iron  bar  which  gives  a  does  not  have  its  effect  on  the  compass 
altered,  but  the  pair  of  fore  and  aft  bars  on  the  port  and  starboard  sides 
do  not  act  in  the  same  way  as  before.  The  bar  formerly  producing 
the  effect  dX  along  y  has  now  the  effect  d  cos  i.  X.  On  the  other 
hand,  the  fore  and  aft  soft  iron  bars  above  and  below  the  compass 
which  produced  the  effect  gX  are  displaced  by  the  heel,  one  to  port  the 
other  to  starboard  of  the  compass,  so  that  they  produce  a  force  in  the 
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i  of  y  of  amount  -  <?sin  / .  A',  supposing  th,   h,  el  is  to  starboard 
Thus  \\v  have  t"  ri -place  d  by  a  quantity  8,-  given  1>\ 

Si  =  </ cost  -  grsint 

It  tin-  heel  is  in  tin'  opposite  direction  i  is  reckoned  ne^uti\r. 
In   a   similar   manner   it  can  l>e  shown  that  tin-  other  (piantities,  6,  c, 
re  replaced  by  those  given  in  the  following  table  : — 

6,  =  6 cost  -  csint,    </,  =  (/cost  -  ysini  ) 
Ci  =  c  cos  i  +  b  sin  t,    gt  —  y  cu>  /  +  </  sin  i  J 

ef  =  e  -  (/  +  A)  cos  t  sin  t  -  (e   —  A-)  .-in-  / 
fi  =/+  (c   -  k)  cost  sin  t  -  (/ +  /<)sin2t  . 
Jt(  =  h  +  (e  -  k)  cos  t  sin  t  -  (f  +  h)  sin2  {  | 
ki  —  k  +  (f  +  /t)  cos  t  sin  i+  (e   -  k)  sin2  i 

If  t  be  so  small  that  we  can  put  sin  i  =  i,  cos  i  =  1  and  neglect  sin*  i, 
ami  the  iron  be  symmetrical  about  the  fore  and  aft  midship  line,  these, 
give  for  the  coefficients  when  the  angle  of  keel  is  i, 

A,  =  X,  At  =  C-^2,  C,-  -  C-^,  Dt=  D, 

1    /  7?\ 

£t  =  E  H —  ( «  -  k  -  ~  )  i  tan  fy  =  E  +  iJ. 
A.  V  ^/ 

Then  the  deviation  is 

2  A  -A. 

136.  The  terms  here  added  to  8  constitute  the  heeling  error.     The 
lost  important  part  is  the  term  Ji  cos  £*,  where 

J  =  —  {«-&-  —  ]  tan  i^=  -(/?  +  -   -  Ij  tan  i^     .     (20) 
lere   p  =  1  -f-  k  +  72/Z,   and  1?   has  the  value  given  above,  namely 


Tin-  total   heeling  error  can  be  written  in  the  form  in  which   it  is 
to  consider  it  when  discussing  its  correction  :  — 


8,  -  8-Jt'cosf  +    -t'8in*£  -      t'coa'f      .     .     .    (21) 

A  A 

A  smaller  error  due  to  pitching  is  not  of  sufh'«  -i.  m  im|»ortance  to  be 
taken  into  account. 

B 


MAGNETISM  AND  ELECTRICITY 


CHAP. 


Compensation  of  the  Compass 

137.  With  regard  to  compensation  of  the  compass  a  great  deal 
might  be  said.  We  shall  not  here  enter  into  any  discussion  of  how  the 
various  coefficients  of  the  expression  for  the  deviation  are  determined 
but  merely  describe  shortly  the  process  followed  in  the  adjustment  of 


FIG.  46. 

Lord  Kelvin's  compass,  which  is  now  very  generally  adopted  on  board 
large  iron  ships  in  this  country. 

The  card  of  this  compass  is  shown  in  Fig.  46.  It  consists  of  a  paper 
ring,  on  which  are  marked  the  points  and  degrees  in  the  ordinary 
manner,  attached  to  a  light  rim  of  aluminium  which  keeps  it  in  shape. 
Radial  threads  connect  the  ring  to  a  central  boss  containing  a  sapphire 
<;ap,  by  which  the  compass  is  supported  on  an  iridium  point  fixed  below 
to  the  compass  bowl.  Below  the  card,  strung  like  the  steps  of  a  rope 
ladder  on  two  silk  threads  attached  to  the  radial  threads,  are  eight  small 
magnets  of  glass-hard  steel,  which  form  the  compass  needle.  These  vary 
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in  length  from  :>i  iii'  inches,  and  are  symmetrically  arran-. -.1   in 

tin-  iiianiifi-  shown  in  the  diagram. 

Tli-  weight  of  tin-   card,  including    m-edles,  is   I70i   grains. 

breme  lightness,  combined  with  the  relatively  great  unnm-i. 
;ia  obtained   by   tin-  distribution  <>f  mass,  ensures  a  long  period  of 
vibration  and  therefore  great  steadiness.  It  also  enables  the  frictional 

•  ii  the  supporting  point  to  be  made  very  slight. 

I'-v  The  semicircular  error  is  corrected  by  placing  steel  magnets 

under  tin:  needle  in  the  binnacle,  so  as  to  annul  the  error  on  the  north 

h  and  t-ast  and  west  courses,  due  to  the  two  horizontal  components 

.  bing  magnetic  force,  arising  principally  from  the  permanent  mag- 

MII  i-t'  tic-  -hip.     In  the  correction  of  these  errors  two  sets  of  per- 

magnets  are  used  in  the  binnacle,  with  their  centres  \.rtically 

under  that  of  the  ii.-edle,  one  set  placed  with  their  lengths  in  the  fore 

and  aft.  the  other  with  their  lengths  in  the  thwart-ship  direct  inn. 

In  the  process  of  correction,  when  marks  on  th<-  sin »re  are  available 

iiii-s   of  which    from    the   ship   are    known,  the   ship  is  first 

ith  her  head  in  the  magnet  ie  north  direction,  and  the  thwart -ship 

are  inoved  so  as  to  bring  the  compass  needle  to  the  north  point 

F'.r  it  is  <  Icar  that  the  fore  and  aft  magnetic  force  cannot 

v  effect  on  the  needle  when  tin-  ship's  head  and  needle  are  both 

in  tin-  -am.'  direction.     When  this  is  the  case  we  have,  since  £"=0, 

.1,  +  <'.,  +  E,  =0, 
wh.        •  du«-  of  ( '(  as  modified  by  the  presence  of  the 

ad  i>  now  placed  on  the  magnetic  east  (or  west)  point, 
after  an  interval  of  about  live  minutes  has  been  allowed  to  elapse, 
the  f..re  and  aft  magnets  are  placed  so  that  the  compass  needle  poin'> 
also  due  magnetic  east.      This  -ives 

.1,  +  e,-  /:,  =  o, 

ne  value  of  /;,  as  modified  by  the  correcting  in 

negligible  the  semicircular  error  has  been  corrected. 

p's  head  is  now  changed  to  ..lie  of  the  (piadrantal  point-. 

3  E    point  (magnetic).     If  on  this  course,  or  the  N.W.  QOUl 

there  ]v  a  deviation  of  the  compass  ne,-dle  to  the  west  (see  Fig. 44),  the 

•i--i,  i,t  />i-  positive,  and  a  pair  of  equal  spheres  of  soft  iron  are  placed 

on  each  side  of  the  compass,  at  equal  distances  from  tin ntiv,  ami 

the  line,  joining  tln-ir  centres  is  at  right  angles  to  the  plan, 
.e.  1  and  j tasses  through  the  centre  of  the  needle.     The  distance  of 

is  adjusted  until  tin-  deviation  has  disappeared, 
i  tin-  other  hand,  tin-  d« -\iati"H  before  the  spheres  are  placed  iii 
md  to  be  easterly  on  \  -erly  mi 

9  \\ .  courses,  then  the  co.-tTn-ient  />  js  ne-ati\.-,  .md  tin-  spin 
'    be   plac«tl    in    tin-    plain-  of  tin-    keel,  that    is,    afore    and  abaft    the 
•e^s.      This    U.  In.  alto^'et':  i.'ioiial    eate. 

II    'I 
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When  the  ship  is  new  the  permanent  magnetism  of  the  iron  will 
slowly  change,  and  it  will  be  necessary  to  alter  from  time  to  time  the 
position  of  the  compensating  magnets  correcting  the  semicircular  error. 
When,  however,  the  quadrantal  error  has  been  annulled  the  adjustment 
remains  correct  to  whatever  part  of  the  world  the  ship  may  go. 

The  induced  magnetism  of  the  ship,  after  long  sailing  in  one  direction, 
say  east  or  west,  generally  lags  behind  a  change  of  course.  Thus  when 
the  ship's  head  is  changed  to  north  or  south,  from  east  say,  a  temporary 
error  arises  which  the  reader  can  easily  trace  the  nature  of.  This  (which 
is  known  as  Gaussin's  error)  cannot  conveniently  be  corrected,  and  must 
be  allowed  for. 

140.  The  vertical  force  of  the  earth  induces  magnetism  in  the  ship's 
iron,  which  gives  a  horizontal  component  of  force  on  the  compass  needle, 
namely,  the  part  depending  on  c  in  the  term  JSl  sin  £*.  This  varies  as  the 
ship  goes  from  one  latitude  to  another,  and  no  provision  for  a  corre- 
sponding soft  iron  compensator  is  made  in  the  arrangement  described 
above.     Lord  Kelvin  has  adopted  in  his  compass  the  method,  proposed 
long  ago  for  the  correction  of  this  error  by  Captain  Flinders,  of  placing 
an  upright  bar  of  soft  iron  exactly  (in  the  case  of  a  distribution  symme- 
trical relatively  to  the  plane  of  the  keel)  in  front  of  or  behind  the  binnacle, 
with  its  top  about  2  inches  above  the  needles.     The  bar  used  is  round 
and  about  3  inches  in  diameter,  and  of  length  varying  from    6  to  24 
inches,  according  to  the  requirements  of  the  case. 

The  Flinders  bar  corrects  the  term  of  the  heeling  error  ci  sin2  £7\, 
which  is  due  to  alteration  of  the  positions  of  the  equivalent  soft  iron 
rods  representing  cZ  caused  by  the  list  given  to  the  ship,  and  has  its 
maximum  when  the  ship's  head  is  east  or  west.  It  also  corrects  partially 
the  error  Ji  cos  £*  by  correcting  the  part — ki  tan  -v/r  cos  ^/X  of  this  term. 
The  part  —  Ei  tan  ^r  cos  £/Z\  is  corrected  by  a  vertical  magnet 
placed  in  a  tube  immediately  below  the  compass  needle.  The  strength 
and  distance  of  magnet  required  is  determined  by  a  comparison  of  the 
vertical  force  within  the  ship  to  the  vertical  force  on  shore. 

141.  Lord   Kelvin   has  also  shown  how  by  means  of  an  ingenious 
instrument  called  a  deflector,  which  he  has  perfected,  a  comparison  can 
be  made  of  the  directive  forces  on  different  courses.    The  adjustment 
then  consists  essentially  in  equalizing  the  directive  force  of  the  ship  on 
a  sufficient  number  of  courses  to  make  sure  that  it  has  as  nearly  as 
possible  the  same  value   on  all  courses,  when  it  is  certain  that  the 
compass  is  correct.     This  mode  of  adjustment  is  useful  when  sights  of 
sun  or  stars  or  bearings  of  terrestrial  objects  are  not  available,  and  it 
can  be  carried  out   with  great   accuracy.     For  details   the   reader  is 
referred  to  Captain  Collet's  treatise  referred  to  on  p.  94  above,  or  to  Lord 
Kelvin's  Instructions  for  Adjusting  the,  Compass,  to  be  obtained  of  James 
White,  optician,  Glasgow.     On  the  whole  subject  of  compass  error  and 
adjustment,  the    reader   should   consult,   in    addition  to   the    treatise 
mentioned,  the  Admiralty  Manual  of  Deviations  of  the  Compass. 


«  H AFTER  V 
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Elementary  Notions 

111'     I'..- tore    proceeding   to   a    discussion    of   electrical    and    cK' 

c  theory  it  will  l>e  convenient  to  ^ri\e  here  a  short  account  of 

phenom.-na  of  electrostatics  and   the   steady   flow  <>f 

These  phenonx-na  an-  eapable  of  L-  in-   iv-anli-.l  1'rom  two 

points  of  vi«-\v.  one  in  which  the  charge  or  the  current  of  elec- 

tricit\  i- the  property  only  of  the  conductor,  ami  another  in  which  the 

Luctor  i>  -imply  part  of  the  boundary  of  a  state  of  strain  in 

the  c  surrounding  it,  ami  the  wire  along  which  a  current  flows  is 

:df    for   th>-    traii<t'«T«-iice  of   .•m-r-y    throii-h  the  dielectric. 

i    \\hieli    also    it   receives   in    ^i-m-ral    a  portion   of  energy    to    be 

i ted  in  I 

The  first  ••If.-tri.-al    phriionicn«>n   ol)SL-rved  was  the    attraction    which 
68,   sui-h  as  glass  and  sealing-wax.  e.\i-rt«Ml  on  li^ht  liodi.-s,  as 
3,  th«-   dried    pith   of  dder,  ami  the   like.      This,  Oil  the  t 

a  distance;  but  it  \\ill  be  seen  on  consideration  that 
•parent  attractions  may  l>e  due  to  a  medium  in   which  the  bodi«-- 
I'jrsed,  and  which  acts  in  such  a  manner  that  the  two  bodies  an- 
ight closer  together,  unless  they  arc  prevented  from  approaching  by 
-;  applied  to  the  bodies  by  some  other  system,  which,  it  may  be 

s material   system   «-\t.'iiding  from  one   body   to 

In  fact  the  lh.di.-s  an-  push.-d  towards  one  another  in  conse- 

of  stress  in  the  medium  surrounding  the  • 

nd    thi>   e.-iii    only  be    pri'\ciitfd   from  having  any  effect  in  . 
HIT  th.-  l.o.lies  by  anoth-  up  in  a  material  system  by 

ire,  SO  to  Spi-ak.  .  onn. 

•MI. LC  to  the  old  idea  a  piece  of  smooth  glass  rubbed  with 
>ilk  pea  upon  Min  fluid,  which  it  was  agreed  to  call 

fluid  had  the    pi  r   portions  of 

the  sain-  noth.'r  fluid    which  was  at  th" 

•|..-d  on  the  silk  rul>l»  i  l«y 
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the  conception,  much  more  in  accordance  with  the  phenomena  which 
have  been  observed,  that  by  the  rubbing  a  state  of  strain  accompanied 
by  internal  stresses  is  set  up  in  the  non-conducting  medium,  or  dielectric, 
as  we  shall  call  it,  between  the  glass  and  the  rubber ;  that  what  were 
regarded  as  the  electric  charges  on  the  glass  and  silk,  and  to  which  the 
apparent  attractions  or  repulsions  of  the  electrified  bodies  were  attributed, 
are  simply  the  surface  manifestations  of  this  state  of  the  medium  at  the 
surfaces  of  the  bodies  immersed  in  it ;  and  that  the  attractions  and  repul- 
sions observed  are  really  the  result  of  a  system  of  internal  stresses  in  the 
medium,  which  are  the  natural  accompaniment  of  the  state  of  strain. 

144.  Of  this  system  of  strains  and  stresses  we  shall  endeavour  later 
to  give  some  more  detailed  account,  though  it  is  unfortunately  the  case 
that  a  completely  satisfactory  explanation,  or  even  specification,  of  it  is 
as  yet  impossible.  Nevertheless  it  will  be  found  to  conduce  to  clearness 
of  statement,  and  the  prevention  of  false  ideas,  for  example  that  of  the 
real  existence  of  a  material  something  developed  on  the  surface  of  an 
electrified  body,  or  flowing  through  the  substance  of  a  wire  carrying 
a  current  of  electricity.  The  latter  phenomenon,  according  to  this  more 
modern  view  of  the  subject,  is  an  accompaniment  of  a  progressive  change 
in  the  state  of  the  non-conducting  medium,  a  change  which  in  certain 
very  important  cases  is  continually  made  good  in  virtue  of  certain  other 
changes  going  on  in  the  state  of  a  material  system,  so  that  the  medium 
remains  to  our  observation  in  a  steady  state,  and  what  we  call  a  steady 
flow  of  electricity,  or  a  steady  current,  goes  on  along  the  conductor. 


Location  and  Transfer  of  Energy.     Current  in  a  Wire 

145.  The  setting  up  of  this  state  of  the  dielectric  involves  the 
expenditure  of  work,  part  of  which  has  its  equivalent  in  energy,  which 
has  its  seat  in  the  medium  while  the  state  lasts,  is  conveyed  to  the 
medium  as  the  state  grows  up,  and  leaves  it  as  the  state  evanesces,  in  a 
manner  which  we  shall  seek  to  investigate.  As  a  very  important  part 
of  the  new  view  to  which  reference  has  been  made,  a  battery  whicli 
furnishes  a  current  to  actuate  a  telegraph  instrument,  or  an  electric 
motor,  or  a  voltameter  or  secondary  battery  in  which  electro-chemical 
change  is  effected,  or  other  arrangement  in  which  useful  work  is  done,  does 
not  transmit  energy  along  the  wire,  but  sends  it  out  into  the  medium^ 
from  which  it  flows  again  upon  the  arrangement  in  which  the  energy 
is  utilised,  and  at  the  same  time  upon  the  wire  to  supply  the  energy 
which  in  all  cases  is  dissipated  in  the  conductor.  The  medium  has  its 
state  changed,  and  the  energy  required  for  that  is  thrown  out  into  the 
medium  from  the  battery.  In  consequence  of  the  presence  of  the 
conductor  completing  the  circuit  the  state  of  the  medium  is  continually 
breaking  down,  through  the  passage  of  energy  from  the  medium  to  the 
conductor  and  included  instrument ;  so  that  for  the  maintenance  of  the 
steady  state  energy  is  continually  being  thrown  out  into  the  medium  by 
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th-  Thus  th.-  wire  :m«l  connecting  conductors  merely  act  as  a 

;•-,  and  tin    instrument  or  machine  included  in  the  circuit  received 

iiL-r-y  which  is  given  out  by  the  battery,  diminished  by  the  energy 

which  tl  upon  the  connecting  conductors  and  is  converted  into 

It  is  thus  the   medium,  not  the  conductor,  which  acts  as  th<- 

:  for  example,  in  the  case  of  a  submarine  cable,  the 

v.-hiele   of  energy  is  the  layer  of  gutta-percha  which   separates  the 

•  -.inducting  wire  from  the  sea  water  in  which  the  cable  is  laid. 

\Vh;it  ;i« -fording  to  the  newer  theory  goes  on  in  the  passage  of 
a  current  along  a  wire  will  be  more  clearly  understood  by  a  short  con- 
ration  of  the  discharge  of  a  Leyden  jar.    According  to  the  old  and 
-rill  common  statement,  the  jar  (which  consists  of  a  glass  bottle  coated 

10  and  outside,  about  three-fourths  of  the  way  up,  with  tinfoil)  is 
rged  by  allowing  positive  electricity  (see  below,  p.  105)  to  flow  into 

inner    coating    from   an  electric  machine ;   this  induces  negative 

•ricity  on  the  inner  side  of  the  outer  coating  supposed  connected 

i   the   earth,  the  negative   electricity   thus  induced   enables   more 

positive  to  flow  into  the  inner  oat  ing.  this  induces  further  negative 

v  on  the  outer  coating,  and  so  on. 

Electric  Induction  and  Electric  Intensity 

147.  What  really  happens  is  that  a  state  of  strain  is  set  up  within 

glass  separator  of  the  two  coatings ;  the  opposite  surface  manifesta- 

ot  this  are  the  two  opposite  charges  of  electricity.     The  state  of 

11  is  in  a  certain  sense  measured  by  a  quantity  called  electric  induc- 
diivcted  from  the  inner  coating  towards  the  outer  in  the  case  sup- 
posed.    This  quantity  we  shall  specify  completely  later.     At  each  point 
in  the  dielectric  the  induction  has  a  definite  direction,  and  a  line  drawn 
so  that  its  direction  at  each  point  is  the  direction  of  the  induction  i- 

/  I'/n/t'i-tion.  A  line  of  induction  thus  starts  from  the  coat- 
ing which  we  say  is  positively  charged  and  ends  in  the  negativ.  K 
charged  inner  surface  of  the  outer  coating. 

A  part  of  the  dielectric  bounded  laterally  by  lines  of  induction  is 

d  a  tube  of  induction.     Thus  in  the  Leyden  jar  tubes  of  induction 

start  from  th»;  inner  el.-ctrilied  surface  and  end  on  the  outer,  and  the 

of  induction  is  such  that  each  tube,  whatever  its  scope  on  the 

ices  may  be,  has  quantities  of  electricity  at  its  ends  which  are 

I'l- -in' -ntary    not   only  in  amount   but    in   actual   fart,   that    is  th.- 

ion  of  the  surface  aspect  of  the  strain  which  is  enclosed  by 

tube  at  one  end  physically  corresponds  in  the  state  of  strain  to  that  at 

t!f  1.     The  positive  charge  from  which  the  tube  starts  is  thus 

mount  and  opposite  in  sign  to  that  in  which  the  tube  ends. 

I  red  H|»  in  the  jar  thus  .-xists  within  the  dielectric 

while  the  ay.-1  <  equilibrium.     Now  let  the  coatings  be  connected 

l'\    a    wii.        r|'h.     tubes  of  induction    move   outwards  sideways  fioin 

!    with   tln-ir   .-nd.s   on   tl.  M   that   the    positive  and 
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negative  electricities  move  along  facing  one  another  (thus  moving  in 
opposite  directions  round  the  circuit),  while  each  tube  gradually  shortens 
as  it  advances,  being  swallowed  up  at  its  ends  in  the  wire,  thereby  yield- 
ing up  its  energy  to  the  conductor,  until  it  becomes  infinitely  short  and 
disappears.  If  a  telegraph  instrument  or  other  arrangement  in  which 
energy  is  utilised  is  actuated,  the  tubes  are  only  partially  absorbed  by 
the  joining  conductors,  and  there  is  a  finite  remainder  of  each  tube  which 
is  absorbed  by  the  arrangement. 

If  the  condenser  have  its  terminals  connected  to  earth,  the  earth 
forms  in  no  sense  a  reservoir  into  which  the  electricity  of  the  condenser 
is  discharged,  but  only  part  of  the  guiding  conductor. 

In  the  case  of  a  battery  the  tubes  are  thrown  out  from  the  battery 
laterally  into  the  medium,  and  then  they  move  along  as  in  the  case  just 
described  with  their  ends  on  the  conductor,  being  absorbed  wholly  or 
partially  in  it  as  they  proceed.  (See  Chapter  XI.  below.) 

149.  When  an  electrified  conductor  is  in  electrical  equilibrium  the 
tubes  of  induction  start  normally  from  its  surface,  and  exert  on  every 
element  of  it  an  outward  pull,  which  is  balanced,  not  by  electrical  strain 
of  the  conductor,  for  no  such  strain  can  be  set  up  in  perfectly  conducting 
material,  but  by  force  due  to  ordinary  mechanical  strain  of  its  material. 
For  example,  an  electrified  soap  bubble  is  pulled  everywhere  normally 
outwards  by  the  medium  outside  it,  and  the  outward  force  on  each 
element  of  the  surface  is  balanced  by  part  of  the  inward  force  on  the 
same  element  due  to  the  contractile  force  in  the  curved  film. 

A  perfect  conductor  is  in  this  theory  a  body  which  cannot  endure 
strain  of  the  kind  which  exists  in  the  dielectric,  and  at  which  therefore 
the  state  of  strain  to  which  we  have  referred  suddenly  terminates. 
Conductors,  however,  may  be  more  or  less  imperfect,  and  the  state  of 
strain  capable  of  temporarily  existing  within  them  to  some  extent. 

150.  Dielectrics  as  well  as  ordinary  conductors  are,  we  have  reason 
to   believe,   merely   material   systems  imbedded   in   the   ether    which 
permeates  their  structure  as  it  does  all  space,  and  the  ether  is  itself  the 
standard  or  ultimate  dielectric  medium  to  the  action  of  which  all  electric 
and  magnetic  phenomena  are  to  be  referred.     This  view  of  the  matter 
will  become  clearer  as  we  proceed ;  the  preceding  discussion  will  serve 
to  introduce  the  ideas,  and  at  present  we  go  on  to  a  short  sketch  of 
elementary  electrical  phenomena,  bringing  them  as  far  as  possible  into 
relation  with  the  ideas  which  have  just  been  explained. 

It  is  to  be  clearly  understood  that  at  present  we  consider  only  the 
electrification  of  bodies  which  are  at  rest,  relatively  to  the  insulating 
medium  in  which  they  are  immersed.  Also  it  is  to  be  supposed,  unless 
the  contrary  is  stated,  that  when  conductors  are  referred  to  as  brought 
into  contact  with  one  another,  they  are  of  the  same  material,  so  that 
there  is  no  question  of  contact  difference  of  potential.  Further  it  is 
assumed  that  no  change  of  the  internal  physical  state  of  any  of  the 
bodies  such  as  temperature,  volume,  or  the  like,  accompanies  the 
electrical  actions  or  changes  considered. 
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••  Electrics  "  and  "Non-Electrics."     Conductors  and   Insulators.     Electric 
Attraction  and  Repulsion 

1  ">1.  When  a  rod  of  glass  has  been  rubbed  with  silk  it  is  found  by 

<  nding  the  silk  and  glass  side  by  side  that  they  apparently  atti 
one  another.     Again,  if  two  small  pith-balls  be  hung  by  silk  threads  so 
MS  to  rest  .MS  nearly  as  may  be  at  the  same  level  a  short  distance  apart, 
.UK!  our  of  them  be  touched  with  the  rubbed  gla->s,  the  other  with  tin- 
silk  rubber,  they  will  appear  to  attract  one  another. 

Again,  when  a  piece  of  sealing-wax  is  rubbed  with  a  dry  woollen 

i  and  then  made  to  touch  one  of  the  balls,  while  the  other  is  toucln  «1 
l>y  the  glass  rod,  attraction  between  the  balls  is  observed,  just  as  when 
the  silk  rubber  and  glass  were  used  to  touch  the  balls.  Also  when  the 
Kills  MM-  touched  by  the  rubbed  sealing-wax  they  seem  to  repel  one 

far,  "I'd  iii.iiviiy.-r  one  touched  by  the  silk  rubber  repels  one  touched 
by  the  •eating-wax. 

Tin-  result  obtained  by  rubbing  other  substances  is  always  in  a 
similar  \\.iy  cither  a  repulsion  or  an  attraction,  which  would  have  been 
obtained  by  rubbing  smooth  glass,  or  sealing-wax,  or  both, the  glass  with 
silk,  the  sealing-wax  with  wool. 

1  •")!'.  From  these  facts,  which  were  long  ago  observed,  arose  the  idea 
of  two  kinds  of  electricity,  that  of  smooth  glass  rubbed  with  silk,  ami 
that  of  sealing-wax  rubbed  with  a  woollen  cloth.     The  former  of  th 
ailed  positive  the  latter  negative  electricity.     A  portion  of  one  ->t 
electricities  was  regarded    MS   having    the    property   of  repelling 
Another  portion  of  the  same   kind,  and   of  attracting  a  portion  of  the 
"th«-r  kind. 

This  qualitative   result,  which  is    still  given   in   many  elementary 

tises  on  electricity  as  "the  law  of  electrical  attraction  and  repulsion," 

practically  all  that  was  known  before  the  forces  between  electrified 
bodies  were  quantitatively  investigated  by  Coulomb.  In  the  meantime 
it  had  been  discovered  by  Stephen  Gray  that  certain  bodies  such  as  silk, 
glass,  sealing-wax,  &c.,  acted  as  insulators,  that  is,  did  not  allow  electricity 
to  pass  off  from  themselves,  or  from  bodies  held  or  supported  by  them 
and  excited  by  rubbing,  and  that  certain  othtr  bodies,  for  example  all 
metals,  acted  as  conductors,  that  is  when  used  as  supports  for  electrified 
bodies  allowed  the  electricity  to'  escape  to  other  bodies  with  which  the 
-upjHjrts  were  connected.  This  broke  down  the  old  distinction  betw- 

lies  and  mm-elcctrics,  or  bodies  which  could  be  rlectritied   by  rub- 
lung,  and  those  which  apparently  could  not;  for  it  was  immediately  found 
all  bodies  could  be  electrified,  provided  the  body  were  held  by  a 
proper  support  to  prevent  the  excitation  from  being  dissipated  as  fast 
it  was  produced 

The  quantitative  n-.sult  obtained  by  Coulomb  is  in  part 

-•d  by  the  statement  that  the  repulsion  between  two  small  similarly 
•  •lectritied  conducting  spheres  is  inversely  proportional  to  the  square  of 
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the  distance  between  their  centres.1  Here  spheres  are  considered  small 
it'  the  ratio  of  the  distance  of  the  centres  apart  to  the  radius  is  in  each 
case  large  compared  with  unity ;  for  example,  Coulomb's  result  would 
:i]>j»ly  without  sensible  error  to  a  pair  of  pith-balls,  each  5  millimetres 
in  radius  with  their  centres  20  centimetres  apart. 

154.  When  a  conducting  sphere  is  charged  with  electricity  ;tu«l 
placed  at  a  distance  from  other  conductors  great  in  comparison  with  its 
radius  and  the  linear  dimensions  of  those  other  conductors  if  they  are 
charged,  the  distribution  of  electricity  on  the  sphere  is  found  to  be 
symmetrical  round  the  centre.  This  is  proved  experimentally  by  apply- 
ing to  the  surface  of  the  sphere  a  small  disk  of  thin  metal  held  by  a 
glass  insulating  stem  so  as  to  coincide  with  the  surface  of  the  sphere, 
and  then  removing  it  and  observing  the  repulsion  between  the  charge 
on  the  disk  when  held  at  a  fixed  distance  from  a  small  insulated  charged 
sphere,  say  a  charged  pith-ball,  hung  by  a  single  silk  fibre.  It  is  found 
that  wherever  the  disk  is  applied  to  the  sphere,  the  charge  removed  is 
the  same,  inasmuch  as  the  force,  as  measured  by  the  deflection  of  the 
pith-ball  pendulum  against  the  action  of  gravity,  is  the  same.  For  if  the 
sphere  were  more  intensely  electrified  at  one  part  of  its  surface  than 
another,  the  disk  when  applied  at  such  a  place  would  be  more  intensely 
electrified,  and  a  greater  repulsion  would  be  produced. 

Further,  if  such  a  proof-plane  (as  this  insulated  disk  is  called)  is 
applied  to  the  interior  of  a  hollow  conducting  sphere,  within  which  no 
electrified  bodies  are  insulated,  no  charge  is  taken  by  it,  showing  that 
there  is  no  electrification  on  the  inner  surface  of  such  a  sphere.  Also,  on 
the  inner  surface  of  a  closed  hollow  of  any  shape  within  a  conductor  no 
electrification  is  found  if  there  be  no  electrified  bodies  within  the  hollow. 

Forces  on  Electrified  Bodies  regarded  as  due  to  Action  of  a  Medium 

155.  These  results  are  consistent  with  the  theory  of  the  action  of  a 
medium  referred  to  above.     When  the  spherical  conductor  is  at  a  great 
distance  from  other  conductors,  the  state  of  the  medium  near  the  sphere 
is  quite  symmetrical  all  round  it.     The  sphere,  being  a  conductor,  sup- 
ports no  electrical  strain  within  its  substance,  and  none  is  transmitted 
through  its  substance  to  the  medium  existing  within  it,  that  is,  no 
surface  aspect  of  the  state  of  strain  in  the  dielectric  is  found  to  exist 
anywhere  except  at  the  external  surface  of  the  sphere,  unless  there  are 
electrified  bodies  insulated  in  the  hollow  space  within  it.     If  however 
the  sphere  experience  force  from  the  field,  this  arises  from  dissymmetry 
of  induction  round  its  surface,  due  to  the  presence  of  other  conductors. 

156.  Let  us  now  suppose  that  we  have  a  conductor,  A,  charged  with 
electricity,  and  that  it  is  connected  by  means  of  a  wire  with  another 
conductor,  B.     B  will  also  become  charged  with  electricity.     The  state 
of  the  field  is,  in  fact,  not  one  of  equilibrium  with  A  charged  and  B  not, 

1  For  an  account  of  the  torsion  balance  experiments  by  which  this  result  was  established 
see  the  author's  Absolute  Measurements  in  Electricity  and  Magnetism,  Vol.  I.,  p.  254,  or 
any  good  elementary  treatise  on  electricity. 


KI.KMKNTAKY    I'll  KN'OMEN'A    ('I'    KI.Ki  THOSTATICS 


107 


and  The  two  in  contact  through  a  conductor,  inasmuch  as  the  region  of 
strain  in  t lit- field  which  abuts  against  the  charged  conductor,  A,  tends 
to  spread  itself  out  laterally,  in  a  manner  to  be  considered  later,  with 
the  wire  and  the  surface  of  the  other  conductor  as  guide,  until  this 
tendency  is  balanced  by  a  distribution  of  the  strain  all  round  ;  so  that 
the  lateral  action  on  the  sides  of  each  element  of  a  tube  is  balanced. 

According  to  Maxwell  the  dielectric  is  affected  by  stresses  consisting 
of  a  tension  along  the  tubes  and  an  equal  pressure  in  all  perpendicular 
directions.  The  error,  however,  is  to  be  avoided  of  identifying  tin 
strains  above  referred  to  with  those  in  an  elastic  solid.  We  shall  deal 
with  this  subject  later. 

Tin-  electrification  is  thus  extended  over  the  surfaces  of  both  A  and 
/•'.  and  if,  as  we  suppose,  the  wire  be  very  thin,  it  may  be  neglected  or 
removed  without  d isti i rhing  the  distribution  on  either  conductor.  We 
shall  show  that  in  a  certain  sense  there  is  the  same  total  quantity  of 
electricity  ..n  the  tw<»  conductors  that  there  was  originally  on  A. 

Faraday's  Ice-Pail  Experiment 

1  "«7  To  prove  this  we  make  use  of  a  celebrated  experiment  of 
Faraday,  called  his  ice-pail  experi- 
ment. A  nearly  dosed  vessel,  such 
as  a  deep  metal  vessel,  P,  like 
that  represented  in  the  diagram, 
H  ,  is  hung  by  silk  threads, 
or  more  conveniently  supported, 
as  shown  in  the  diagram,  by  a 
block  of  solid  paraffin  or  other 
non-conduct  in-  material,  and  has, 
in  conducting  connection  with  it 
as  shown,  two  pith-ball  pendu- 
lums, which  are  supported  from 
..in-  point  1>\  thin  \\iivs  of  metal. 
When  the  outside  of  the  vessel 
is  charged  with  electricity  the 
balls  become  charged  also  and 
lie  in  consequence  of  their 
apparent  repulsion.  (This  repul- 


Fic.    47.       Icc-i>ail    nil    paraffin    l>l«x-k,   coii- 
il    liy  tliin  wire  with    two  pith  lull- 
him;;   lYc.ni   ;i    point    1>\   \\  in--.      A   i  ' 
Kill  can  In-  Inwi'ivd  liy   u   ••'ilk  tin. 
touch  tin-  li.ittc.iii  i.l"  the  pail.    A  lid.  with  a 
hole- in  it  through  whi.-li  tlio  tlm-nd  panes, 
may  !>.•  supposed  to  dose  the  \rn\\. 


sion  will  find  it-  explanation  in  a 
pull  exert. 'd  on  th.-  -uit.ice  of  a 
ed  conductor  by  the  sur- 
roiindinx  medium,  as  more  fully 
stated  In -low.)  Any  change  in 
tic-  electrification  of  th.  \.-ssel  , 

naturally  leads  to   a   correspond in-_;   change   in  that   of  the  halls  and  an 
alteration  of  their  equilibrium  distanc.-  apart. 

Now  if  the  vessel  !>,•  initially  uncharged,  and  a  conducting  ball  bo 
attached  to  a  silk  thread  and  charged,  and  then  lowered  within  the 
vessel  /'.  the  pith-ball<.  which  originally  IIUII.LT  «ith  tl"1  threads  vertical. 
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move  further  apart,  showing  the  acquisition  of  a  charge  by  the  exterior 
of  the  vessel.  It  is  found,  as  the  charged  body  descends  lower  and  lower 
in  P,  that  the  deflection  of  the  balls  goes  on  increasing  more  and  more 
slowly  until,  if  P  be  fairly  deep,  it  becomes  practically  constant.  If 
now  the  conductor  be  made  to  touch  the  bottom  of  P  and  be  thru 
removed,  no  change  will  take  place  in  the  deflection  of  the  pendulums, 
and  the  body  will  be  found  to  be  completely  discharged. 

158.  Now  let  the  experiment  be  varied  by  first  lowering  the  ball 
near  the  bottom  of  the  cylinder,  then  lowering  by  a  silk  thread  another 
ball  uncharged  beside  it.     No  change  of  the  deflected  position  of  the 
pith-balls  will  take  place.     Next  bring  the  two  balls  into  contact ;  it 
will  be  found  that  again  there  is  no  alteration  of  the  deflection  of  the 
pendulums.     Now  withdraw  the  second  ball,  and  test  it  for  electrification 
by  bringing  it  near  a  pith-ball  pendulum,  and  it  will  be  found  to  be 
electrified  as  was  the  first  ball.     It  will  also  be  found  that  the  pendulums 
attached  to  P  do  not  diverge  so  far  as  before,  and  that  the  former 
deflection  is  restored  by  reinserting  the  second  ball. 

Further,  if  the  two  balls  be  equal,  and  when  brought  into  contact  be 
similarly  placed  with  respect  to  the  interior  surface  of  P,  it  will  be 
found  that  the  pendulum  deflection  is  the  same  for  either  ball  left 
charged  alone  within  the  vessel,  showing  that  the  charge  on  the  first 
has,  so  far  as  the  effect  on  P  is  concerned,  been  equally  divided  between 
the  two.  The  same  result  will  be  obtained  more  conveniently  by 
bringing  the  two  balls  into  contact  outside  the  vessel  and  at  a  distance 
from  other  conductors,  after  which  each  will  be  found  to  have  the  same 
effect  on  the  pith-ball  pendulum  outside. 

159.  Again,  if  the  first  ball  with  the  original  charge  be  kept  at  a 
certain  distance  from  a  similarly  charged  pith-ball  forming  the  bob  of  a 
pendulum,  and  the  force  of  repulsion  be  measured  by  the  deflection  of 
the  ball  from  the  vertical,  then  the  same  experiment  be  repeated  with 
each  of  the  balls  after  division  of  the  charge,  it  will  be  found  that  the 
force  in  each  of  the  latter  experiments  is  half  that  observed  in  the  first. 

Similarly,  if  the  original  charge  be  shared  between  three  equal 
conducting  spheres,  the  force  shown  by  the  pith-ball  pendulum  for  the 
same  distance  of  its  bob  from  the  charged  ball  will  be  one -third  of  that 
observed  in  the  case  of  the  ball  with  the  original  charge.  The  ice-pail 
experiment  will  assure  us,  however,  that  the  total  charge  is  unaltered. 

160.  We  thus  see  how  and  in  what  sense  we  can  subdivide  charges 
into  equal  amounts  while  the  total  charge  remains  unaltered.     We  can 
also  give  by  means  of  the  same  apparatus  any  multiple  of  a  given  charge 
to  a  conductor.     Take  an  ice-pail,  P,  so  small  as  to  be  capable  of  being 
placed  entirely  within  P,  and  mount  it  on  insulating  supports  so  as  to 
be  easily  moved  about.     Charge  two  balls  with  electricity,  and  introduce 
them  together  into  P,  and  note  the  deflection  of  the  pith-ball  pendulum. 
Then  lower  them  in  succession  into  P ',   and  bring  them  into  contact 
with  it  at  the  bottom,  and  note  that  each,  when  withdrawn,  is  com- 
pletely discharged.     Lower  now  P  into  P  and  note  that  the  effect  on  P 
is  the  same  as  when  the  two  charged  balls  were  placed  in  it.     The 
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charges  on  the  balls  have  thus  been  transferred  to  P  without  change  of 
their  aggregate  amount. 

161.  Now  perform  the  following  experiment.     Insert  a  chargetl  ball 
within  r  ami  note  the  deflection  of  the  pith-ball  pendulums.     Then 
withdraw  tho  ball,  taking  care  not  to  discharge  it.     Insulate  P  well 
within  1\  and  provide  a  piece  of  wire  held  by  a  handle  of  vulcanite  or 

to  make  contact  between  the  outer  surface  of  P  and  the  inner 
surface  of  P.  Now  insert  the  charged  ball  within  P,  without  bringing 
it  into  contact,  and  note  that  the  deflection  of  the  pith-ball  pendulums 
is  tin-  same  as  before.  Then  while  tin-  ball  is  within  P  make  the 
connection  indicated  between  P  and  P.  The  deflection  of  the 
pendulums  will  not  be  affected.  Withdraw  both  the  charged  ball  and 
P  ;  still  the  deflection  of  the  pith-balls  is  unchanged.  Thus  the  deflection 
is  the  same  as  if  the  charged  ball  had  been  at  once  brought  into  P,  and 
discharged  by  being  brought  into  contact  with  its  interior  surface. 

The  same  series  of  operations  can  be  repeated  as  often  as  may  be 
•  1. -sired,  and  each  time  the  same  quantity  of  electricity  is  given  to  th<- 
vessel,  as  may  be  verified  by  comparing  the  result  of  a  number  of  these 
operations,  made  with  a  single  charged  ball,  with  that  of  placing  the 
same  number  of  equally  charged  balls  together  within  the  vessel. 

It  is  also  to  be  noticed  that  when  uncharged  conductors  are  insulated 
within  P  their  presence  does  not  affect  the  distribution  on  P  or  its 
external  field,  nor  is  there  found  any  electrification  or  any  induction 
\vhateverat  any  point  within  P. 

Division  of  Electric  Field  into  Two  Parts  by  Conducting  Screen.     Genesis 
of  Field  External  to  Closed  Conductor 

162.  These  experiments,  besides  illustrating  the  idea  of  quantity  of 
tricity,  show  that  the  field  of  electric  force,  when  a  closed  conductor 

contains  electrified  bodies,  is  divided  into  two  parts,  the  region  internal 
and  the  region  external  to  the  conductor,  and  that  no  matter  how  tin 
connections  among  the  electrified  bodies  in  tin-  interior  may  be  varied, 
the  external  field  undergoes  no  change  ;  that  is  to  say,  the  external  field 
is  (juite  independent  of  the  arrangement  of  the  tubes  of  induction  in  the 
interim,  so  long  as  the  same  number  starts  from  the  internal  conductor-. 

163.  The  mode  in  which  the  external   field   arises  will  apjK'nr  i'i»m 
the  consideration  of  a  single  charge  first  insulated  on  a  spin-re 
distance  from  other  conductors,  and  then  introduced  within  the  rl..sed 
conductor.    At  first   the  lines  of  induction  are  directed  out \\ards  along 
the  radii  of  the  sphere  produced,  curving  round,  however,  at  a  distant-.- 
from  it  so  as  to  terminate  on  the  other  conductors,  whatever   tl 

v    be.      Now    let   an    insulat.-d    ami    uncharged    hollow    sphere    !>•• 
brought,  into  the  field,  into  the  position  shown  in  Fig.  48.     Hardly  an\ 
of  the  tubes  of  induction  will  enter  the  shell  by  the  opt'iiing  « :  hut 
their   anan^eincnt,   \\ill    be    altered,  and  a  number   will    be   int.  i 
by  the  external  surface  of  the  shell,  as   shown.     Where  these  terminat. 


no 
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are  places  of  negative  electrification  on  the  sphere.  By  the  bringing 
in  of  the  hollow  sphere,  the  radial  direction  of  the  tubes  of  induction 
has  been  disturbed,  and  a  considerable  number  of  them  severed 
each  into  two  parts,  of  which  one  extends  from  the  ball  to  the  outside 
.•r  inside  of  the  hollow  conductor,  the  other  from  the  hollow  con- 
ductor outwards  to  other  conductors.  For,  consider  a  tube  passing  very 
close  to  the  hollow  conductor.  At  the  surface  of  the  conductor  the 
resistance  to  lateral  motion  of  the  tubes  does  not  exist,  and  hence  a  tube 
close  to  the  surface  is  moved  nearer  to  the  surface.  As  soon  as  it  comes 
into  contact  it  breaks  into  two  parts,  having  their  ends,  one  positive,  the 
other  negative,  on  the  surface  of  the  hollow  conductor.  These  shorten 
at  once,  one  runs  down  to  its  shortest  length,  for  example,  c,  between  the 
•charged  ball  and  the  conductor;  the  other  contracts  into  the  part  d, 


FIG.  48. 


FIG.  49. 


running  from  the  hollow  conductor  to  the  original  termination  of  the 
tube ;  and  so  with  other  tubes  until  a  distribution  on  both  ball  and 
conductor  is  arrived  at  in  which  there  is  equilibrium  of  lateral  action  of 
the  tubes.  This  is  possible  with  tubes  ending  on  part  of  the  conductor  C, 
and  tubes  leaving  the  rest  of  the  surface,  since  the  lateral  action  does 
not  depend  on  the  direction  in  which  the  tubes  run. 

If  now  the  ball  be  brought  nearer  to  and  finally  through  the  opening 
in  C  (see  Figs.  49, 50),  the  tubes  of  induction  will  be  drawn  in  with  it,  those 
which  terminate  on  the  conductor  will  shorten  by  the  motion  of  their 
negative  extremities  round  the  edge  of  the  opening  until  they  terminate 
on  the  inside.  Other  tubes  which  pass  by  the  conductor  will  be  pushed 
up  to  it,  will  part  as  already  described ;  one  portion  will  run  down 
to  its  shortest  length  within  the  conductor,  the  other  will  take  up  an 
equilibrium  position  outside,  conditioned  only  by  the  arrangement  of 
the  tubes  there.  Finally,  if  the  opening  be  closed  up  with  the  charged 
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body  inside,  all  the  tubes  will  have  been  divided  into  two  parts,  an.l. 
clearly,  just  as  many  will  leave  the  outside  and  terminate  on  remote 
..  inductors  as  start  from  the  enclosed  body,  inasmuch  as  these  are  the 
•s  of  the  original  tubes  which,  with  altered  length,  retain  the  termi- 
nations the  system  of  tubes  starting  from 
the  charged  ball  had  before  the  closed 
conductor  was  brought  into  the  field. 

Iil4-.  The  modes  of  distribution  outside 
and  inside  are  independent,  and  we  see  how 
the  contact  of  the  ball  with  the  interior  of 
the  closed  conductor  completely  diseh 
it.  At  the  place  of  contact  or  of  spark 
between  the  conductors,  the  resistance  to 
the  lateral  motion  of  the  internal  tubes  is 
removed;  the  ends  of  these  run  along  the 
conductors  towards  the  place  of  contact,  and 
the  tubes  shorten  and  finally  disappear  into 

connection  between  the  conductors,  giving  up  their  energy 
there  in  producing  a  spark  and  in  heating  the  substance  of  the 
'  -ond  actors. 

Hypothesis  of  Incompressible  Fluid 

165.  Another  hypothesis,  at  first  illustrative  rather  than  a  real 
way  of  accounting  for  the  phenomena,  may  be  mentioned  here.  It  is 
that  the  dielectric-space  outside  a  conductor  is  filled  with  an 
incompressible  fluid,  which  also  pervades  the  interior  of  the  conductor. 
If  then  any  additional  quantity  of  incompressible  fluid  be  forced  into  the 
conductor,  an  equal  quantity  must  be  forced  out  across  the  outer  surface 
of  the  conductor,  and  across  any  closed  surface  which  may  be  drawn  in 
the  dielectric  so  as  to  enclose  the  conductor.  Thus  if  the  space  have  an 
outer  conducting  boundary,  an  equal  quantity  of  fluid  must  be  forced 
inwards  towards  the  conductor  across  that  boundary. 

The  fluid  displaced  outward  across  any  element  of  the  inner 
conductor  may  be  regarded  as  the  charge  of  electricity  on  that  element, 
the  equal  and  opposite  negative  charge  which  is  its  complement  is  the 
fluid  displaced  inward  across  the  corresponding  element  of  the  outer 
conductor.  Corresponding  elements  are  those  connected  by  a  tube  of 
displacement,  and  the  displacement  across  any  cross-section  of  a  tube  is 
proportional  to  the  electric  induction  at  that  cross-section. 

This  hypothesis  is  helpful  in  the  description  of  electrical  facts,  but 
by  itself  is  inferior  to  some  others  as  regards  the  explanation  which  it 

rds  of  phenomena.  A  theory,  however,  has  been  recently  put  forward  by 
Larmor.  which  aims  at  amounting  for  electrical  phenomena  by  supposing 
that  a  fluid  ether  pervading  space  is  endowed  with  an  elasticity  which 

-ts  rotational  displacement,  and  explains  a  linear  current  as  a  vortex 
in  the  fth'T.  and  magnetic  force  as  velocity  of  flow  of  the  medium. 
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Some  account  of  this  and  other  ether-theories  will  be  given  in  Vol.  II., 
and  with  this  in  view  a  fairly  complete  sketch  of  the  theory  of  both 
irrotatioual  and  vortex  motion  of  an  incompressible  fluid  is  given  in  a 
later  Chapter.  We  shall  therefore  not  enter  further  into  fluid  theories 
at  present. 

Specification  of  Electric  Induction  and  Electric  Intensity. 
Energy  of  Field 

166.  We  now  assume,  according  to  the  statement  made  above, 
that  what  we,  by  an  analogy  with  the  ordinary  elasticity  of  matter, 
regard  as  the  electric  strain  in  the  dielectric  medium  at  any  point  is 
measured  by  a  directed  quantity  which  we  shall  call  the  electric  induction 
and  denote  by  D,  and  which  we  shall  also  assume  to  be  connected  in 
general  by  a  linear  relation  with  another  quantity  called  the  electric 
force  or  electric  intensity  and  denoted  by  E.  These  two  quantities  are 
precisely  analogous  to  the  magnetic  induction  and  magnetic  intensity 
defined  and  discussed  above  in  section  56,  Chapter  II. ;  and  the  electric 
induction  is  4?r  times  the  quantity  called  by  Clerk  Maxwell  in  his 
treatise  the  electric  displacement.  In  the  case  of  an  isotropic  dielectric 
the  electric  induction  is  taken  as  in  the  same  direction  as,  and  in  simple 
proportion  to,  the  electric  intensity. 

We  can  now  express  the  energy  of  the  system  of  electrification  as 
the  potential  energy  of  the  state  of  electric  strain  in  the  dielectric, 
which  we  suppose  to  have  its  seat  where  that  strain  exists.  We  take 
the  amount  of  the  energy  per  unit  volume  as  measured  by  the  work 
done  by  the  electric  intensity  in  producing  the  electric  displacement,  or 
for  the  case  of  an  isotropic  medium,  as  given  by  the  equation 

E  =  -r-  fEctt)  =  ^-ED  .     .  .    (1) 

4:77  J  O7T 

In  the  more  general  case,  in  which  D  is  proportional  to  E,  and 
inclined  to  it  at  the  constant  angle  6,  as  they  grow  up  together,  we  have 


E 


=  ^-  (E  cos  6  .  d,V  -  -^-EDcostf  .  (2) 

4:TT  J  OTT 


Surface  Integral  of  Electric  Induction 

167.  In  the  case  of  magnetism  the  surface  integral  of  magnetic 
induction  is  equal  to4?r  times  the  quantity  of  magnetism  within  the  sur- 
face, and  in  a  similar  way  we  have  here  the  surface  integral  of  the  out- 
ward normal  component  of  electric  induction  taken  over  a  closed  surface 
drawn  in  the  electric  field  equal  to  4nr  times  the  quantity  of  electricity 
within  the  surface.  The  theorems  that  have  been  proved  above  in 
pp.  35  to  43  with  respect  to  magnetic  intensity  and  magnetic  induction 
all  hold  for  the  electric  quantities,  when  E  is  put  for  H,  D  for  B,  with 
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the  corresponding  substitutions  of  components,  and  /.,  which  we  call  tin- 
electric  induct ivity  ut'  the  medium,  is  put  for  /*,  so  that 


Thus  we  identify  in  the  same  way  as  at  p.  40  the  electric  intensity 
E,  produced  at  any  point  in  an  unlimited  uniform  dielectric  by  a  point- 
<•! large  of  amount  q  of  electricity  distant  r  from  the  point,  as  the 
quantity  q/kr*,  which  measures  the  repulsive  force  exerted  on  unit 
quantity  of  electricity  placed  at  the  point  in  question.  Also,  as  before, 
the  field,  in  any  given  case,  is  the  resultant  of  the  fields  thus  produced 
by  the  individual  point-charges  of  which  the  given  distribution  may  be 
regarded  a>  built  up.  This  synthe-is,  leads,  it  will  be  found,  to  correct 
results. 

Energy  in  Case  of  JEolotropic  Medium 

L6&  Putting/,  g,  h  for  the  components  of  electric  induction  (that  is 
4?r  times  the  corresponding  components  of  electric  displacement  denoted 
by  the  same  letters  by  Maxwell),  and  P,  Q,  M,  for  those  of  electric 
intensity,  we  have  for  the  most  general  linear  relation  between  in- 
duction and  intensity 

The  energy  per  unit  volume  has  now  the  value 

dE  =  MW+  Qdg  +  Rdh)       ....     (4) 
that  is 

dE  =  ^  {(kuP  +  k.2lQ  +  kslR)dP  - 
+  (k^P  +  k.^Q  +  I 

\     id  -a  v 

But  we  suppose  the  energy  to  depend  only  on  the  state  of  the 
in- diuiii :  hence  dE  must  be  a  perfect  differential  in  the  variables 
P,  Q,  /,'.  Thus  we  have 

\\ith_t\vo  other  equations    for  dE/dQ,  dE/dR.     Hence   since  d*E/dPBQ 
^,  &c.,  we  get  the  relations 


The  energy  per  unit  volume  can  thus,  from  (4),  be  written 

E      ^(/M,/'-  +  W  +  k^R*  +  2*^*  +  2k3lRP  +  2*,,/V)    (5) 

I 
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which  by  a  suitable  choice  of  axes  can  be  reduced  to  the  form 

1 
E  =  —  (&i^2  +  k»Qz  +  ksRz) (6) 

where  P,  Q,  R  are  now  the  components  of  electric  intensity  with  reference 
to  the  new  axes,  and  kv  &2,  ks,  the  electric  inductivities  in  these  direc- 
tions, are  called  the  principal  electric  inductivities  of  the  substance. 

Charged  Spherical  Conductor  in  Uniform  Dielectric.     Energy  of  System 

169.  Now  let  us  consider  an  infinitely  extended  uniform  dielectric 
surrounding  a  conducting  spherical  surface,  of  radius  a,  charged  with 
electricity.  As  we  have  seen  above,  the  tubes  of  induction  issue 
normally  from  the  surface  of  the  sphere  and  extend  radially  outwards, 
having  their  farther  extremities  on  conductors,  which  for  our  present 
purpose  may  be  regarded  as  infinitely  distant  from  the  sphere,  so  that 
the  field  round  the  latter  may  be  taken  as  symmetrical  about  the  centre. 

To  find  the  energy  of  the  field  we  have,  taking  the  surface  integral 
of  D  over  a  spherical  surface  of  radius  r  concentric  with  the  given  one, 
and  putting  4>-jrQ  for  the  value  of  this  integral,  so  that  Q  is  the  charge 
of  electricity,  4?rr2D  =  AirQ,  or  D  =  Q/r2.  The  value  of  E  is  D/fc,  so  that 
E  =  Q/krz,  and  the  directions  of  D  and  E  are  the  same.  The  energy  of 
electric  strain  in  the  field  is  thus  (if  dw  be  put  for  an  element  of  volume) 

Q'2 

ED  .  ±7rrzdr  =  —      ....     (7) 
2/ca 


f  If00 

STrJa 


Spherical  Condenser 

170.  If  now  a  concentric  spherical  surface  of  radius  b  round  the  former 
have  uniformly  distributed  over  it  a  charge  —  Q,  the  tubes  of  induction 
will  terminate  there,  and  there  will  be  no  external  electric  field.  This 
surface  of  course  in  practice  would  be  the  inner  surface  of  a  hollow  shell 
of  conducting  material.  The  negative  charge  upon  it  merely  represents 
the  external  ends  of  the  tubes  of  induction. 

The  energy  of  this  arrangement  is  given  by 


E  =  2k(a-b)' 

as  may  be  seen  either  by  substituting  b  for  oo  as  the  superior  limit  of  the 
integral  in  (7),  or  by  observing  that  a  uniform  distribution  — Q  on  a 
spherical  surface  of  radius  b,  would  produce  external  to  itself  an  in- 
duction everywhere  equal  and  opposite  to  that  produced  by+$  on  a 
concentric  surface  of  radius  a,  so  that  the  resultant  induction  is  every- 
where zero.  Thus  we  have  simply  to  subtract  from  Qz/2ka,  the  energy 
external  to  the  outer  surface  due  to  —  Q,  that  is  Qz/2kb.  This  latter 
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way  of  regarding  the  matter  is,  however,  a  mathematical  fiction :  what 
we  luu-e  physically  is  a  conductor  as  internal  and  external  boundary, 
and  across  that  the  electric  strain  is  not  propagated  in  either  direction, 
inasmuch  as  the  conductor  will  not  sustain  any  such  strain. 

Tubes  of  Electric  Induction.    Unit  Tubes 

171.  Let  us  consider  now  a  tube  of  electric  induction,  and  take  first  a 

d  surface  made  up  of  a  portion  of  the  tube  bounded  by  end  surfaces 

:  y  where  at  right  angles  to  the  line  of  induction.     Since  there  is  no 

component  of  induction  at  right  angles  to  the  sides,  the  sum  of  the 

fluxes  of  induction  across  the  ends  must  be   equal  to   4-Tr   times  the 

quantity   of  electricity   within   the   surface.     Thus   if  Dp  D.,   be   the 

inductions  at  any  point  of  the  ends  at  which  the  lines  of  induction  enter 

and  leave  respectively  the  closed   surface,  and   q  be   the   quantity   of 

•ricity  within  the  tube,  we  have,  integrating  over  the  ends, 

(8) 


Hence  if  the  tube  be  thin,  and  there  be  no  electric  charge  within 
the  portion  considered,  we  get,  putting  X.,,  b\  for  the  areas  of  the  ends, 
n«'\\  very  approximately  plane, 

D  \,  =  D^       .......     (9) 

in,  if  the  tube  pass  through  a  continuously  electrified  surface,  we 
see  by  taking  one  end  on  one  side  of  the  surface,  and  the  other  end  on 
tin-  other  side,  but  infinitely  near  the  surface  on  the  two  sides,  that 

D..,  -  D!  =  47rcr  .......     (10) 

where  <r  is  the  electric  density  (or  quantity  of  electricity  per  unit  of  area) 

lie  part  of  the  surface  at  which  the  tube  is  taken. 

It  Dj  =0,  that  is  if  the  induction  be  zero  behind  the  surface,  as  in 
tin-  case  of  a  conductor  in  the  substance  of  which  one  end  of  the  tube  is 
i,  this  gives 

D,    =    47TO-    ........         (11) 

and 

03) 


The  direction  of  E  is  normal  to  the  surface  of  the  conductor. 

It  the  cross-section  of  the  tube  be  so  chosen  that  D^',  —  \  ,  this  relat  i«  >n 
will  by  (9)  hold  for  every  part  of  the  tube  which  does  not  contain  any 

<n<-    charge.      Such    a    tuhe    is    called    a  viiif.   fubc.   and    the    siir 
integral  of  electric  induction  taken  over  any  closed  surface  in  the  electric 
field  is  equal  to  the  number  of  unit  tubes  \\hich  cross  the  surface  in  the 
outward  direction  MMNU  the  number  of  those  which  cross  the  surface  in 
the  opposite  direction.     The  quantity  of  electricity  within  the  surface  is 

i    -2 
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thus  ••l|iml  to  4-7T  times  this  excess  of  the  number  of  outward  directed 
unit  tuoes  over  the  number  of  inward  directed  unit  tubes,  or,  as  it  is 
sometimes  put,  is  4?r  times  the  excess  of  the  outward  over  the  inward 
drawn  line*  of  induction.  When  the  word  line  is  thus  used  it  is  to  be 
understood  as  signifying  a  unit  tube. 


Tension  along  Lines  of  Induction  in  an  Electric  Field.    Traction  on 
Surface  of  a  Conductor 

172.     We  can  now  see  that  the  energy  contained  in  a  portion  of  a 
narrow  tube,  (if  there  be  no  electricity  within  the  portion)  is 


where  S  is  the  area  of  cross-section  of  the  tube  at  any  place,  ds  an 
element  there  of  the  length  of  the  tube,  and  the  integral  is  taken  along 
the  part  of  the  tube  considered.  But  D2/8-7r&  .  Sds  is  the  work  done  by 
a  force  D2/8-7r&  .  S  in  a  displacement  ds,  so  that  the  force  per  unit  area 
is  D2/87rA'. 

In  fact  we  see  that  we  may  regard  a  tube  as  formed  by  drawing  out 
the  negative  charge  on  one  end  against  an  inward  pull  of  amount  D2/87r& 
per  unit  of  area.  This  is  equivalent  to  supposing  that  a  tension  of 
amount  D2/87rfc  exists  at  every  point  in  the  medium  along  the  lines  of 
induction. 

173.  As  an  example  let  the  radius  b  of  the  outer  spherical  surface  in 
the  case  considered  above  be  increased  by  an  amount  db.  The  change 
of  energy  is 

Q^/l           1     \  =  Q*db 
2k  \b       b  +  db)       2k  b*  ' 

The  tension  in  this  case  overcome  through  the  distance  db  at  each 
element  of  the  outer  surface  in  carrying  out  the  outer  ends  of  the  tubes 
is  therefore  <22/87r£&4.  But  —  er  being  the  density  on  the  outer  surface 
a*  =  Qz/l6'n2b4,  so  that  the  inward  tension  along  the  lines  of  induction 
just  inside  the  outer  surface  is  27ro-2/&.  The  outward  ^tension  on  the 
inner  surface  is  obviously  also  27r<r2/k  where  a-  is  the  electric  density 
there. 

The  traction  on  the  outer  surface  of  a  conductor  being  taken  as 
D2/87r&  we  have  its  equivalent  27rcr2/&  as  the  value  of  the  outward  pull 
exerted  by  the  external  medium  per  unit  area  on  the  surface  of  the 
conductor,  and  likewise  of  the  equal  and  opposite  pull  exerted  per  unit 
area  by  the  conductor  on  the  medium.  We  have  a  good  example  in  an 
electrified  soap-bubble,  which  if  the  electric  surface  density  be  <r,  is 
pulled  on  by  the  external  medium  with  a  force  per  unit  area  27r<r2, 
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causing  an  apparent  diminution  of  amount  \ircri-  k  in  the  tension  of  each 
surface  of  the  tilm  where  /•  is  tin-  radius  of  the  bublile. 

It  may  be  noticed  here  that,  in  the  particular  case  considered  above, 
by  increa>ini;  the  radius  b  of  the  outer  spherical  surface  from  a  to 
infinity,  we  tn-t  for  the  work  done  and  therefore  for  the  energy  of  the 

in  the  equation 

p  _    i   *v    '  *t 

~   '  ^F  -  ifa 


Constancy  of  j  Ed*  along  any  Path  from  one  Conductor  to  another. 
Potential.     Difference  of  Potential.     Equipotential  Surfaces 

1 74.    Next  consider  a  single  conductor  of  any  form  on  which  tubes  of 

induction  originate,  but  none  terminate,  and  which  is  surrounded  by  a 

..'.<  •  closed  conducting  surface.     The  tubes  of  induction  for  this  con- 

•<•!•  leave  its  surface  normally  and  pass  outwards  until  they  terminate 

on  the  surrounding  conductor.     The  energy  contained  in  a  narrow  tube, 

of  cross-section  dS  at  any  point,  is 


JLf?! 

STrJ  k 


dS .  ds, 


in  which  the  integral  is  taken  along  the  tube  from  one  end  to  the  other. 
Si  in  -i-  D'/N  is  constant  along  the  tube  and  is  equal  to  Airo-dS1,  where 
[a  tin   element  of  area  intercepted  on  the  surface  of  the  conductor  by 
tin-  tiil»r.  and  <r  is  the  density  there,  we  obtain 

D2 


The  value  of  \Eds  taken  along  a  tube  of  induction  must  be  the  same 

for  every  induction  tube  passing  from  the  inner  to  the  outer  bounding 
suit  i  I;  in.  lulu  ring  thatE  is  the  electric  intensity  at  a  point  of  the 
field.  that  is  the  mechanical  force  on  a  v.-ry  small  conductor  char-vd  with 
unit  <inantity  of  electricity  and  placed  at  the  point,  we  can  prove  this 
proposition  in  the  following  manner.  Let  such  a  point-charge  be 
.••<\  n  ni  nd  a  closed  quadrilateral  path  consisting  of  two  curvesalong 
liin-s  of  induction,  and  two  connecting  pieces  at  ri^ht  angles  everywhere 
to  lines  of  induction.  Thr  \\<>rk  dmn-  in  carrying  tin-  charged  body 
round  this  path  is  xero;  for  this  would  clearly  be  the  case  in  a  Held 
due  to  a  single  point-charge,  and  therefore  also  in  one  obtained  by 
superimposing  the  fields  of  a  system  of  individual  point  -charges  (Art. 
J'i7'.  The  work  done  in  carrying  it  along  each  element  of  the  parts 
of  the  path,  which  are  at  right  angles  to  the  lines  of  induction,  is 
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also  zero.  Hence  the  work  spent  in  carrying  the  charge  along  one 
of  the  two  sides  of  the  curved  quadrilateral  which  lie  along  the  lines 
of  induction  is  equal  to  that  gained  in  carrying  it  along  the  other.  Since 
the  lines  of  induction  leave  or  enter  the  conductors  at  right  angles  to 

the  surface,  the  value  of  \Eds  taken  along  any  line  of  induction  from 

one  surface  to  the  other  has  the  same  value,  and  therefore  has  the  same 
value  along  any  path  whatever,  whether  a  line  of  induction  or  not, 
leading  from  one  surface  to  the  other. 

175.  E  must  therefore  in  cases  of  electrostatic  equilibrium  be  a 
function  only  of  the  co-ordinates,  and  we  may  denote  it  by  —  d  V/dsr 
where  V  is  a  single-valued  function  of  the  co-ordinates  only, 
+  9  V/dy.dy  +  9  V/dz.dz  or  d  V  is  thus  a  perfect  differential. 

The  energy  within  a  tube  of  induction  has  the  value 


f  <rdS 
J-y 


where  Vv  F0,  are  the  values  of  the  function  V  at  the  inner  and  outer 
surfaces.  The  quantity  V^  —  F"2  is  called  the  difference  of  potential 
between  the  two  surfaces. 

Integrating  now  over  the  surface  of  the  inner  conductor,  and  putting 
Q  for  the  charge  of  electricity  upon  it,  as  measured  by  4?r  times  the  flux 
of  induction  across  a  closed  surface  in  the  dielectric  surrounding  it,  we 
get  for  the  energy 

E  -  f  (v,  -  r2)   .    .    .  (H) 

If  the  outer  surface  be  everywhere  at  a  very  great  distance  from  the 
inner  conductor  the  value  of  E  will  vanish,  that  is  V  will  cease  to  vary 
with  displacement  of  the  point  considered  along  a  line  of  intensity  ;  in 
fact,  all  lines  of  intensity  will  at  a  great  distance  have  become  untraceable 
in  consequence  of  the  smallness  of  magnitude  of  the  electric  intensity, 
and  the  impossibility  of  determining  its  direction. 

176.  We  may  if  we  please  define  Vdq  for  any  point  as  the  work 
done  in  carrying  a  small  charge  dq  of  electricity  (so  small  that  it  does 
not  appreciably  affect  the  distribution  on  the  conductors)  from  an  infinite 
distance  from  the  electrified  conductor  to  the  point  in  question,  along 
any  path  against  the  electric  intensity.  The  work  thus  done  depends 
only  on  the  initial  and  terminal  points  of  the  path,  inasmuch  as  no  work 
on  the  whole  would  be  done  in  carrying  the  small  charge  dq  round  a 
closed  path  on  which  those  two  points  are  situated.  This  makes  F"zero 
for  all  points  infinitely  distant  from  every  part  of  the  electrification. 

The  value  of  V  at  any  conductor  is  in  this  reckoning  called  the 
potential  of  the  conductor,  and  its  value  for  any  point  is  called  the 
potential  at  that  point.  The  meaning  and  use  of  this  function  will  be 
further  illustrated  in  what  follows,  and  especially  in  the  chapter  on 
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Fluid  Motion  which  is  given  below  as  a  preliminary  to  the  discussion 
of  general  theories  of  electrical  action. 

A  surface  at  every  point  of  which  the  potential  has  the  same  value 
is  called  an  equipotcntial  surface.  Such  a  surface  can  evidently  be  drawn 
through  every  point  of  the  electric  field.  Any  equipotential  surface  may 
be  taken  as  the  surface  of  zero  potential,  and  the  potential  at  any  point 
is  then  the  difference  between  the  potential  at  that  point  and  the 
potential  at  the  surface. 

Lines  of  electric  intensity  obviously  meet  equipotential  surfaces  at 
right  angles,  that  is,  the  resultant  electric  intensity  at  any  point  of  such 
a  surface  is  normal  to  the  surface. 

It  is  clearly  a  property  of  the  function  V  that  it  cannot  have  a 
maximum  or  minimum  value  in  space  void  of  electric  charge.  For  if 
tin -re  could  be  a  point  or  region  of  maximum  or  minimum  of  potential 
it  would  be  possible  to  describe  round  it  a  surface  at  every  point  of 
which  E  would  be  directed  outwards  in  the  case  of  a  maximum,  and 
inwards  in  the  contrary  case.  Thus  the  surface  integral  of  electric 
induction  would  in  the  former  case  be  positive  and  in  the  latter  negative, 
that  is.  til--  surface  would  contain  a  charge  of  electricity,  which  is 
contrary  to  the  supposition. 

General  Problem  of  Electrostatics 

177.  The  general  direct  problem  of  electrostatics  is  ordinarily  the 
determination  for  a  given  system  of  conductors  insulated  with  givm 
charges  in  presence  of  certain  other  conductors  maintained  at  zero 
potential,  or  at  given  potentials,  of  the  value  of  V  for  every  point  of  th«- 
field,  and  the  surface  density  of  the  electric  distribution  at  every  point 
of  the  conductors.  In  this  problem  there  may  be  given  for  some  or 
all  of  the  insulated  conductors,  not  the  charges,  but,  what  is  equivalent, 
the  outward  normal  component  of  the  electric  induction  for  every  point 
external  to  and  infinitely  near  the  surface. 

A  still  more  general  problem  than  this  is  obtained  by  replacing  some 

!1  of  the  conductors  by  surfaces,  not  generally  equipotential,  over 
which  an  arbitrary  surface  distribution  of  F"or  of  the  electric  induction, 
or  of  F"over  sum.  and  of  the  electric  induction  over  others,  is  made. 
The  possibility  of  al\va\s  finding  a  solution  of  this  more  general  problem 
has  1,,.,'n  the  subject  of  discussion;  but  in  any  case  in  which  we  may 
have  to  deal  with  it  the  question  of  the  existence  of  a  solution  will  be 
answered  by  finding  one.  It  can  easily  be  shown  that  for  this  problem, 
as  well  as  for  the  other,  if  there  exist  one  solution  for  a  given  set  of 
conditions,  there  exists  no  other. 

Tin    pioHrm  first  stated  is  sufficiently  general  for  most  electrical 
purposes,  and  will  be  treated  as  fully  as  is  necessaiy  in  a  later  chapter. 
At  present  we  shall  consider  only  some  general  propositions  regard 
systems  of  conductors,  and  th.-  properties  of  the  potential  function. 
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SECTION  II.  —  Electrostatic  Capacity  and  Electric  Energy  of  Charged 

Conductors. 

Electric  Condensers  or  Leydens 

178.  The  simple  arrangement  of  two  parallel  conducting  plates  of 
the  same  material  (copper  or  brass  for  example),  in  which  the  induction 
tubes  extend  across  a  uniform  dielectric  filling  the  space  between  them, 
is  of  considerable  importance  in  practice.  If,  as  is  here  supposed  to  be 
the  case,  the  plates  be  of  considerable  dimensions  in  every  direction  in 
their  own  plane,  and  be  opposite  to  one  another,  the  lines  of  induction 
anywhere  at  a  distance  from  the  edge  great  in  comparison  with  the 
distance  between  the  plates  may  be  assumed  to  be  straight  and  at  right 
angles  to  the  plates  ;  and  being  straight  and  parallel  at  every  such  place 
the  tubes  of  induction  will  be  uniformly  distributed.  Thus  the  values 
of  D  and  E  are  constant  at  every  place  well  under  shelter  of  the  plates. 

Taking  an  area  A  in  the  dielectric  parallel  to  the  plates  and  crossed 
by  such  tubes  of  induction,  we  see  from  what  has  been  said,  that  if  d  be 
the  thickness  of  the  dielectric  the  energy  corresponding  to  the  induction 
across  A  is 


where  Fi  —  F2  is  the  difference  of  potential  of  the  two  plates  and  Q  the 
charge  on  the  area  A  of  the  plate  from  which  the  tubes  start. 

We  have    Fi  -  F2  =  Ed  =  Bdfk,  and   Q  =  AD/4-7T.      Hence  we 


obtain 

Q  Ak 


(15) 


This  ratio  is  called  the  electrostatic  capacity  of  the  area  A  of  the  plate 
from  which  the  lines  of  induction  emanate,  for  the  case  of  electrification 
here  considered. 

179.  In  general  the  electrostatic  capacity  of  a  conductor  is  defined 
as  the  ratio  of  the  charge  on  the  conductor  to  the  potential  of  the  con- 
ductor when  all  other  conductors  in  the  field  are  maintained  at  potential 
zero.  Thus  if  Fo  =  0,  the  capacity  of  the  area  A  in  the  case  just  con- 
sidered would  still  be  Akf4t7rd.  In  all  cases  the  potential  of  a  conductor, 
and  therefore  its  capacity,  is  affected  by  the  presence  of  neighbouring 
conductors,  unless  the  conductor  in  question  is  surrounded  by  a  closed 
conducting  screen  maintained  at  zero  potential.  We  shall  denote  the 
capacity  of  a  conductor  by  C. 

The  electrostatic  capacity  of  a  conductor  can  easily  be  calculated  in  a 
number  of  simple  cases.  For  example  by  (14)  above  the  energy  of  the 
spherical  distribution  alone  in  its  own  field  is  $2/2&a,  so  that  taking  the 
potential  at  an  infinite  distance  from  the  centre  of  the  sphere  as  zero 
we  have  for  the  potential  V  of  the  sphere  Q/ka.  The  capacity  of  the 
sphere  is  thus  ka. 
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Similarly  we  could  sho\v  that  the  capacity  of  a  sphere  radius  a 
enclosed  in  a  concentric  sphere  of  radius  b,  and  at  zero  potential,  is 
kabj('<  —  ").  which  for  b  infinite  reduces  to  ka,  as  it  ought.  We  shall 
return  to  the  calculation  of  capacities  in  particular  cases  later. 

Energy   in  Terms  of  Electrostatic    Capacity.     Energy   of  a   System  of 

Charged  Conductors 


The  energy  of  the  electrification  thus  considered  can  be  ex- 
pressed by  either  of  the  equations 

E  =  \C(\\-  F2)«  =  j£  .     (16) 

From  this  and  (15)  it  is  clear  that  for  a  given  induction  between  the 
plates,  the  energy  varies  directly  as  d,  that  is  the  energy  of  the  medium 
varies  directly  as  </,  for  a  given  charge  of  electricity  on  the  plate  from 
which  the  tubes  start.  The  physical  reason  for  the  slight  amount  of 
energy  in  this  case  is  obvious  :  the  extent  of  medium  strained  to  a  given 
in  tensity  varies  directly  as  d.  The  ordinary  explanation  by  the 
proximity  of  the  negative  charge  at  the  final  extremities  of  the  lines  of 
induction  refers  to  the  same  fact,  but  does  so  somewhat  obscurely. 

On  the  other  hand  for  a  given  value  of  I  E(?s  along  a  line  of  intensity 

from  one  plate  to  another,  that  is,  for  a  given  value,  U  say,  of  Dd  or, 
which  is  the  same  thing,  a  given  difference  of  potential  between  the  two 
plates,  the  energy  is  given  by 


and  is  inversely  proportional  to  <l. 

The  charge  in  this  latter  case  is  Ak(  Vl  —  V^)l4nrd  or,  as  before, 
C(  V^  —  F"2).  This  illustrates  the  so-called  condensing  action  of  the 
arrangement.  The  smaller  d,  the  greater  is  the  induction  required 
to  produce  a  given  value  "Dd,  or  of  D2rf/87r,  that  is  of  the  energy  con- 
tained in  a  unit  tube. 

An  arrangement  of  this  kind  is  generally  called  a  condenser,  but 
there  is.  properly  speaking,  no  condensation  of  any  sort.  Lord  Kelvin 
and  Lord  Rayleigh  have  recommended  the  substitution  of  the  name 

1  M  .  We  now  consider  the  more  complicated  case  of  a  number  of 
charged  conductors  of  any  form  insulated  from  one  another.     Let  tin- 
system  for  definiteness  be  supposed  enclosed  within  a  single  conductor  >',. 
and  let  Sv  S2,  S3,  ......  denote  the  surfaces  of  the  conductors,  and  let  tul«.- 

of  induction  only  proceed  from  Sr  and  terminate  on  Sz,  S3  .......  and  <>n 

the  surrounding  conductor  £0.     Further  let  tubes  of  induction  proceed 
also  f  rum  >;_.,  and  terminate  on  S3,  St,  ......  and  on  S0,  and  so  for  the  other 
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conductors.  The  tubes  of  resultant  induction  will  fall  into  groups,  one 
for  which  the  tubes  originate  in  Sv  another  for  which  they  originate  in 
£,,  and  so  on. 

The  energy  of  the  system  will  be  obtained  by  calculating  first  the 
energy  Et  for  the  resultant  tubes  which  start  from  Slt  next  the  energy 
E,  for  those  which  start  from  S.2,  and  so  on  until  all  the  tubes  in  the 
field  have  been  taken  into  the  account.  We  get  by  what  has  gone  before 


-  F0)  4-  iorf^  -  F2)  +  iorf^Fi  -  F,) 

+  ............     (18) 

where  rf^  is  an  element  of  the  part  of  the  surface  Sl  from  which  tubes 
pass  to  S0,  dS\  an  element  of  that  part  of  the  same  surface  from  which 
tubes  pass  to  $2,  &c.,  and  the  surface  integrals  are  taken  over  these  parts 
only;    while    V\—  VQ,  Vl  —  F2,  ......  are   the   differences    of    potential 

between  S±  and  S0,  Sl  and  S2,  ......  But  this  may  be  written 


-  F0)  +  ioAW,  -  F0)  -  ictW/F,  -  F0) 


S"^  -  F0)  -      <rdS\(Vz  -  F0) 

+  .............     (19) 

Similarly  we  have 

E,  =  jcr^(r,  -  F0)  +  jorf^F.  -  F0)  -  jotfF,  -  F0) 


and  so  on.     Thus  adding,  we  obtain 
E  =  E,  +  EL,  +  E3  +  .  .  .  . 


-  F0){JW*3 

+ (20) 

The  sums  of  integrals  in  brackets  are  the  charges  on  Sv  S2 re- 
spectively, inasmuch  as  —  I  adS'v  —  I  a-dS^',  for  example  are  the  amounts 
of  negative  electricity,  which  correspond  to  the  termination  of  the  tubes 
from  £x  on  S.2,  S3  respectively,—  lcrd/S'2  is  the  negative  charge  on  S3  due 
to  tubes  starting  from  £2,  which  terminate  on  £3,  and  so  on.  Thus 
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denoting  the  total  charges  on  Sv  S.,  .......  by  Qv  Q.,,  ......  we  obtain  the 

result, 

E  -^(^  -  r0)  +  |<?2(n  -  J'o)  +  ...... 

which,  if  VQ  =  0,  becomes 


or  as  we  may  write  it  for  shortness 

E  =  £2<?r     .......     (22) 


Reciprocal  Relation  between  two  States  of  a  System  of  Conductors. 

Applications 


M'.  Now  consider  two  equilibrium  states  of  one  and  the  same  system 
of  conductors,  and  let  Qlt  Q.,, F",,  F2, be  the  charges  and  poten- 
tials for  one  state,  Q\,  Q'z V\  K'2, the  charges  and  potentials  for 

the  other  state.  In  both  cases  tubes  of  induction  pass  out  from  part  of 
the  surface  of  each  conductor,  and  others  pass  inward  toward  the  rest 
of  the  surface.  Take  the  group  of  tubes  of  resultant  induction  which 
'•onnected  with  any  conductor,  that  is  the  whole  group  of  which  part 
leaves  and  the  other  part  arrives  at  that  conductor.  Describe  round 
the  conductor  a  closed  surface  everywhere  normal  to  these  tubes  of  in- 
duction. This  can  clearly  be  drawn  anywhere  in  the  field. 

take  one  of  the  products,  QV  say,  of  the  charge  of  a  conductor 
in  one  of  the  distributions  by  the  potential  in  the  other.     This  product 

may  bo  written 

i     r  f 

E'ds 

\shere  the  first  integral  is  taken  over  the  closed  surface,  and  the  second 
(in  which  E'  is  the  resultant  electric  intensity)  is  taken  along  any  line  of 
intensity  extending  between  the  conductor  and  infinity  or  between  the 
net  MI  and  any  other.  Putting  together  the  sum  of  products  2Q  V 
for  all  the  conductors  wo  have, 


an«l  the  integrals  exhaust  tin-  whole  field.     We  may  write. 

s  |D./.S'|E'/>     f/tEEw- (23) 

when-   E   i<    the    resultant    electric    intensity   due    to   the    distribution 
Qt,  (J ami  E'  is  that  for  the  distribution  Q\,Q'., '/cj  is  an  element 

of'\i.luine,  and  the  inte-r.d  is  taken  throughout  the  whole  field,  whei 
EE  is  not  zero. 
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But  the  volume-integral  on  the  right  of  (23)  could  have  been 
equally  well  deduced  from  the  sum  of  products  zQ'  V.  Hence  we  have 
the  important  reciprocal  theorem  for  the  two  distributions. 

2<?T  .......     (24) 


The  theorem  here  proved  is  a  particular  case  of  a  very  general 
dynamical  theorem,  which  is  demonstrated  in  the  chapter  which  follows 
on  General  Dynamical  Theory. 

183.  From  the  results  which  have  been  obtained,  we  can  now  draw 
some  important  conclusions.  Let  all  the  charges  Q  Qy  Q4  .......  , 


,, 

Th 


(>'.,,  ......  be  zero  so  that  the  two  systems  consist  of  Q.2,  Q\  alone. 


en  the  reciprocal  theorem  (24)  gives 

Q2V, 


(25) 


or,  in  words,  if  all  the  conductors  be  without  charge  except  one,  A,  the 
potential  produced  at  any  one,  B,  of  the  uncharged  conductors  by  a  given 
charge  on  A  is  equal  to  the  potential  which  would  be  produced  at  A  by 
the  same  charge  on  B,  when  all  except  B  are  uncharged. 

Again,  if  the  state  of  a  system  as  expressed  by  charges  Qv  Q.2,  ...... 

and  potentials    Vv    V2,  ......  be  changed  to  one  determined  by  charges 

Q\,    (^o,  ......  and   corresponding  potentials    Vl    V"z,  ......  the  change  in 

energy  "is  £2  V'Q'  -  £2  VQ.     But  by  (24)  we  have 


(26) 


F)  (Q'  -  Q) 


This  result  is  graphically  illustrated  in  Fig.  51,  and  shows  that  the 
work  done  in  changing  the  state  of  the  system  is  numerically  equal 
either  to  the  area  of  the  trapezium  A  B  C  J),  or  to  the  area  of  a 
trapezium  E  G  D  F.  This  illustrates  the  fact  that  the  potential  in- 

Q' 


Q 

C 

V 

)                                  A 

FIG.  51. 

E 

•creases  pari  ^>o-ssu  with  the  charge  of  the  conductor,  or,  in  the  case  of 
a  system  of  conductors,  that  equal  proportionate  changes  in  the  charges 
of  all  the  conductors  are  associated  with  equal  proportionate  changes  in 
the  potentials. 
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Coefficients  of  Potential  and  Induction  and  Electrostatic  Capacities 
of  a  System  of  Conductors.     Reciprocal  Theorem 

1  ^  k  The  potential  of  any  conductor  is  thus  a  linear  function  of  the 
charges  of  all.     Hence  we  obtain  the  series  of  equations 

ri  = 
1      ' 


''«  =  pinQl  +  p.yiQ.2  +  ....+  ;',„/ 

with  the  condition  expressed  by  the  theorem  stated  in  (25),  that 
Pzi=l)i>  .....  Pkh=Phk,  •  •  •  •  The  coefficients  ^u,  ^12  .....  are  called 
coefficients  of  potential.  Their  physical  meaning  is  clear  :  a  coefficient 
of  the  format  is  the  potential  produced  at  the  conductor  distinguished 
by  the  suffix  k,  Ak  say,  by  unit  charge  on  the  conductor  itself  when  all 
other  conductors  are  without  charge  on  the  whole  :  a  coefficient  of  the 
form  PM  is  the  potential  produced  at  the  conductor  At  by  unit  charge 
on  Ah  when  all  the  other  conductors  are  without  charge  ;  and  this,  as 
\ve  have  so  en,  is  equal  to  the  potential  produced  at  Ah  by  unit  charge 
on  A^  when  all  the  other  conductors  are  without  charge. 

The  number  of  independent  coefficients  of  the  form  ^  is  of  course 
i  ml  the  number  of  the  form  phk  is  $n  (n  —  1),  so   that  there  are 
|n(fi-f  1)  in  all. 

By  solving  equations  (27)  we  obtain  of  course  a  set  of  equations 


Ql  =  cn}\  +  c,2F2  +  ....  +  cinVn 
Q,  =  c,^  +  c^2  +  ....  +  c,. 


(28) 


for  which  also  there  hold  the  conditions  rw  =  CM,  &c. 

The  coefficients  of  the  form  c^  are  the  electrostatic  capacities  of  th.- 
conductors.  Each  denotes  the  charge  on  the  conductor  indicated  by  the 
suffix  when  that  conductor  is  at  potential  unity,  while  all  other  con- 
ductors are  at  zero  potential.  The  coefficient  CM  denotes  the  charge  on 
tin-  conduct..!-  A  i,  when  the  conductor  Ak  is  at  unit  potential  and  all 
others  are  at  zero  potential,  and,  IMMU-  equal  to  ckh  is  also  the  eh 
on  Ak  \\h.  ii  Ah  is  at  unit  potential  and  all  the  others  are  at  potential 
zero.  Such  coefficients  are  called  coefficients  of  induction. 
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Properties  of  the  Co-Efficients  of  Potential  and  Charge  of  a 
System  of  Conductors 

185.  The  following  additional  general  results  are  easily  proved  for  the 
two  kinds  of  coefficients.  Every  coefficient  of  potential  is  positive,  and  any 
one  of  the  form  PM  is  intermediate  in  value  between  zero  and  j^/,  OT  }}kk. 
For  if  Ah  be  charged  with  a  unit  of  positive  electricity,  and  all  the  rest 
of  the  conductors  be  insulated  without  charge,  tubes  corresponding  to 
total  induction  of  amount  4?r  pass  outwards  from  Ah.  At  any  other 
conductor,  At  say,  just  as  many  unit  tubes  originate  as  end  upon  it, 
since  the  charge  is  zero.  The  potential,  therefore,  in  certain  directions 
must  increase  from  Ajf,  in  all  other  directions  diminish.  There  must 
therefore  be  a  conductor,  the  potential  of  which  is  the  highest  potential 
in  the  field,  and  this  clearly  must  be  Ah,  since,  as  we  have  seen,  there 
cannot  be  a  place  of  maximum  potential  in  space  void  of  electricity, 
and  from  any  other  conductor  the  potential  increases  outwards  in  certain 
directions.  The  potential  of  Ak  is  therefore  less  than  that  of  Ah  and 
greater  than  zero,  that  is 

Phh  >pkh(=  Phk)  >  0. 

Similarly  we  can  show  that 

Pkk  >phk(=  Pkh)  >  0. 

If  an  uncharged  conductor  be  enclosed  within  another  whether 
uncharged  or  not,  for  example  At  within  Ak,  no  lines  of  induction  pass 
from  one  of  these  conductors  to  the  other,  for  as  explained  (Art.  141), 
the  distribution  on  the  outer  conductor  is  unaffected  by  the  presence  of 
an  internal  but  uncharged  conductor.  The  potential  of  AI  is  then  the 
same  as  that  of  Ajt,  and  we  have 

Phk  =  Phi- 

As  regards  the  capacities  it  is  clear  from  (28)  that  they  are  all 
positive.  For  let  the  potential  of  Ah  say  be  unity,  and  all  the  other 
conductors  be  at  potential  zero,  we  then  have 

Qh  =  Chh, 

The  potential  diminishes  in  every  direction  outwards  from  Ah,  and 
therefore  Q^  must  be  positive. 

The  coefficients  of  induction,  chk,  are  however  all  negative.  For  let  Ah 
be  charged  as  just  specified.  Then  since  the  potential  of  Ak  is  zero,  and 
the  only  other  conductor  not  at  zero  potential  is  Ah,  there  can  be  at  no 
point  near  the  surface  of  Ak  a  diminution  of  potential  in  the  direction 
outwards  from  the  conductor.  Hence  tubes  of  induction  can  only 
terminate  on  Ak  and  the  charge  on  it  is  negative,  that  is  chlc  is  negative. 

Again,  since  all  the  tubes  in  the  case  supposed  originate  on  Ah,  the 
sum  of  the  negative  charges  on  the  other  conductors  must  be  numeri- 
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cully  less  than  the  charge  on  A*\  unless  A^  be  completely  enclosed  by 
the  other  conductors,  when  the  positive  charge  on  Ah  is  exactly 
equal  and  opposite  to  the  sum  of  the  charges  on  the  other  conductors. 

1 1  nee 

Chh  >    -   2c*A 

where  the  expression  on  the  right  denotes  the  sum  of  all  the  coefficients 
of  induction  for  the  system. 

Energy  of  a   System   of  Charged  Conductors  Expressed  as  a  Quadratic 
Function  of  Potentials  or  Charges 

186.  By  equations  (27)  and  (28),  the  energy  (Art.  161)  of  the 
electrified  system  can  be  expressed  as  a  homogeneous  quadratic  function 
of  the  potentials  or  of  the  charges  of  the  conductors.  For  physical 
reasons  the  energy  of  the  system  cannot  be  negative,  and  hence  both 
quadratic  functions  must  be  positive  whatever  may  be  the  values  of 
thr  variables.  Clearly  if  we  form  the  functions  we  have  by  (22),  (27), 

E  =  tiPnQi*  +  2pi&iQ->  +-..•  +  P**Q?  +  2^03^3  +  ....}     (29) 
and 

E  -  il'iiV  +  2cwFIr2  +....  +  c,,F/-  +  2c,3F2F8  +....}     (30) 

The  condition  which  must  hold  in  order  that  E  may  be  posit  iv.- 
whatever  be  the  values  of  Qlt  Qz,  .  .  .  Vr  V.2,  .  .  .  is  simply  that  if  each 
of  the  homogeneous  quadratic  functions  be  converted  into  a  sura  "t 
squares  each  of  these  squares  must  be  positive.  We  therefore  writ. 
for  (29) 

2E  =  —  {(puQ,  +  /»120.,  +  pl9Q9  +  . . .  .)2  +  (*„<?,  +  «.,3Qa  +  . . .  .)* 
Pn 

+  («33<?3  +  «3404  +  '  •  •  ')2  +.".;.       •       •       •       (31) 

so  that  the  first  square  contains  all  the  Q's,  the  second  all  except  Qv  the 
t  liird  all  except  Ql  and  Q2t  and  so  on.  Equating  coefficients  from  (29)  with 
those  on  the  right  of  the  expression  just  written  for  E,  we  get  exactly 

/i— 1)  equations  for  the  determination  of  iw(n— 1)  unknown  co- 
efficients, so  that  the  resolution  (which  in  the  general  case  can  !>«• 
f  tin  ti  (1  in  an  infinite  number  of  ways)  is  unique. 

It  is  clear  that  since  E  is  positive  whatever  values  of  Qlt  Q2.  .  .  . 
may  be  taken,  we  have 

pn  >  0,  a.,*  >  0,  aM«  >  0, 

Determining  the  coefficients  we  find  easily  that  these  conditions  will  be 
-atisfied  if 


Pn  > 


Pn>  Pi-2 


Pn>  Pi»  Pis 

P\vl> 

Pis>  Pw  Pw 
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In  the  same  way  precisely  similar  conditions  are  found  to  be  satisfied 
by  the  c  coefficients. 

It  is  to  be  observed  that  by  partial  differentiation  of  (29)  and  (30) 
we  obtain  by  (27)  and  (28) 


Thus  dE/dQh,  9E/9  Vh,  are  what  are  called  reciprocal  functions  in 
dynamics.  The  properties  of  such  functions  will  be  discussed  in 
Chapter  VII.,  which  is  devoted  to  general  dynamical  considerations. 

Reciprocal  Relations.    Exploration  of  an  Electric  Field 

187.  The  reciprocal  relation  phk  =  pkh  asserts,  as  we  have  seen  above, 
that  if  a  charge  exist  on  Ah  and  all  the  other  conductors  be  insulated 
without  charge,  the  potential  at  the  conductor  Ak  is  the  same  as  that 
which  would  be  produced  at  Ah  if  the  same  charge  were  on  Ak,  and  all 
the  conductors  except  Ak  were  insulated  without  charge.  We  can  show 
that  the  same  result  holds  if  any  or  all  of  the  conductors  other  than 
Ah,  At  are  maintained  at  zero  potential.  For  let  all  the  conductors 
which  are  at  zero  potential  be  regarded  as  constituting  a  single  con- 
ductor As,  of  which  the  charge  is  Qg  ;  and  let  Q  be  the  charge  on  Ah. 
Then 

Vk  =  phkQ  +  pk&s 

Vs  =  phsQ  +  pssQs  =  o, 
and  therefore 

IT         (  Ph*       \r> 

Vk  =  (phk  --  Pks  )  Q. 

\  PSS        / 

If  the  charge  were  transferred  to  Ak,  and  Ah  insulated  without  charge, 
we  should  get  in  the  same  way 

Vh  =  (pkh  —  -phs)Q, 

\  Pss        ' 

and  since  pkh  =  Phk,  we  get 

Vh=Vk  ........     (32) 


188.  The  reciprocal  relation  just  discussed  enables  the  electric  field 
due  to  a  charged  conductor  to  be  conveniently  explored.  The  conductor 
is  insulated  but  is  kept  uncharged,  and  one  electrode  of  a  delicate 
electrometer  is  connected  with  the  conductor,  while  the  other  electrode 
is  connected  with  the  earth,  or  with  some  conductor  the  potential  of 
which  is  taken  as  zero.  Then  a  small  charged  sphere  carried  by  an 
insulating  handle  is  placed  with  its  centre  at  any  point  of  the  field. 
While  this  is  in  position  the  electrodes  of  the  electrometer  are  connected 
for  an  instant,  so  that  the  conductor  is  reduced  to  zero  potential.  The 
sphere  is  then  moved  from  point  to  point  in  the  field,  and  the  positions 
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noted  tor  \\hichtheelectrometershows  no  deflection.  These  lie  on  a 
surface  which  is  an  equipotential  surface  for  the  conductor  when  the 
hitter  is  charged.  For  the  potential  at  the  conductor  due  to  the  electri- 
ti ration  of  the  sphere  is  equal  to  the  potential  which  would  be  produced 
at  the  sphere  by  a  charge  on  the  conductor  equal  to  that  on  the  sphere ; 
and  this  part  of  the  potential  is  the  same  for  all  positions  of  the  sphere 
for  which  there  is  zero  deflection.  By  the  principle  of  superposition 
this  must  be  an  equipotential  surface  for/all  charges  of  the  conductor. 

The  convenience  of  the  method  consists  in  the  zero  potential  of  the 
conductor,  which  therefore  does  not  lose  or  gain  charge,  while  the 
exploring  sphere,  which  can  be  insulated  so  that  its  charge  remains 
practically  constant,  is  changed  in  position  in  the  field. 

Nature  of  Charges  in  Conductors  in  Different  Cases 

189.  The  full  discussion  of  equilibrium  distributions  of  electricity  we 
defer  until  the  subject  of  potential  has  been  more  fully  treated,  as  it  will 
In-  in  the  chapter  on  Fluid  Motion,  which  is  given  below.  But  from 
what  has  gone  before  there  flow  easily  a  number  of  useful  propositions. 

It  will  be  readily  seen  that  of  a  system  of  conductors  there  is  always 
at  least  one,  the  electrification  of  which  has  at  all  points  the  same  sign. 
If  the  conductors  in  the  field  have  all  positive  potentials,  or  all  negative 
potentials,  that  one  is  the  conductor  whose  potential  has  the  greatest 
numerical  value  apart  from  sign.  If,  however,  the  potentials  of  the 
conductors  are  some  of  them  positive,  and  some  negative,  the  two 
conductors  which  are  respectively  at  the  algebraically  greatest  and  the 
algebraically  least  potential  have  each  electrification  of  the  same  sign 
at  every  point. 

Tin-  consideration  of  tubes  of  induction  will  show  readily  whether 
tin-  electrification  is  all  of  the  same  sign  or  of  opposite  signs  on  one  con- 
ductor. For  example,  if  there  be  only  two  conductors  in  the  field,  and 
these  have  equal  and  opposite  charges,  all  the  tubes  which  originate 
on  one  terminate  on  the  other,  and,  as  may  be  seen  by  considering  a 
surface  distant  from  and  enclosing  both  conductors,  there  can  be  other 
tubes  in  the  field,  hence  the  electrification  is  wholly  positive  over  on.- 
and  negative  over  the  other. 

If  an  insulated  conductor  have  zero  charge  and  be  placed  in  presence 
of  another  charged  conductor,  the  electrification  of  the  latter  will  have 
the  same  si-^n  at  every  point,  that  of  the  latter  will  have  the  positive 
sign  at  some  points,  the  negative  at  others. 

Energy  Change  due  to  Relative  Displacement  of  Conductors 
under  Different  Conditions 

l'.">.  Another  theorem  to  which  the  reciprocal  relation  (24)  at  once 
leads  is  that  if  an  electric  system  be  displaced,  subject  to  the  condition 
that  the  charges  are  kept  constant,  the  /•  •*?  of  energy  entailed  on 
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the  system  minus  the  gain  of  energy  when  the  same  displacement 
takes  place,  subject  to  the  condition  that  the  potentials  remain  constant 
has  the  value  i  2{($'  —  (?)  ( V  —  V}}  where  Q  is  the  constant  value  of  the 
charge  of  a  conductor  in  the  first  case,  and  V  —  V  is  the  change  of 
potential,  while  V  is  the  potential  in  the  second  case,  and  Q'  —  Q  the 
change  of  charge. 

The  loss  of  energy  in  the  first  case  is  V£Q(V—  V)  and  the  gain 
in  the  second  is  iS  (Q'  —  Q}  V-  Hence  the  difference  specified  above  is 

iW(r-  V)  -  *(<y  -  Q)v\. 

But  Qv  Q.2,  .  .  .  .  ,  V'v  V'z,  ....  are  charges  and  corresponding  potentials 
after  the  displacements  in  the  first  case,  and  Q\,  $'.,,  ....  FI}  F"2,  .... 
the  charges  and  potentials  after  the  displacement  in  the  second  case. 
The  configurations  being  the  same  this  represents  two  states  of  the  same 
system,  and  we  have  by  the  reciprocal  relation  ^QV=^Q'V.  Hence 
t(Q-  Q'}  V  becomes  2#'(  V-  V).  Thus 

1{2<?(F-  V)  -  3(Q'  -  Q)V}  =  i}S0(F-  V)  -  *Q\V-  V')} 

=  &(Q'  -  Q)(V  -  F)    •    •    (»3) 
•which  was  to  be  proved. 

If  the  displacement  be  very  small  Q'  —  Q  in  the  one  case  and  V  —  V 
in  the  other  will  be  very  small  quantities  for  each  conductor,  and  their 
product  is  a  quantity  of  higher  order  of  smallness.  Hence  to  the  degree 
•of  approximation  involved  in  neglecting  the  quantity  on  the  right  of 
(33)  the  loss  in  the  first  case  is  equal  to  the  gain  in  the  second. 

191.  If  now  the  conductors  be  allowed  to  alter  their  configuration 
mechanical   work   will   be   done,   and    the    potential   energy    will    be 
diminished  to  the  same  extent.     Then  if  the  potentials  be  restored  to 
their  former  values,   and  the   charges   be   correspondingly  altered  to 
enable  this  result  to  be  effected,  the  energy  supplied  to  the  system  must 
be  sufficient  to  make  up  the  energy  consumed  in  doing  the  mechanical 
work  and  to  bring  up  the  energy  to  its  former  value,  and  the  further 
amount    needed  to  supply   the   gain   which   the   energy   would   have 
received  if  the  potentials  had  been  kept  constant  during  the  displace- 
ment.    Thus  if  W  be  the  work  which  must  be  spent  on  the  system  in 
the  latter  case,  there  must  be  supplied  from  without  to  the  system  in 
the   latter   case    a   quantity   of  energy    2  W+  £2  (Q'  —  Q}  ( V1'  -  V}  or 
approximately  2  IF,  which  also  must  be  the  energy  supplied  when  the 
condition  of  constancy  of  potential  is  imposed  throughout  the  change. 

Characteristic  Equation  of  the  Potential 

192.  The   characteristic    equation   of   the   potential  has  been  dis- 
cussed above  (p.  46),  and  will  be  otherwise   demonstrated   later.    It 
expresses  simply  the  surface-integral  of  electric  induction  for  a  small 
rectangular  parallelepiped  of  the  medium.      For  the  sake  of  clearness 
we  give  a  proof   in   this  connection  also/  taking  in  the  case   of  an 
«olotropic  medium. 
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Let  the  element  be  taken  with  its  centre  at  0,  the  origin  of  co- 
ordinates. ami  its  edges  parallel  to  the  axis  of  co-ordinates  x,  y,  z,  and  of 
lengths  dx,  dy,  dz.  Let  /be  the  normal  component  of  electric  induction 
(D)  at  the  centre  of  the  face  (of  area  dydz)  to  the  left  of  0,  and  /2  that 
at  the  centre  of  the  opposite  face,  and  similarly  let  gv  <72,  hlt  hz,  be  the 
normal  components  at  the  centres  of  the  other  pairs  of  faces.  If  the 
values  of  /i,/2,  .  .  .  vary  continuously  over  the  faces  of  the  element,  we 
have,  neglecting  infinitesimals  of  a  higher  order,  for  the  part  of  the 
surface  integrals  due  t<>  the  three  pairs  effaces, 


(/s  -fi)*yd*  +  (ffs  -  g^dzdx  +  (h.,  -  hl)dxdy. 

If  p  be  the  average  amount  of  electricity  per  unit  volume  within  the 
element,  equating  the  sum  of  these  expressions  to  4tirpdxdydz  and 
dividing  by  dxdydz  gives  the  result 

/•    "/I     ,     9-2   ~  ffl     .     Jil   ~   h\  /oAv 

-j  ---  h  H  --  -.  -  =  iirp      .      .     .      (34) 

dx  <ty  dz 

By  the  definition  of  the  electric  induction  it  is  plain  that  if  p  be 
everywhere  finite  within  the  element  the  values  of  f,  g,  h  will  be 
continuous,  and  we  shall  have 

/*  -/i  +  !**  9*  =  9i  +  %*y>  VTff  +  S** 

and  therefore  instead  of  (34) 

+  (i  +  *  -  4^  =  0    .  (35) 

ox        vy 

If  tin-  iiH'diuni  be  aeolotropic,  that  is  if  the  relation  between  electric 
induction  and  electric  intensity  be  that  given  by  (3),  we  have 

V  +  *i,#  +  *»«)  +  ^  faS  +  *23Q  +  *a«)  +  ^  (  V  +  W  +  *«*) 

-  47rp  =  0      .......  •  (36) 

\\ii\i  the  conditions  /.-,.,  =  /,:„,  ...... 

If  the  medium  be  isotropic,  we  have  /.:„  =  k^  =  k^,  k^  =  /.-.,,  =  0, 
.  and  therefore 


or  since  (Art.  155)  P  =  -  <  I  '  '<  >  ...... 

a 


At  every  point  «>f  >))n<-.-  at  \\liidi  p  =  0  the  equation 
9 


•  <37> 

'  (88) 

K     1' 
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holds.  For  the  case  of  k  uniform  throughout  the  field  this  is  what  is 
known  as  Laplace's  equation,  from  its  having  been  first  discussed  by 
Laplace  in  connection  with  the  subject  of  gravitational  attraction. 

It  will  be  proved  later  (p.  139)  that  if  the  potential  have  an  assigned 
system  of  values  over  the  bounding  surface  or  surfaces  of  a  simply  con- 
nected space,  then  to  a  function  V  found  to  fulfil  this  equation  as  well 
as  the  surface  conditions  there  will  correspond  a  value  of  the  electric 
energy  less  than  that  for  any  other  value  of  V  which  fulfils  the  surface 
conditions  but  does  not  satisfy  (37). 

It  will  be  shown,  moreover,  that  (as  has  already  been  stated)  if  there 
can  be  found  one  function  V  which  satisfies  definite  surface  conditions 
and  (37)  throughout  the  field,  it  is  the  only  function  that  can  be  found 
to  fulfil  them,  and  is  therefore  the  solution  of  the  problem  ;  —  given  the 
surface  distribution  of  potential  (or  its  equivalent)  find  the  corresponding 
value  of  V  for  all  points  of  the  field. 

From  (38)  is  to  be  found  of  course  equations  (10),  (11),  (12)  which 
have  already  been  established  for  an  electrified  surface.  It  is  only  necessary 
to  take  the  direction  of  the  axis  of  a;  as  the  normal  to  the  surface  at  the 
point  considered,  and  to  put  a-  for  pdx,  supposed  finite  when  <fx,  the 
thickness,  so  to  speak,  of  the  surface  layer,  is  taken  infinitely  small. 

If  we  draw  normals  nv  n.2  from  the  surface  towards  the  spaces  on  the 
left  and  right  of  the  surface  respectively,  and  suppose  klt  kz  to  be  the 
values  of  k  on  the  two  sides  of  the  surface,  we  get  instead  of  (10)  the 
equation 

dV          dY 

A!  -=•-  +  *„-,--  +  4mr  =  0     .....     (39) 
1  dn^        ~  dn.2 

or  calling  Nv  A"2  the  components  of  electric  intensity  at  right  angles  to 
the  surface  on  the  two  sides 


=  0     .....     (39') 

Equation  (39)  or  (39')  is  usually  called  the  surface  characteristic 
equation.  Different  cases  of  it  have  already  been  exhibited  above 
(p.  115). 

Electric  Induction  and  Potential  in  Particular  Cases 

193.  We  shall  now  consider  some  simple  particular  cases  of  electric 
charges  and  the  resulting  electric  induction  and  potential.  Let  first  the 
electric  system  consist  of  a  point-charge  ql  of  electricity  situated  at  a 
point  the  co-ordinates  of  which  are  av  bv  ct,a  quantity  <?2  at  (a2,b.2,  c2),  .....  > 
in  a  medium  of  uniform  inductive  capacity  k,  and  consider  the  electric 
induction  at  (x,  y,  z).  The  induction  at  (x,  y,  z)  due  to  ql  at  (av  blt  cj,  is 
radially  directed  from  (av  bv  cx),  and  is  qjrf  where  rx2  =  (x  —  at)2  -f- 
(y  —  b^2  +  (~  —  c,)2.  Hence  its  components  are 
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Tli«-  component^  of  induction  due  to  the  other  charges  are  obtained 
from  this  by  simply  substituting  tin  suffixes  corresponding  to  the  co- 
ordiiiati  <  of  tln-ir  positions,  ('ailing/,  //,  k  the  components  of  the 
resultant  induction,  we  obtain 


\r*  Vox 

where  i!  denotes  summation  for  all  values  of  av  bv  cv  ".„  >>.„  <•.„  ....  of 
e. 

It'  the  point-charges  fonn  a  continuous  volume  distribution  we  may 
denote  the  volume  density  at  .my  element  of  the  space  by  p,  and  replace 

Minimal  ions  in  the  formuhe,  above  by  integrations  tak.-n  throughout 
the  space  occupied  by  the  charges.  Thus  we  get  putting  '/CT  for  the 
clement  of  the  space  at  which  p  is  the  density 

,  *  - 


Co  /or    dr 
-£(— '  — '  ~ 

J  r-  \'.''      <>/      fC 


If  <r  denote  the  electric  surface  density  at  a  point  a,  b,  c  of  an 
electrified  surface,  and  </,s*  the  area  of  an  element  including  the  point, 
these  equations  become 


The  resultant  induction  is  of  course  given  in  all  cases  by  the  equation 
Z)2  =/2  +  g*.  +  7,2. 

In  the  case  of  a  uniform  isotropic  medium  with  induction  and 
electric  intensity  both  in  the  same  direction,  we  have  for  the  intensity 
the  relation 

E       ?-,    or    (/',  v,  K)  =f—j^  .... 

by  means  of  which  the  valueof  E  and  its  e(.ni]»oin-ni>  are  to  be  obtained 
from  the  formulae  above. 

But  since  if  V  be  the  electric  potential 

we  obtain 

</.**>-*(         ;: 
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Having  regard  to  the  definition  of  potential  given  above  (Art.  156) 
we  see  that  the  potential  at  P  due  to  a  point-charge  q  of  electricity 
situated  at  any  point  0,  the  distance  of  which  from  P  is  r,  is  q/kr.  For 
we  have  for  the  electric  intensity  at  any  point  Q,  the  distance  of  which 
from  0  is  ./•,  the  value  q/hs.  The  work  spent  by  external  forces  in 
moving  a  unit  charge  nearer  to  q  a  small  distance  dx  is  qcto/kx*.  Hence 
if  V  be  the  potential  at  P 

—  </a;  =  — (45) 

f*C  )v7* 

The  difference  between  the  potential  V  at  P,  and  the  potential  V  at 
the  point  P  at  a  distance  r'  from  0,  or  the  work  spent  in  carrying  a 
wnit  of  positive  electricity  from  P  to  P,  is  therefore 

T  -  V  =  -  -  -,  (46) 

r       r 

It  is  important  to  remark  that  this  value  is  independent  of  the  path 
pursued  between  P  and  P.  It  depends  only  on  the  distances  of  the 
points  at  which  the  charges  are  situated  from  0. 

Further,  the  potential  due  to  a  series  of  point-charges  qv  <?0,  q3  at 
distances  rv  r.2,  r3,  .  .  .  from  P  is  given  by  the  equation 

r 

For  a  continuous  volume  distribution  we  have 


.......  <48> 

and  for  a  distribution  partly  volume  and  partly  surface 

1"*-  ••••••  («> 


In  all  these  expressions  the  respective  integrals  are  taken  throughout  the 
distribution,  surface  or  volume  as  the  case  may  be. 

In  the  particular  case  (already  considered  in  Art.  158)  of  a  sphere 
uniformly  charged  with  a  quantity  q  of  electricity,  and  alone  in  the  field, 
the  potential  is  given  by 


<50> 


where  r  is  the  distance  of  the  point  from  the  centre  of  the  sphere,  and 
is  thus  the  same  as  if  the  charge  were  collected  at  the  centre  of  the 
sphere.  The  potential  at  the  surface  of  the  sphere  is  q/ka,  if  the  radius 
is  a,  and  the  capacity  is  ka. 
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Approximate  Values  of  Coefficients  of  Potential  and  Induction 


k  We  can  now  find  an  approximation  to  the  coefficients  of 
potential  and  induction  in  one  or  two  particular  cases  of  a  system  of 
conductors.  For  example,  let  the  system  consist  of  a  sphere  A  of  radius 
".  ami  a  sphere  B  of  radius  b  at  a  distance  v  from  the  centre  of  the 
t»nnei.  Let  first  the  distance  apart  of  the  centres  of  the  spheres  be 
very  great  in  comparison  with  the  radius  of  either.  Let  the  charge  of 
A  be  ql  and  of  B  <?.,.  Then  if  we  regard  the  actual  field  as  due  to  the 
M  1 1  nrposition  of  the  field  due  to  A  upon  that  due  to  B,  it  is  clear  that 
on  account  of  the  great  distance  of  any  part  of  the  surface  of  A  from  B, 
the  field  around  A  is  to  a  correspondingly  small  extent  influenced  by 
the  charge  on  B;  and  similarly  the  field  round  B  is  influenced  to  a  like 
small  extent  by  the  charge  on  A.  The  potentials  of  A,  B  are  therefore, 
approximately. 

V  -  li  +  il  \ 

I...  /.—     i 

(51) 


These    equations  give   the  charges  if  the  potentials   are    known. 
Thus- 
far 


.      .      .      .      (J-) 
fc--<-^*-»» 

If  lr.  =  0,  (52)  give 

ka^  kabr 

'•-1"  ?--=-r.   •   •   •  <53> 


or  to  a  rougher  approximation 


q.,  =  -  -ql     .....      (54) 


which  can  be  seen  at  once  to  be  values  which  will  nearly  satisfy  the 
conditions. 

The  effect  of  the  alteration  of  the  distribution  on  each  sphere  due- 
to  the  presence  of  the  other  is  of  course  what  is  here  neglected. 

195.  Regarding  a  condenser  as  an  arrangement  of  two  conductors, 
>uch  and  so  close  together  that  the  coefficient  of  induction  of  either  on 
the  other  is  very  large,  we  might  find  in  a  precisely  similar  manner  the 
.•iction  of  one  condenser,  A,  on  another,  A  ,  at  a  distance  very  great  in 
comparison  with  that  anywhere  between  the  constituent  conductors  of 
either  condenser.  Denoting  the  capacities  of  the  conductors  of  the 
condenser  A  by  a,  c,  the  mutual  coefficient  by  b,  and  the  correspon 
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•quantities  for  the  condenser  B  by  c,  f,  gy  we  get  for  the  coefficients  of 
potential  of  the  system  of  two  conductors  A 


and  for  those  of  the  system  B 

'     =       9  '     =       *  '     =  y     =          / 

values  which  will  not  be  appreciably  altered  by  bringing  one  system. 
into  presence  of  the  other  at  a  great  distance  r. 

Supposing  the  charges  qv  q.2,  q'v  q'z  of  the  two  pairs  of  conductors 
A,  B  given,  the  coefficients  just  written  down  enable  the  corresponding 
potentials  Vv  Vz,  V\,  V\  to  be  calculated  by  the  introduction  of  1/kr 
as  the  mutual  coefficient  of  potential  of  either  conductor  of  A  on  either 
conductor  of  B.  Thus  four  linear  equations  are  obtained  for  the 
potentials,  which  can  then,  if  the  potentials  be  supposed  known,  be 
solved  for  the  charges.  It  is  easy  to  verify  that  this  process  gives  the 
following  coefficients  of  capacity  and  induction  in  which  D  is  written 
for  *V2  -  (a  +  26  +  c)  (e  +  2/+  rj\ 


n  — 

c.22  =  c  +  (b  +  c)2  (e  +  2/  +g)-p 
c12  =  c21  =  b  +  (a  +  b)  (b  +  c)  (e  +  '2f 


g)—} 


(55) 


with  similar  coefficients  for  B  obtained  by  interchanging  a,  b,  c  with 
tf>  f,  9  respectively. 

The  coefficients  of  induction  between  a  conductor  of  one  condenser 
and  a  conductor  of  the  other  are 


^B!  =  -  kr(a  +  b)  («+/)—, 


z  =  -  hr(a  +  b)  (f  +  g) 


(56) 


H 

2B!  =  -  kr(b  +  c)  (e  +/)  — ,     CA,BZ  =  -  kr(b  +  c)  (f  +  g)~-    ( 

If  B  consists  of  only  ope  conductor/  =  g  =  0,  so  that  if  D  be  now 
i^  -  (a  +  2b  +  c)e 

cu  =  a  +  e(a  +  b)z-^,     c.,.,  =  c  +  e(b  +  c)2  — 


12  =  b  +  e(a  +  b)  (b  +  c) 


ijBj  =  -  ker(a  +  6)  — ,     CA.-,BI  -  -  ker(h  +  c)-^ 


(57) 


and  the  other  coefficients  vanish. 
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If  A  also  consist  of  only  one  conductor,  then  //  =  <•=  /  =  </  =  0,  ami 
have  1>  —  /--/J  — 


these   last  equations  the  coefficients  for  the  particular 
alu  ady  discussed,  of  two  spherical  conductors  placed  at  a  great  distant  . 
apart  may  be  at  once  obtained. 

l!'ti.  It  is  interesting  to  note  the  effect  on  the  potential  of  a  con- 
ductor./ produced  by  bringing  an  uncharged  conductor!?  into  the  field. 
I.  •  all  conductors  in  the  field,  except  that  the  effect  on  which  is  to  !•«• 

mated,  l>e  without  charge.  The  inductive  action  of  the  field  on  7> 
is  Mich  .is  to  assist  the  bringing  on  of  B,  and  work  is  therefore  done  by 
the  electric  system.  Thus  the  energy  of  A  is  diminished,  that  is,  '.  _/>„'/,  • 
is  diminished.  But  ql  remains  unchanged,  so  that  pn  is  diminished. 

It  is  elear  in  the  same  way  that  if  an  uncharged  conductor  B  be 
ei.nneeted  t<>  -I./',,  will  be  diminished,  and  it  is  obvious  that  B  pro- 
due,  :'.  T  effect  than  does  any  conductor  which  can  be  inscribe.! 

within   it,  and  a  less  effect  than   does  any  conductor   which  can  be 

<  ribed   about  it. 

It  follows  that  the  introduction  of  a  body  B  without  charge  increases 
tli^  capacity  of  A.  For  in  this  case  the  capacity  cn  of  A,  that  is  the 
ratio  of  its  charge  to  its  potential,  is  I  j>u.  But  it  has  been  shown  that 
pn  has  been  diminished,  consequently  cu  has  been  increased. 

The  addition  of  a  conductor  B  without  charge  to  A  also  incr- 
the  capacity,  and  the  effect  of  B  in  this  respect  is  greater  than  that  of 
any  conductor  which  can  be  inscribed  in  B,  and  less  than  that  of  any 
conductor  which  can  be  described  about  B. 

It  i>  elear  thus  that  the  capacity  of  a  conductor,  or  system  of  con- 
ductors, all  parts  of  which  are  at  the  same  potential,  is  less  than  that  of 
the  circumscribing  spherical  conductor.  The  capacities  of  a  system  of 
-|>heric;d  conductors  which  circumscribe  a  given  system  of  conductors 
form  also  a  superior  limit  to  the  capacities  of  the  conductors. 

As  an  example  consider  either  of  the  condensers  discussed  above. 
If  both  of  its  conductors  be  at  the  same  potential,  unity  say,  the  charges 
of  the  two  conductors  will  am.  unit  to  a  +  2/;  +  <•,  or  t:  -f  'If  +  ;/  as  the 
case  may  be.  By  what  has  just  been  stated  this  cannot  exceed  half 
the  greatest  linear  dimension  ..f  the  conden-.  T. 

Determination  of  Field  within  and  without  a  Conductor  by 
Potential  Method 

l'.>7.  We  ha\e  seen  that  since  a  conductor  cannot  sustain  or  transmit 
dielectric  strain,  its  substance  forms  an  effective  barrier  against  the 
penetration  to  the  space  within  it  .•!'  any  effect  due  to  external  electri- 
fication. There  is  thus  no  electric  field  within  a  closed  conduct.  .r 
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\vhich  contains  no  insulated  electrified  bodies.  Now  if  \ve  assume  that 
we  may  apply  the  theory  of  the  potential  (which  is,  as  we  have  pointed 
out.  an  action  at  a  distance  method  of  procedure)  to  the  space  within  a 
closed  conductor,  the  distribution  on  the  surface  must  be  such  as  to 
produce  constancy  of  potential  throughout  the  internal  space.  In  so 
doing  we  consider  the  conductor  as  non-existent,  so  that  the  whole  of 
the  internal  space  is  regarded  as  having  the  same  property  of  transmit- 
ting electric  strain  as  the  external  dielectric,  and  consider  only  the 
electric  distribution  and  the  external  and  internal  fields  so  regarded  as 
due  to  it.  The  distribution  on  the  external  surface  of  a  closed  con- 
ductor is  thus  always  such  as  to  produce  constancy  of  the  electric  field 
within  the  whole  space  contained  by  it,  inasmuch  as  it  is  independent 
of  any  internal  charges.  This  will  not  in  general  be  true  for  the 
distribution  on  the  internal  surface  of  a  closed  conductor,  us  this  must 
be  such  as,  with  the  distribution  insulated  within  the  internal  space,  to 
maintain  the  conductor  at  a  constant  zero  potential.  For  it  is  clear 
that  if  the  conductor  be  brought  to  zero  potential,  that  is,  produces  no 
external  field  whatever,  no  tubes  of  induction  terminate  on  its  external 
surface,  that  is,  there  is  upon  its  external  surface  no  charge  whatever, 
and  the  internal  charge  is  unaffected  by  this  circumstance. 

Now  it  is  found  by  experiment  in  all  cases  that  have  been  examined 
that  the  equilibrium  distributions  on  the  external  or  internal  surfaces  are 
such  as  to  fulfil  these  conditions  ;  and  we  further  find  by  this  method,  and 
the  conditions  as  to  constancy  of  potential,  solutions  of  problems  which 
are  consistent  with  the  results  of  experience.  Electrical  distribution  in 
general  will  be  treated  in  a  subsequent  chapter,  but  we  may  here  illus- 
trate the  potential  method  by  a  few  problems,  although  by  doing  so  we 
anticipate  to  a  slight  extent  the  subsequent  discussion. 

198.  The  theorem  of  the  surface  integral  of  electric  induction  which 
we  have  seen  holds  for  any  system  of  point-charges,  applied  to  a  con- 
centric spherical  surface  of  radius  %  described  within  the  space,  internal 
to  a  spherical  conductor,  shows  that  since  there  is  supposed  to  be  no 
electricity  within  the  surface,  the  electric  induction  and  intensity  are 
there  zero.  For  by  symmetry  of  circumstances  the  induction  D,  if  not 
zero,  must  be  at  every  point  at  right  angles  to  the  concentric  spherical 
surface  referred  to.  Hence  we  have,  if  z  be  the  radius  of  this  surface, 

47r~2D  =  0, 
that  is 


or  since  D  =  —  kd  V/ds 

£-;o. 

cz 
The  potential  is  therefore  constant.     The  value  of  the  potential  must, 
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therefore,  tliroughout  the  interior  of  the  spherical  surface,  coincide  with 
tlu-  value  at  the  surface. 

It  may  be  noticed  that,  if  proof  were  needed,  the  same  method 
l>e  applied  to  show  that  the  electric  intensity  at  any  external 
point,  due  to  the  spherical  distribution,  is  the  same  as  it'  the  whole 
charg.-  were  collected  at  the  centre;  hut  this  is  quite  sufficiently  evident 
from  the  considerations  adduced  above. 


Surface  Distributions  consistent  with  Surface  Values  of  Potential 
Green's  Problem 

Ui:i.  Tin-   problem   which   will  occupy  us  to  a  great  extent  in  the 

n  of  distribution  is  the  determination  in  certain  soluble  cases 

of  tin  distribution  over  a  closed  surface  produced  by  the  presence  of  a 

n  external  or  internal  distribution.     An  example  of  such  a  problem 

Me  calculation  of  the  induced  distribution  on  a  spherical  surface 
connected  with  the  earth  produced  by  a  single  point-charge  at  an 
internal  or  external  point. 

\\      have  seen   that   if  we  have  an  electrified  surface  the  normal 

components  (.f  induction  on  the  two  sides  of  it  are  connected  (see  (39) 

;d>o\r    b\   a  certain  relation  with  the  density  of  the  distribution.     Thus 

'[nation 


may   be  replaced    for    a    medium    everywhere    of   uniform    inductivity 
k,  by 

_lfl/dr       dr' 
47rjr  \dnl       dn. 

The  distribution  over  a  surface,  or  system  of  surfaces,  given  in  an 
electric  field  (of  uniform  inductivity  /.•),  which  is  consistent  with  an 
arbitrarily  chosen  potential  Fs  at  each  point  of  the  surface,  and  with 
the  fulfilment  of  Laplace's  equation  wherever  there  is  no  electrification 
by  the  potential  V  elsewhere  than  on  the  surface,  is  that  of  which 
tile  density  is  given  for  each  point  of  the  surface  by  the  equation 

<r  =-  _  _*_  (***.  +  ^]  (58) 

4:7  \drtl        dnj 

For  assuming   that   the   arrangement  of  potential    proposed 
physically  e\j>t,  let  us  suppose  it  made.     There  will  be  called  into 
existence  toim  distribution  on  the  given  surfaces.     (A  particular  < 

which   would  arise  under   certain  circumstances    would    of   course    be 
a    /en.    surface    distribution.)      The  condition  in  (58)  holds  for  e 

of  a    possible  surface  distribution:  it   must  accordingly   hold   for 
this.      It    remains    tl  nlv    to   show    that    there   cannot    In-    more 
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than  ma'  distribution  fulfilling  this  condition,  and  the  other  conditions 
of  the  problem. 

If  possible,  let  another  potential  V,  at  other  points  of  the  field  than 
those  at  which  the  value  of  the  potential  has  been  assigned,  be  con- 
sistent with  the  given  surface  values  of  the  potential,  and  the  given 
distribution  of  electricity  elsewhere  in  the  field.  Then  V,  at  the  given 
surfaces,  must  coincide  with  Vt.  It  is  clear  that  a  potential  —  Vv 
having  the  value  —  Vg  at  the  surfaces,  is  a  solution  consistent  with 
change  of  sign  of  the  electrification  everywhere  from  that  which  pro- 
duces +  Vr  Hence  the  potential  V  —  V^  is  a  solution  consistent  with 
zero  electrification  everywhere  in  the  field,  with  zero  potential  at  the 
given  surfaces,  and  zero  potential  at  an  infinite  distance.  Hence  the 
potential  must  be  zero  everywhere  else,  otherwise  there  would  be  a 
region  of  maximum  or  minimum  of  potential  in  space  void  of  electri- 
fication, which  we  have  seen  above  to  be  impossible. 
Thus  if  Vl  coincides  with  V  at  the  surfaces  it  coin- 
cides with  V  everywhere  else,  and  the  solution 
obtained  is  the  only  one. 

200.  We  come  now  to  an  important  method  given 
by  Green  for  the  calculation  of  distributions.  Let  er 
be  the  density  at  any  element-  E  of  a  distribution 

over  the  surface  which  produces  by  its  own  action 

FIG.  5-_>.  a  potential  at  E  equal  to  that  produced  at  the  same 

point  by  a  unit  of  electricity  at  a  point  P  in  the 
field.  [See  Fig.  52.]  Then  the  potential  V  at  P  due  to  a  surface 
distribution  which  creates  an  arbitrary  potential  VE  at  E  is  given  by  the 
equation 

V  =  [  <rVEdS (59) 


in'which,  as  usual,  the  suffix  S  indicates  that  the  integral  is  taken  for 
every  element  of  the  surface. 

i  T^  For  if  E  be  any  other  element,  dS'  its  area,  a'  the  density  there 
corresponding  to  o-  at  E,  /„•  times  the  potential  at  .2?  due  to  the  distribution 

of  density  <r  is   I  v'lEE  .  dS',  and  this  by  hypothesis  has   the  value 

Js     ' 

\IEP.     If  o-j  be  the  density  at  E  of  the  distribution  required  to  create 
the  potential   VE  at  E,  the  corresponding  potential  V  at  P  is  given  by 


8  IS 

But  clearly  from  this  we  have 


=  r 
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If  the  surface  under  the  influence  of  tho  unit  charge  at  the  point  P 
he  maintained  throughout  at  zero  potential,  the  potential  will  be  zero  at 

y  point  of  it,  and  the  induced  distribution  must  be  such  as,  with  the 
unit  charge  at  1',  to  maintain  tin-  surface  at  zero  potential.     The  surface 
density   at    E  is  therefore    —  <r.     Hence  if  a-  be  used  to  denote  tin 
density  at    /,'  ot'  tin-  electrification  induced  by  the  point-charge  at  /'. 
we  must  write  instead  of  the  formula  just  obtained, 


V  =    -f<rF*Z$ (60) 


when  the  given  value  of  the  potential  at  E  is  not  zero,  but  the  arbitrarily 
specified  value  J"E 

Green's  Function 

•Ji'l.  The  problem  here  solved  is  known  as  Green's  problem,  and  is 
frequently  stated  somewhat  as  follows: — It  is  required  to  find  a  func- 
tion ( ',  which  shall  (1)  fulfil  Laplace's  equation  (or  to  adopt  a  common 

^nation  shall  be  harmonic}  throughout  a  certain  definite  space  tar 
bounded  by  a  single  surface  or  surfaces,  except  at  a  certain  point  P  in 
that  space  where  it  becomes  infinite;  (2)  be  such  that  U—\jkr  is 
harmonic  throughout  the  whole  space  w,  the  point  P  included  ;  (3)  give 
the  value  r,.  at  P  of  any  function  which  is  harmonic  throughout  the 

,ii'  .1  -pace  and  has  an  assigned  value  VE  at  each  element  E  of 
the  surface,  by  the  equation 


(61) 


where  '///  denotes  an  element  drawn  outwards  from  E  towards  the 

>paee   r>3. 

From  what  has  been  stated  above  it  is  plain  that  the  value  of  U  is, 
to  a  constant,  the  potential  due  to  a  unit  charge  situated  at  P together 
\\itli  that  of  the  charge  (called  induced  charge)  which  must  exist  on  the 
bounding  surface  if  that  is  everywhere  maintained  at  zero  potential  in 
presence  of  the  unit  charge  at  P.  For  clearly  <r  in  (60)  is  the 
density  th.-r  '  the  element  E  in  these  circumstances,  so  that 

We     I, 

-rr-' <62> 

4ir  dn 

The  value  of  ?/ IS,  except  as  to  the  c.,n-tant    referred   to.  unique. 

Tin-  function  U—l/kr  is  generally  denoted  by  G,  and  the  name 
n's  function  has  been  applied  to  it  by  Maxwell  an<l  others.  Thus 
'/  is  the  potential  at  /'dm-  to  the  induced  distribution  on  the  bounding 
surface. 

It  follows  from  the  reciprocal  relation  established  above  that  the 
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potential  GPI*  produced  at  any  point  P'  by  the  induced  distribution  on 
the  bounding  surface  when  there  is  unit  charge  at  P,  is  equal  to  the 
potential  GfP  at  P  due  to  the  induced  surface  distribution  when  there 
is  unit  charge  at  P.  This  may  be  proved  independently  as  follows  :  — 
Let  <r,  a  be  the  densities  of  the  distribution  at  E  in  the  first  case  and 
the  second  case  respectively.  We  have 


"  .....  <63) 

S          8 

Obviously  likewise 

.......     (64) 


Green's  Function  for  a  Spherical  Conductor.     Induced  Distribution  on  a 

Spherical  Conductor  and  on  an  Infinite  Plane  under  the  Influence 

of  a  Point-Charge.    Electric  Images 

202.  As  an  example  we  shall  find  Green's  function  for  a  sphere 
maintained  at  zero  potential  in  presence  of  a  positive  unit  charge  at  an 
external  or  internal  point  P.  First  let  P  be  external  to  the  sphere  ; 
the  function  will  relate  to  the  space  external  to  the  sphere.  We  note 
that  since  the  potential  at  the  surface  is  zero,  the  surface  distribution 
must  be  such  as  to  exactly  annul  \jkr  for  each  surface  element.  Let  a 
line  (Fig.  53)  be  drawn  joining  the  centre  0  of  the  sphere  with  P; 


•Q 


FIG.  63. 


let  /  denote  the  length  of  this  line,  and  a  that  of  the  radius  of  the 
sphere.  On  OP  take  a  point  P  such  that  OP  jo,  =  a//.  Then  if  P  be 
joined  to  any  element  E  of  the  spherical  surface,  the  two  triangles  OPE, 
OEP  are  similar,  and  we  have,  writing  /  for  PE,  r  for  PE,  /  =  raff. 
Thus  if  a  charge  —  a//  be  placed  at  P',  the  potential  produced  by  it 
at  E  will  be  —a/kfr'  or  —1/kr,  which  exactly  annuls  the  potential  l/kr 
due  to  the  positive  unit  at  P. 
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The  charge   —a//  at  P  thus  produces  the  required  distribution  of 

]..,t.-ntial  at  tin-  surface,  and   the  potential  due  to  it  at  external  points 

a  harmonic  function.     Hence  the  field  due  to  it  cannot  at 

\t.  rnal  point  differ  from  that  ilue  to  the  surface  distribution,  since 

\\c  have  seen  that  the  distribution  of  potential  is  in  the  circumstances 

unit|Uc  throughout  the  external  space. 

Thus  it'  ','  In-  at  any  point  of  this  space 

(65) 


and  the  potential  at  Q  is  given  by 

r'-k*eQ-V7a (66> 

K..r  any  element  E  of  the  surface  (since  PE  =  /)  we  have 

*£__*±(l\ 

dii  hf  dit  \r'J 

'1         f  1\ 

•     •     (67) 


\TT  dn  \irf  dn  \r        a  r 

To  calculate  this  we  notice  that  the  intensity  due  to  the  unit  charge 
'is  1  /./•-  and  is  in  the  direction  of  PE,  and  that  the  intensity  dn> 
the  char-,    —a  /  at  P  is  a/A//2  acting  in  the  direction  EP.     Resolving 
<ach   of  these   into  components  along  EO  and  PO  we  see   that  tl 
«,f  the  former  are  in  the  directions  PO,  OE,  and  those  of  the  latter  in 
the  direetions  OP,  EO.     Moreover  the  two  components  along  the  line 
OP  exactly    cancel  one   another,   while   the    sum    of    the    others    is 

v'3  — rt/r3)!/^  in  the  direction  EO.  This  may  be  written  (f2  —  a2)  /' 
Hei 

1  /*  -  a*  1 

<r  —       -7—  —  - C'c*) 

4n~         ct        f 

If  A,   A'  be  the  points   in    which   the  line   PO   meets   the   circle 
PA  =  ./'  —  ".  PA'  =/+  a,  so  that  the  result  may  be  written 

1    /'.I  .  PA    1 

C     o*    P* (68) 

very  easy  to  verify  l»y  direct  integration   that    this  result  - 
t    -hould,  for  the  whole  induced   charge   on    the   sphere,  the  value 

-  (/ 

<  >t  course  if  instead  of  a  unit  char-'     ''    /'.  </  units  were  there  placed, 

the  value  of  <r  would  have  to  be  increased  in  the  >ame  ratio. 

Let  now  the  unit  charge  be  at  an  internal   point   /'.  so  that  OP,  «r  f 
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is  now  less  than  a.  We  see  at  once  that  if  P  be  an  external  point  such 
that  OQ  =  «2//,  and  if  a  charge  —a//  be  there  situated,  the  sphere  will 
be  at  zero  potential.  The  corresponding  diagram  may  be  obtained  from 
Fig.  53  by  interchanging  the  letters  P  and  Pf,  and  placing  Q  inside.  The 
potential  at  any  internal  point  P  will  then  be 

VQ  =  k.PQ  ~  k'          .....     (69) 


Proceeding  in  the  same  manner  as  before  we  easily  find  for  this  case 

1  r/2  _/s  i 
<r  -  -  —  2i  ......     (70) 

4.7T  (I  H 

nnd  the  total  induced  charge  of  electricity  on  the  sphere  is  now  —1. 

The  point  P  in  these  solutions  is  called  the  electric  image  of  the  point 
P,  with  respect  to  the  spherical  conductor,  and  from  the  two  cases  we  see 
that  P  and  P  are  conjugate  to  one  another,  that  is  while  P  in  the  first 
case  is  the  electric  image  of  P  for  the  sphere  influenced  by  a  charge 
at  P,  P  is  the  image  of  P  for  the  same  sphere  influenced  by  a  charge 
at  P. 

If  we  suppose  a  to  be  very  great  in  comparison  with  the  distance,  h, 
say,  of  P  from  A,  we  have  /  =  a  +  h,  and  (68)  becomes 


approximately.  This  may  be  regarded  as  holding  exactly  when  a  (and 
therefore  also/)  is  infinite.  But  when  this  is  the  case  we  fall  on  the 
distribution  on  an  infinite  plane  maintained  at  zero  potential  under  the 
influence  of  a  positive  unit  point-charge  situated  at  P.  The  image- 
charge  —  a/f  is  here  —1,  and  is  situated  at  a  point  7*,  on  the  normal 
PA  produced  behind  the  plane,  such  that  PA  =  AP',  that  is  at  the 
optical  image  of  P  in  the  plane  regarded  as  a  reflecting  surface.  Thus 
the  density,  at  any  element  E  of  the  plane,  of  the  negative  induced 
distribution  varies  inversely  as  the  cube  of  the  distance  PE  of  the 
element  from  P.  A  figure  is  unnecessary. 

That  this  arrangement  of  inducing  charge  and  its  image  produces 
zero  potential  at  every  element  of  the  plane  is  obvious  since  the 
distances  PE,  PE  are  equal.  The  electric  intensity  outward  from  E, 
into  the  region  in  which  P  is  situated,  given  by  the  arrangement  is 
clearly  —  2/i/V3,  and  hence  since  this  is  4nr<r  we  get  the  result  expressed 
in  (71)  which  is  thus  verified. 

Nothing  is  more  easy  than  to  verify  by  direct  integration  that  the 
total  charge  on  the  plane  is  —  1. 

203.  If  the  sphere  be  no\v  supposed  uninsulated  and  charged  to  a 
uniform  potential  V,  the  distribution  upon  it  will  be  the  distribution 
just  determined  together  with  a  uniform  distribution  of  density 
a-  =  kV/4<7ra.  For  the  two  distributions  being  separately  possible  may 
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superimposed  to  give  a  possible  distribution  which  will  make  the 
potential  at  the  sphere  V,  and  afford  an  induced  distribution  due  to 
tin-  point-charge  (q  say)  at  P.  It  will  therefore  be  the  only  possible 
solution. 

The  potential  at  a  point  Q  at  distance  R  from  the  centre  of  the 
sphere  will  therefore  be  (1)  when  Pis  external  (/>«), 

r      v  °  4.      ?         ' 
}Q~  VR  +  k7PQ-l 

for  all  external  points,  and 

VQ  =  V 

for  all  internal  points ; 
(2)  when  P  is  internal  (/<«) 

r,-r| 

for  all  external  points,  and  J.    .     .     .     .     (73) 

vn  -,  V  4-      q          — 

*  k  .  PQ      kf  PQs 

for  all  internal  points. 

The  surface  density  at  any  element  E  will  in  case  (1)  be 

....     (74) 

and  in  case  (2)  (if  the  two  distributions  be  taken  together,  as  they  may 
be  if  they  are  supposed  to  be  on  an  ideal  single  surface) 

....     (75) 

Of  course  in  the  actual  physical  case  of  a  hollow  spherical  conductor  the 
uniform  distribution,  represented  by  the  first  term  on  the  right  of  the 
last  equation,  is  on  the  external  surface,  and  that  represented  by  the 
second  term  is  on  the  inner  surface,  the  two  being  physically  independent 
in  the  manner  already  explained. 

The  reader  may  prove  for  P  external  that  if  the  total  charge 
Q(  =  kaV—qajf)  of  the  sphere  fulfil  the  inequality 

.    3/  -  a  .    3/  +  a 


tie  re  is  a  circle  of  points  on  the  sphere  at  which  the  density  of  the 
distribution  is  y.ero ;  and  may  find  its  position  and  may  verify  that  the 
densiti.  s  at  A  and  A'  are  given  by  the  equations 


'-2=l*F-*77f^iJ 

for  A'  <r  = 
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It  will  be  noticed  that  when  the  inducing  charge  is  q  at  P,  we  have 
for  Green's  function,  or  the  potential  produced  at  a  point  Q  by  the  induced 
rhurge, 

......  <78> 


whether  P  be  external  or  internal  to  the  sphere.   It  is  to  be  remembered 
that  in  the  former  case/>a,  in  the  latter  /<«. 

In  the  case  of  a  plane,  a  =  f,  and  the  value  for  G  for  either  side  of 
the  plane  is  given  by  the  last  equation. 


Mutual  Force  between  Two  Charged  Spheres.    Explanation  of  an 
Apparent  Anomaly 

20-4.  We  can  now  find  the  actual  dynamical  stress  between  a  sphere 
of  radius,  b,  very  small  compared  with  a  and  /,  and  the  sphere  of 
radius  a,  supposed  charged  to  potential  V.  Let  the  small  sphere  have 
its  centre  at  P,  and  a  total  charge  +  §.  If  the  radii  of  the  spheres 
were  comparable  with  one  another,  and  with  the  distance  between  the 
centres,  the  influence  of  either  sphere  on  the  other  could  only  be 
expressed  by  an  infinite  series  of  electric  images,  in  the  manner  investi- 
gated below  in  the  chapter  on  electric  distribution  on  conductors.  But 
since  b  is  very  small  compared  with  a,  the  effect  of  q  on  the  distribution 
on  the  larger  sphere  may  be  taken  as  nearly  represented  by  the  single 
image  at  the  point  P'.  Also,  since  the  induced  density  on  the  small 
sphere  due  to  the  distribution  on  the  larger  is  approximately  that 
caused  by  the  charge  k  VJa  at  the  centre  of  the  larger,  and  —  qa/f  at  P', 
and  these  vary  inversely  as  the  cube  of  the  distance  of  an  element  of 
the  small  sphere  from  0,  or  P  as  the  case  may  be,  the  distribution  on 
the  small  sphere  may  be  taken  as  uniform. 

The  charge  and  potential  .of  the  small  sphere  are  thus  q,  q{l/b  —  a/ 
(f-  —  a2)}&  +  Fa//,  and  those  of  the  larger  sphere  Q(  =  kVa  —  qa/f),  V. 
The  electric  energy  of  the  system  is  therefore  given  by  the  equation 


The  work  done  against  electric  forces  in  separating,  by  externally 
applied  force,  the  spheres  through  a  further  small  distance  df,  will  alter 
E  by  an  amount  dE/df.df;  that  is,  —dE/df  is  the  mutual  repulsive 
force  between  the  spheres  in  the  line  of  centres.  But 


dE       Qq  2/2-  a2          ...    a  of 

~ 


(80) 
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Th«-  ton-.-  is  therefore  an  attraction,  zero,  or  a  repulsion,  according  as 
either  of  the  equivalent  expressions  on  the  right  of  (80)  is  negative, 
zero,  or  positive.  Hence  it  is  an  attraction  if  Vt  or  Q,  is  zero,  that  is,  it 
the  sphere  is  uninsulated,  or  if  it  has  no  charge  on  the  whole.  Also,  if 
/be  but  little  greater  than  a,  that  is,  if  the  small  sphere  be  very  near 
the  surface  of  the  larger,  /-.  —  "-'  is  very  small,  and  the  force  is  an 
attraction.  It'  Q  and  q  have  the  same  sign,  and  the  numerical  value  of 

«  greater  than  that  of  '/re?/-  -  az}jf(f-  -  «2)2,  or  if  V and  q  have 
the  same  sign,  and  the  numerical  value  of  kV\>e  greater  than  that  of 
-  a--,  the  force  is  a  repulsion. 

The  force  is  zero  when/3/^-  —  a-y-  =  kV/q ;  and  when  the  small  sphere 
is  in  the  position  given  by  this  relation,  it  is  obviously  in  unstable 
equilibrium. 

Tin -si-  results  explain  the  attraction  which  is  found  to  exist  between 
a  small  charged  sphere  and  a  similarly  charged  conductor,  when  the 
distance  between  them  is  small,  and  their  mutual  repulsion  when  they 
are  pla<-ed  at  a  sufficiently  great  distance  apart. 


Method  of  Inversion.    Geometrical  Inversion 

L'"").  In  the  examples  discussed  above,  we  have  instances  of  the 

»very  of  a  distribution  of  electricity  over  a  closed  surface  which 
produces  at  each  point  of  the  surface,  and  at  each  point  of  space  beyond 
the  surface  on  one  side,  the  same  potential  as  is  produced  by  a  distribu- 
tion within  the  space  on  the  other  side  of  the  closed  surface,  and  it  has 
been  seen  that  the  surface  distribution  found  is  unique.  This  is  always 

ilil.  for  any  surfaces  open  or  closed,  or  infinite  in  the  electric  field, 
that  is,  one  distribution  and  only  one  over  these  surfaces  can  be  found 
which  -hall  produce  at  each  point  of  them,  and  at  each  point  of  space 
entirely  separated  from  a  given  distribution  of  electricity  by  those  of  the 
surfaces  which  are  closed  or  infinite,  the  same  potential  as  results  from 
the  given  distribution.  We  shall  deal  fully,  however,  Avith  this  subject 
in  a  later  chapter;  but  the  applications  of  the  method  of  images  afford 
Borne  excellent  examples  of  equivalent  distributions;  and  the  solution^ 
can  be  greatly  multiplied  by  the  method  of  inversion,  first  applied  to 
1  problems  by  Lord  Kelvin.1 

^nii.  It  may  be  convenient  to  recall  here  in  the  briefest  possible 
manner  th.  m.  aning,  and  some  of  the  results  of  geometrical  inversion. 
In  Fig.  -->4  the  distances  OP,  OP't  OQ,  OQ'  fulfil  the  relation 


<H>  .  ol''      <><j  .  <></      „   .....     (81) 

The  point  P  is  called  the  t  the  point   /'with  respect  to  0,  which 

died   the  c.-ntre  of  inversion  ;  ami  similarly  Q'  is  the  inverse  of  V 

with  respect  to  O.     If  any  system  of  points  P,  (?,...  be  given,  a  cor- 

responding system  of  inverse  points  P  ,  Q',  .  .  .  can  be  found,  and  it  the 

1  See  Electrostatics  and  Magnetism,  2nd  Edition,  p.  114  ctseq. 

I.  '2 
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first  form  a  definite  locus,  the  latter  will  form  a  corresponding  derived 
locus.  We  shall  call  the  first  the  direct  system,  the  latter  the  inverse 
system  of  points.  Of  course,  if  F,  (?',...  be  regarded  as  the  direct 
system  of  points,  the  corresponding  inverse  system  is  P,  Q,  .  .  .  with 
regard  to  the  same  centre.  Each  point  F  is  the  image  of  the  point  P 
in  the  sphere  of  radius  a  and  centre  0.  This  is  called  the  sphere  of 
t/trt'rsion  and  its  radius  the  radium  of  inversion. 

The  triangles  OQP,  OP'Q'  in  Fig.  54  are  similar,  and  therefore  the 
angle  OQP  is  equal  to  the  angle  OFQ'.  Thus  if  P,  Q  be  very  near  points, 
so  that  OP,  OQ  are  nearly  parallel  to  one  another,  the  angle  OQP  is 
nearly  equal  to  the  angle  PQ'Q,  that  is,  the' line  QP  is  inclined  to  QQ' 

at  the  same  angle  as  that  at  which 
Q'F  is  inclined  to  Q'Q.  Hence  the 
inverses  of  any  two  lines  or  surfaces 

intersect   at   the  same  angle  as  do 

o  Q'  Q    the  original  lines  or  surfaces. 

FIG.  54.  The  inverse  of  a  circle  is  another 

circle,  and  therefore  that  of  a  sphere 

is  another  sphere.  For  let  PQ  (Fig.  54)  be  the  extremities  of  a  diameter 
of  the  circle,  and  R  any  other  point  on  the  circle,  then  PEQ  is  a  right 
angle.  The  inverse  points  are  F,  Q',  R'  and  the  angle  FR'Q'  is  equal 
to  a  right  angle  ±  the  angle  POQ,  according  as  OR  does  or  does  not 
intersect  PQ.  Hence,  as  R  moves  round  the  circle,  R'  moves  round 
another  circle  which  is  the  inverse  of  the  former. 

If  b  be  the  radius  of  the  circle  (or  sphere)  and  C  its  centre,  the  circle 
(or  sphere)  inverts  into  itself  when  OC-  —  l>'2.=  «2. 

The  inverse  of  a  straight  line  is  a  circle  passing  through  the  centre 
of  inversion.  For  let  P  be  a  point  on  the  straight  line  such  that  OP  is 
at  right  angles  to  PQ,  where  Q  is  any  other  point  on  the  line.  Then  if 
P,  Q'  be  the  corresponding  inverse  points,  P'  is  fixed,  and  OQ' P'  is  a 
right  angle  for  every  position  of  Q',  and  Q'  is  the  inverse  of  all  points  on 
the  line  which  are  infinitely  distant  from  P.  Hence  the  locus  of  Q'  is  a 
circle  of  which  OF  is  the  diameter. 

It  follows  from  this  that  the  inverse  of  an  infinite  plane  is  a  spherical 
surface  passing  through  the  centre  of  inversion. 

According  as  the  centre  of  inversion  is  without  or  within  the  surface 
inverted,  the  space  within  the  inverse  is  the  inverse  of  the  space 
within  or  without  the  original  surface,  and  the  space  without  the 
inverse  is  the  inverse  of  the  space  without  or  \vithin  the  original 
surface. 


Electrical  Inversion.    Derivation  of  Induced  Distribution  from 
Equilibrium  Distribution  and  Vice-versa 

207.  The  point  P  which  we  have  called  the  electric  image  of  P  with 
regard  to  the  sphere  AEA'  is,  it  will  be  observed,  the  inverse  of  the 
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point  P  with  regard  to  the  same  sphere,  taken  as  sphere  of  inversion. 
It  has  been  shown  that  a  charge  7"  /  at  P'  will  produce  a  potential  at 
every  point  of  the  spherical  surface  equal  to  that  produced  by  q  at  the 
point  P,  while,  according  as  P  is  external  or  internal  to  the  sphere,  the 
potential  due  to  the  charge  at  P'  will  be  a  harmonic  function  for  all 
external  or  all  internal  points.  We  shall  call  this  the  inverse  of  the 
charge  //  at  P,  reserving  the  term  image-charge  or  image-distribution 
for  the  inverse  distribution  with  sign  reversed. 

If  instead  of  a  single  point-charge  at  P  there  be  a  system  of  point- 
charges  <7j,  </.,.  ...  at  points  P,,  P.,,  .  .  .  without  or  within  the  sphere  of 
inversion,  a  system  of  point-charges  q^'f^  52«//2,  .  .  .  situated  at  points 
P',.  P2,  .  .  .  will  l>e  the  inverse  distributions,  and  will  produce  the  same 
potential  at  the  sphere  as  does  the  former  system  of  charges.  Thus  to 
any  distribution  without  or  within  the  sphere  of  inversion  corresponds 
another  distribution  which  is  within  or  without  the  sphere,  and  is  the 
inverse  of  the  former. 

space  or  surface,  as  the  case  may  be,  occupied  by  the  inverse 
distribution  is  the  inverse  of  that  occupied  by  the  given  distribution. 
We  easily  see  that  if  dw,  dw',  dS,  dtf  be  elements  of  volume  and 
elements  of  surface  in  tin-  direct  and  inverse  distributions,  and  p,  p', 
<r,  tr'  denote  the  volume  densities  and  the  surface  densities  in  the  two 
cases, 

dS'  =, ,_ 

4'4    ~'     _4     ~~     f±    I 

t*        .  r         (82) 

and  p       J*        a*      &        /3       a3 


. 
p        o5  "7*      <r        o8  ~  f* 

It  V  be  the  potential  at  any  point  Q  due  to  the  point-charge  q 
at  P.  we  have  V  =  q  (k.PQ}.     The  potential  produced  at  Q',  the  inverse 
of  Q,  by  the  corresponding  image-charge  at  /*'.  is  </«  'f];.P'Q'}.     Hence 
'  be  put  for  Oty,  OQ'  we  easily  rind 

—  =  _=  - 

V  ~  a  ~  / 

••rdin-ly.  since  this  is  a  ratio  independent  of  the  position  of  P,  if 
V,  V'  denote  respectively  the  potentials  at  the  points  (>,  Q'  due  to  the 
win.]./  direct  and  inverse  distributions  respectively,  we  obtain 

V  =  -  V  =  "  (83) 

a          r 

Thus  it'  V  is  a  constant  over  any  -mtaee  X,  V  is  not  a  constant  over  the 
inverse  surface  .S"  unless  r  is  a  constant,  that  is,  unless  the  equipotential 
surface  is  a  sphere  concentric  with  the  sphere  of  inversion,  when  its 
inverse  is  concentric  \\ith  it  and  is  an  e. juip,. tent  ial  surface  of  the  inverse 
or  image-distribution. 
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In  the  case  in  which  V  is  a  constant  and  r  variable,  we  may  reduce 
the  potential  of  the  inverse  surface  &  to  zero  by  placing  at  the  centre  of 
inversion  a  charge  —  kaV.  This  will  produce  at  any  point  at  distance  r' 
from  0  the  potential  —aV/r'  which  is  equal  and  opposite  to  V  or  aVJr'. 
Thus  if  S  be  the  surface  of  a  conductor  on  which  the  direct  charge  is  in 
equilibrium,  the  addition  of  this  point-charge  at  0  to  the  inverse  dis- 
tribution shows  that  the  latter  is  the  induced  distribution  on  the  inverse 
surface  produced  by  a  charge  — a V  at  0.  The  image-charge  on  S' 
corresponding  to  that  on  S  is  thus  the  induced  distribution  on  £'  due  to 
a  point-charge  a  V  at  0. 

Thus  by  the  process  of  inversion  we  obtain  an  induced  distribu- 
tion on  the  inverse  surface  from  a  given  equilibrium  distribution  all 
at  one  potential,  or  conversely  obtain  from  a  given  induced  distri- 
bution on  a  surface,  a  natural  equilibrium  distribution  on  the  inverse 
surface. 

If  S  be  not  the  surface  of  a  conductor,  but  one  of  the  equi-poten- 
tial  surfaces  of  the  given  distribution,  its  inverse  *S"  is  maintained  at 
zero  potential  by  the  inverse  distribution  and  the  charge  —  aV  &t  0. 
Generally  the  given  distribution  lies  part  within  part  without  any 
chosen  surface  S.  Let  these  parts  be  denoted  by  qv  §2  respectively,  and 
their  inverses  by  q'v  q'z.  Then  if  0  be  without  S,  q\  is  within  and  q'z 
Avithout  S',  and  vice-versa  if  0  is  Avithin  S. 

NOAV  consider  the  distribution  made  up  of  the  two  parts  of  the 
inverse  distribution  q'v  q'2,  and  the  charge  —  a  V  at  0,  and  suppose  all 
points  of  $'  to  be  at  zero  potential.  The  Avhole  quantity  of  electricity 
Avithin  tf  properly  distributed  over  that  surface  Avill  in  each  case  produce 
the  same  potential  at  all  points  outside  the  surface,  as  is  produced  by  the 
internal  distribution.  If  the  internal  distribution  be  annulled  and  this 
surface  distribution  be  substituted,  the  total  potential  at  all  external 
points  will  be  unaltered,  while  that  of  each  point  on  the  surface  and 
within  it  will  be  zero.  The  amount  of  the  charge  thus  distributed  will 
be  q\  if  0  be  without  S,  and  q'^  —  aV  in  the  other  case ;  while  in  each 
the  density  will  be  ( —  kd  V/drif/Air,  where  d  V/dn  is  the  rate  of  change  of 
the  total  potential  outAvards  from  the  surface  Sf. 


Inversion  of  Uniform  Spherical  Distribution.    Problem  of  Two  Parallel 
Infinite  Conducting  Planes  with  Point-Charge  between  them 

209.  We  may  illustrate  the  method  of  im-ersion  by  applying  it  to 
one  or  two  simple  examples,  reserving  more  recondite  cases  for  later 
discussion. 

First  of  all  AVC  shall  invert  a  uniformly  charged  sphere.  Let  the 
potential  of  the  sphere  be  denoted  by  V,  its  radius  by  /8,  the  radius  of 
inversion  OA  (Fig.  55)  by  a,  the  distance  of  the  centre  of  inversion  0 
from  any  point  P  of  the  image  by  r,  the  distance  of  the  same  point  O 
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from  the  centre  of  the  inverse  sphere  by/,  and  the  radius  of  the  inverse 
>phere  by  a.     We  have 

a2a 


•rding  as  0  is  external  or  internal  to  the  given  sphere.     But 

a3          a3  kV 


Hence,  substituting  the  value  of  ft  just  found  we  obtain 

,          /a  -  qg  kVa 


iding  as  0  is  external  or  internal. 

According  as  0  is  external  or  internal  to  the  given  sphere,  and  is 
therefore  external  or  internal  to  the  inverse,  the  spaces  external  and 


Fiu.  55. 


internal  to  the  former  are  respectively  the  spaces  external  and  internal 
or  internal  and  external  to  the  latter.  Hence,  according  as  0  is  external 
or  internal,  the  potential  of  the  inverse  distribution  at  every  internal 
point  or  at  every  external  point  of  the  inverse  surface  is  the  same  as  that 
of  a  charge  k  Va  at  0. 

Also,  since  the  potential  of  the  given  sphere  is  the  same  for  all 
external  points  as  if  its  charge  V&  were  concentrated  at  its  centre  C, 
the  potential  of  the  inverse  distribution  is  the  same  at  every  point, 
external  to  the  inverse  sphere  when  0  is  external,  and  internal  when  0 
is  internal,  as  that  of  a  charge  q  =  k  Vft.aJOC  concentrated  at  the  image 
/  (Fig.  55)  of  the  centre  of  the  given  sphere.  But  OC  =  ±  a*ff(f*  -  a*) 
and  J3  =  +  a2a/(/*  —  a2)  according  as  C  is  external  or  internal  Hence 


q    =  ^ 

that  is,  the  charge  is  the  image  in  the  inverse  sphere  of  the  charge 
-kVa  at  0. 
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For  01  we  have  01.  00  =  a2,  or 

01  =  ±' 


/ 


that  is,  7  is  the  image  of  0  in  the  inverse  sphere. 

These  results  are  those  which  have  already  been  obtained  above 
(pp.  143  et  seq.}. 

210.  Next  we  shall  find  the  induced  distribution  for  the  case  of  two 
infinite  parallel  planes  with  a  point-charge  between  them.  This  will 
afford  an  example  of  the  method  of  successive  influences  introduced  first 
by  Murphy  1  for  the  solution  of  the  problem  of  the  mutual  influence  of 
conductors.  We  shall  then  invert  this  system  and  from  it  obtain  the 
distribution  on  two  mutually  influencing  spheres. 

Let  AB,  Fig.  56,  be  the  traces  of  two  parallel  planes  on  a  perpen- 
dicular plane  through  P,  a  point  between  them  at  which  a  charge  of 


FIG.  56. 

amount  q  is  situated.  Let  a,  ft  be  the  respective  distances  of  P  from 
C,  D,  the  points  in  which  a  perpendicular  through  P  meets  the  planes, 
and  E  a  point  on  the  plane  A  at  a  distance  7  from  C.  The  planes  are 
to  be  supposed  maintained  at  zero  potential,  and  it  is  required  to  find 
the  induced  distribution  upon  them  and  the  field  at  any  point  between 
them. 

If  the  plane  B  were  removed  the  density  at  E  due  to  q  at  P  would 
by  (71)  be  —  qa/2Tr(a?  +  72)?.  But  the  induced  electrification  which  q 
at  P  would  induce  if  A  were  removed,  produces  the  same  field  to  the 
left  of  B  as  that  due  to  a  charge  —  q  at  a  point  /,  distant  ft  from  D  on 
PD  produced,  and  the  corresponding  electric  density  at  E  is  therefore 


2,r  {(a  +  2£)2  +  72}i 

These  two  electrifications  of  A  produce  respectively  the  effects  on 
the  electrification  of  B  of  charges  —  q,  +q  to  the  left  of  A  on  PC  pro- 
Murphy's  Electricity,  Cambridge,  1833. 
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duced,  the  former  at  a  point  Jv  distant  a,  the  latter  at  a  point  «72  distant 
a  +  2$  from  C.  The  electrifications  of  B  thus  produced  have  on  A  the 
effects  <>t  charges  +q,  —q  at  points  /,.  /..  distant  3a  -f-  2/9,  3a  +  4/9  to 
the  right  of  A  on  CD.  The  correspond iiij,r  densities  at  E  are  therefore 

q  3o  +  2ft  q  3a  +  4)8 


UTT  !(3a  +  L>0)2  +  /J?       '2ir  |(3a  +  4/8)2  +  /)* 

In  the  same  way  another  pair  of  densities  at  E  could  be  found  corres- 
ponding to  point-charges  +  q,  —q  at  the  respective  distances  5a  +  4/9, 
~>a  +  6/9  to  the  right  of  A,  and  so  on. 

The  electrification  of  A  is  that  which  would,  if  />'  were  removed,  be 
produced  by  +q  at  P  and  an  infinite  trail  of  images  Iv  /2,  .  .  .  of  charges 
—  q,  +q,  —q,  .  .  .  at  points  to  the  right  of  P  on  CD  produced.  The 
potential  at  every  point  of  A  or  to  the  left  of  it  is  plainly  the  potential 
due  to  +q  at  P,  and  the  image-charges  to  the  right  of  P\  and  this  is 
< -ijual  and  opposite  to  the  potential  at  the  same  point  produced  by 
tin-  electrification  of  A.  Similar  results  hold  for  B  and  the  images 
to  the  left. 

The  potential  at  any  point  between  the  planes  produced  by  the 
electrification  of  either  is  that  due  to  the  trail  of  images  behind  that 
plane,  and  the  total  actual  potential  at  any  such  point  is  the  sum  of  the 
potentials  duo  to  q  at  P  and  the  two  trails  of  images. 

To  verify  that  the  potential  of  each  of  the  planes  is  zero  let  V  be  the 
potential  at  any  point  E  of  the  plane  A.  Then 


i(JL 

l\PM 


I^E    iZn+lEj     ^(J^E  ~  J^E)  }  •   (84) 


where  n  has  every  integral  value  from  0  to  DC. 

Since  J^E  =  PE,  the  first  term  is  zero  ;  further,  each  series  is  con- 
vergent, and  the  terms  of  the  two  series  (which  are  arranged  in  the  same 
order  in  both)  are  identically  equal.  Hence  V  is  zero,  and  the  above 
process  gives  the  required  result. 

The  charges  and  distances  of  the  images  Ir  /.„  .  .  .  are  given  by  the 
table 

Images  /a*  .  i  7ow 

Cliarges  -  q  +  q 

Distances  from  P  2(n  -  l)a  +  2n/J  2n(a  +  ft) 

where  n  has  every  positive  integral  value  from  1  to  x.  The  charges  and 
distances  of  the  images  «7j,  «/,,  .  .  .  are  given  by  the  same  table  when  a 
and  /9  are  interchanged. 
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Clearly  the  density  cr  at  E  is  given  by  the  equation 

n=oo 

q  ^     r         (2n  +  l)a  +  2(n  +  I) ft 
*  =  to&     l_{[(2n  +  l)a  +  2(?T+  1)£]2  +  y2}? 

it  =0 

(2n  +  l)a  +  2nj8        "1 
"  {[(2n  +  l)o  +  2w)3]2  +  y2}ij     ' 


CHAP. 


where  n  is  any  positive  integer.  The  density  at  any  point  F  on  B  is 
given  by  this  equation  with  a  and  $  interchanged,  and  7  taken  as  the 
distance  from  D  to  F. 


Distribution  on  Two  Spheres  in  Contact  Obtained  by  Inverting  Induced 
Distribution  on  Two  Parallel  Planes 

211.  We  now  invert  the  solution  just  discussed.  Let  the  centre  of 
inversion  be  P,  the  radius  of  inversion  a,  and  let  the  planes  and  suc- 
cessive images  be  inverted,  omitting  the  charge  at  P.  The  inverses  of 
the  planes  are  spheres  touching  at  P,  as  shown  in  Fig.  55,  and  the 


-Fie.  57. 


distribution  on  either  sphere  is  the  inverse  of  the  distribution  on  the 
corresponding  plane.  For  the  inverse  charges  corresponding  to  the  trail 
of  images  Iv  /„,...,  and  their  distances  we  have 


Images 
Charges 

Distances  from  P 


—  qa 


+  qa 


2(n  - 


2(n  -  l)a  + 


2n(a  +  ft) 

q2 
2n(a  +  ft) 


where  n  has  every  positive  integral  value  from  1  to  ce. 

The  table  for  the  images  Jv  J"2,  is  formed  from  this  by  interchanging 
a  and  8. 
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Tlu-  diameters  of  the  spheres  A,  !'•  an  respectively  a-,  a,  a2/^,  and 
tht-relbix-  tin-  inverse  charges  corresponding  to  /2,  /2,  .  .  .  are  within  the 
>nhrn-  1>,  ami  the  other  series  within  the  sphere  A. 

The  potential  at  any  point  on  the  planes  or  behind  them  is  zero,  and 
tln-refore  the  potential  at  any  such  point  due  to  the  distribution  on  tin 
planes  is  equal  to  that  of  a  charge  —  q  situated  at  P,  that  is  —qfr,  whnv 
r  is  the  distance  of  the  point  from  P.  The  potential  at  any  point 
on  or  within  the  spheres  is  therefore  —  q/a,  a  constant  quantity. 
Again,  since  the  potential  produced  by  the  electrification  of  either  plain- 
at  any  point  on  the  plane  or  in  front  of  it  is  the  potential  due  to  the 
trail  of  images  behind  the  plane,  the  potential  at  any  point  on  or 
external  to  either  sphere  produced  by  the  distribution  on  the  sphere  is 
tin-  potential  at  that  point  of  the  trail  of  images  within  the  split-re. 
The  charge  on  each  sphere  is  therefore  equal  to  the  sum  of  the  image- 
•  •harges  whose  positions  fall  within  it  ;  and  the  distribution  thus  found 
is  the  equilibrium  distribution  when  the  spheres  are  freely  electrified  in 
contact. 

In  carrying  out  the  solution  we  shall  in  inverting  reverse  the  signs  of 
all  the  charges,  so  that  F"will  be  +q/a. 

Denoting  the  charge  on  the  sphere  B  by  QB,  and  the  radii  of  the 
spheres  A,  B  by  rv  r2  respectively,  summing  the  image-charges,  and 

-tituting  in  the  result  V  for  +q/a,  a2/2r1  for  a,  «'-/2r0  for  ft,  we  ^ 


r;  (» 

H=0 


<86> 


where,  as  indicated,  n  has  every  integral  value  from  0  to  oc. 

A  similar  expression  with  rv  r<,  interchanged  holds  for  QA. 

The  capacities  of  the  spheres  are  of  course  equal  to  these  expressions 
divided  by  V. 

Multiplying  the  expression  for  the  density  at  any  point  of  the  plane 

A  by  a3//3  [see  (82)  above]  where  r   is  the  distance    from  P  of  the 

corresponding  point  E  on  the  sphere  A,  making  the  substitutions  already 

ified  above,  and  besides  putting  a4(l/r'2  —  1/4-r^)  for  y-,  we  get  for 

the  density  at  K 

'VV      *  (2n 

' 


l)r._,  +  2nr,!-  +  irjV^  -  r'V22]? 
«=o 

(•!,.  4-  l)r,  +  2(n  +  l)r,     n 

•i~I — ^STsi?        '    ' ' 


l)r,  +  2(n  +   \)r^  +  4r^  -  *" 

This  expression  is  convergent  (unless  r  =  0),  and  from  it  the  den-it  \ 
at  any  point  can  be  approximately  calculated  in  terms  of  the  potential 
V,  the  radii  rt,  r2,  and  the  distance,  r',  of  the  point  considered  from  P. 
But  if  r  be  very  small  the  value  of  the  density  is  known  from  other 
considerations  to  be  very  small  also,  hence  the  calculation  need  not  be 
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carried  out  except  for  moderately  large  values  of  r.  That  the  density 
is  zero  when  r'  =  0,  is  evident  from  the  fact  that  the  spheres  are  there 
in  contact,  and  since  in  the  immediate  neighbourhood  of  that  point  the 
surfaces  are  very  close  and  very  nearly  parallel,  a  surface  element  there 
is  practically  within  a  closed  conductor,  and  there  can  be  no  sensible 
charge  upon  it. 

The  charge  on  each  sphere  may  be  regarded  as  the  difference  of  the 
sums  of  two  harmonic  series.  Each  series  is  divergent,  but  the  two  sets 
of  terms  taken  together  as  in  (86)  constitute  a  convergent  series,  and 
hence  the  charge  can  be  approximately  calculated  for  given  values  of 
V,  rr  rz.  Equation  (86)  may  be  written 

«=» 
QB  =  JcV    rfa    ^    __.  (88) 

2n=0 


-  •  -  •  m 


as  may  be  verified  by  taking  as  successive  terms  under  the  sign  of  inte- 
gration the  product  of  the  numerator  into  successive  terms  of  the  series 
1  +  6  +  8~  +  .  .  .  ,  and  then  integrating  term  by  term. 

This  is  the  form  in  which  the  result  was  given  by  Poisson.1  Of 
•course  the  corresponding  value  of  QA  is  obtained  by  interchanging  r^  and 
rz  in  the  exponential. 


Case  of  Two  Equal  Spheres.    Electric  Kaleidoscope 
212.  When  •rl  =  r.2,  we  have 

-  J  +  .  .  .) 
j  log,  2  -  -693147  AFr,     ....     (90) 

or  the  charge  on  each  sphere  is  to  the  charge  on  the  sphere  when  alone 
in  the  field  and  at  potential  V,  as  log^L  is  to  1. 
If  '/*!  be  small  in  comparison  with  r.y 


^*    n(n 

n=0 


(91) 


since  £{!/«(«  +  !)}  =  !.     The  charge  is  therefore  nearly  the  free  charge 

1  Memoires  de  Vlnstitul,  1"  partie,  p.  1.     See  also  Plana,  M£m.  de  1'Acad.  des  Sci.  de 
Turin,  Ser.  II.,  t.  vii,  p.  71,  for  a  fuller  development  of  Poisson's  method  and  results. 
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which  the  sphere  would  have  if  alone  and  at  potential  V.     The  im  an 
density  is  k  lrJ±Trr.,.     On  the  same  supposition  we  have 

H  =  X> 

QM  •-  ]fV^-L  S*  =  leV^L  :  /Q9\ 

V^f  «•'        ,      ^       >          ,      TVO  •»  ...         V.*7*/ 


w=0 


and  the  mean  den>ity  i>  $k  P7r2/47rr2.  Thus  the  mean  density  of  the 
small  sphere  is  to  that  of  the  large  sphere  as  7T2/6,  or  1*645,  is  to  1. 

This  result  is  important  in  its  application  to  the  interpretation  of  the 
result  of  the  method,  sometimes  employed,  of  determining  electric  dis- 
tribution by  bringing  a  small  conducting  ball  into  contact  with  thu 
charged  conductor  at  different  points,  so  as  to  receive  charges  the 
amounts  of  which  are  compared.  The  electric  density  at  the  point 
before  contact  is  to  the  mean  density  on  the  ball  very  approximately 
as  1  is  to  1*645.  This  result  holds  whether  the  charged  conductor  be 
spherical  or  not,  provided  its  curvature  be  continuous  round  the  point  of 
contact  over  a  distance  great  in  comparison  with  the  radius  of  the  ball, 
and  be  small  compared  with  that  of  the  ball. 

In  the  case  of  two  infinite  planes  intersecting  at  an  angle  2?r/7i,  (n  a 
whole  number)  and  influenced  by  a  point-charge  at  a  point  P  between 
them,  the  number  of  image-charges  is  n  —  1.  They  are  placed  like  tin- 
images  in  a  kaleidoscope,  of  which  the  planes  are  the  mirrors,  and  P  is 
the  object,  and  consist  of  charges  —  q,  +q,  alternately,  when  taken  in 
order  round  the  circle  on  which  they  lie.  The  inversion  of  this  giv.  > 
the  distribution  on  two  spheres  cutting  at  an  angle  2?r/7i. 

We  leave  the  theory  of  electrostatics  for  the  present  at  this  point, 
and  proceed  to  a  short  discussion  of  steady  flow  of  electricity  as  a  pre- 
liminary to  a  chapter  on  electromagnetism.  Other  cases  of  distribution 
and  questions  regarding  a  field  occupied  in  different  regions  by  different 
dielectrics  will  be  considered  in  a  later  chapter. 


CHAPTER  VI 

STEADY  FLOW  OF   ELECTRICITY   IN   LINEAR  CONDUCTORS 

Process  of  Change  from  the  State  of  Equilibrium  to  Another.    Electric 

Current 

213.  Consider  a  condenser  so  charged  that  while  one  plate  is  at  zero 
potential  the  other  has  a  charge  Q  and  is  at  potential  V.  According  to 
the  theory  given  above,  the  energy  E  of  the  condenser  is  given  by  the 
equation 

i    rrTi2 
E  =  - 


in  which  one  integral  is  taken  over  the  surface  of  the  charged  conductor, 
and  the  other  along  a  line  of  induction  from  the  charged  conductor  to 
the  other. 

Now  consider  two  condensers  perfectly  similar  in  size  and  all  other 
respects,  and  so  situated  relatively  to  one  another  that  they  are  without 
mutual  influence  when  independently  charged.  Let  one  of  these  be 
charged  as  just  described,  and  let  its  charged  plate  be  connected  by  a 
fine  wire  to  the  corresponding  plate  of  the  other,  while  the  second  plate 
of  the  latter  is  kept  at  zero  potential.  It  is  found  by  experiment  that 
when  this  is  done  a  new  state  of  the  condensers  is  reached,  in  which  the 
field  between  the  plates  of  the  condenser  becomes  the  same  in  both 
cases,  and  that  the  intensity,  at  any  given  point,  of  the  field  of  the 
originally  charged  condenser  is,  as  nearly  as  can  be  observed,  half  what 
it  formerly  was. 

Thus  we  have  half  the  former  field-intensity  and  therefore  also  half 
the  induction  ;  but,  as  the  area  of  the  charged  plate  has  been  doubled,  the 
value  of  the  enregy  given  by  the  equation  written  above  has  only  been 
halved.  In  other  words  the  difference  of  potential  between  the  plates 
has  been  halved,  the  charge  has  remained  constant. 

If  the  condensers  are  not  equal  in  capacity  the  potential  resulting 
from  the  operation  stated  has  the  ratio  to  the  original  potential  of  the 
capacity  of  the  originally  charged  condenser  to  that  of  the  condenser 
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made  up  of  the  two  when  placed  in  contact.  In  all  sharing  of  charges 
between  conductors  tin.-  ivsultinx  distributions  are  consistent  with  con- 
stancy of  the  total  charge,  that  is  with  constancy  of  the  surface-integral 
of  induction  across  a  closed  surface  surrounding  all  the  charged  con- 
ductors, and  described  in  their  field. 

This  is  the  result  of  the  equalisation  of  potential  between  the 
charged  and  uncharged  plates  connected  together:  we  have  to  inquire 
what  has  become  of  the  difference  of  energy.  That  there  is  expenditure 
of  energy  is  due  to  the  fact  that  a  spark  may  be  produced  when 
the  contact  is  made,  and  in  any  case  heat  is  produced  in  the  connecting 
wires. 

The  mode  in  which  the  transfer  of  energy  is  imagined  to  take  place 

described  in  general  terms  in  Arts.  127,  128  above.  The  tubes  of 
induction  move  outwards  laterally  (from  a  disturbance  of  the  balancing 
lateral  action  set  up  by  making  the  connection)  with  their  ends  on  the 
wire,  and  the  transference  goes  on  until  they  have  taken  up  the  new 
equilibrium  arrangement,  with  the  same  number  of  tubes  in  each  of  the 
t\\o  equal  condensers.  As  the  tubes  move  their  energy  is  in  part 
absorbed  by  the  connecting  wires  and  conductors,  along  which  the  tubes 
are  guided,  and  passes  from  the  medium  across  the  bounding  surface  of 
the  conductor.  The  energy  thus  absorbed  is  dissipated  in  heat  in  the 
conductor,  and  its  total  amount  is  independent  of  the  nature  of  the  con- 
ni-eting  wire,  provided  the  latter  is  not  such  as  to  make  any  addition  to 
the  united  capacity  of  the  two  condensers.  The  rate,  however,  at  which 
the  energy  is  thus  transformed  and  at  which  the  redistribution  is 
effected  depends  very  much  upon  the  wire  and  its  arrangement,  as  we 
shall  see  later.  The  whole  question  of  flow  of  energy  in  the  dielectric 
medium  will  be  fully  considered  in  the  chapter  which  follows  on  general 
electromagnetic  theory. 

The  amount  of  energy  thus  lost  from  the  system  may  be  calcu- 
lated from  the  considerations  put  forward  in  Section  II.  of  the  preceding 
chapter  (Art.  180).  Let  the  two  condensers,  instead  of  being  equal, 
have  capacities  Clt  C'2,  and  have  initially  charges  Qv  Qz  before  they 
are  put  in  communication.  Before  contact  the  energy  of  the  system 
was  Wl^  +  \QffCv  after  contact  it  is  •!(#,  +  &?/(£',  +  C£.  The 
loss  of  energy  is  therefore  A(#,O,  -  (}&)*/ {CffiG,  +  CJ},  which  is 
( essentially  positive.  If  t  be  the  time  of  transition  the  average  rate  of 
passage  of  energy  from  the  conductors  to  whatever  form  or  forms  it  may 
take,  is  \(Q,C,  -  Q.tf,)*/ W,^  +  CJ\. 

The  second  conductor  has  now  charge  C^(Ql  +  Q-t)l(Cl  +  C^),  while 
the  first  has  C^  +  Q^)t(Cl  +  (72).  The  Quantity  of  electricity  which 
has  been  gained  by  the  second  conductor  is  tlius  C\(Ql  +  Q^)/(Cl  +  Cj)  —  (?2 
<»r  (C«Qi  —  C,Q2)l(Cl  +  C2),  and  this  is  equal  to  the  loss  of  charge  fr»ni 
the  first.  The  average  rate  of  transference  of  charge  has  thus  been 
(C*Q\  —  @iQt)/t(Ci  +  C2),&nd  this  we  call  t  he  average  current  of  electricity 
which  has  flowed  along  the  wire  during  the  transition. 
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Steady  Currents 

214.  When  the  rate  of  flow  varies  with  the  time  the  current  at  any 
cross  section  of  the  conducting  wire  is  measured  of  course  at  each  instant 
of  time  by  —  dQ/dt,  the  time-rate  of  loss  of  charge  by  the  conductor  ;it 
higher  potential.     The  comparison  of  currents  experimentally  will  be 
dealt  with  later,  at  present  it  is  sufficient  to  obtain  a  specification  of  the 
amount  of  a  current. 

In  the  greater  number  of  cases  with  which  we  are  concerned  in 
practice,  the  current,  whether  constant  or  varying  with  the  time,  has  at 
each  instant  the  same  value  at  every  cross-section  of  the  connecting  wire  ; 
but  when  the  capacity  of  this  conductor  is  not  negligible  in  comparison 
with  those  of  the  conductors  it  connects,  and  the  state  of  the  latter 
varies  with  the  time,  the  current  may  vary  very  seriously  from  one 
cross-section  to  another  at  any  one  instant.  For  example,  the  current 
at  different  cross-sections  of  a  submarine  cable  for  some  time  after  a 
terminal  of  a  battery  has  been  applied  (and  kept  applied)  to  one  of  its 
extremities,  generally  has  very  different  values  at  different  cross-sections, 
owing  to  the  charge  required  to  raise  the  potential  of  each  part  of  the 
internal  conducting  wire  to  the  equilibrium  value.  Such  a  cable,  with 
its  internal  conductor  separated  from  the  conducting  sea-water  by  a 
coating  of  gutta-percha,  forms  a  condenser  which  has  a  very  sensible 
capacity  for  every  unit  of  its  length,  and  this  must  be  taken  into  account 
in  discussing  the  flow  of  electricity  along  it.  We  shall  return  to  this 
later;  but  at  present  we  confine  our  attention  to  steady  or  unvarying 
currents  in  linear  conductors,  that  is  to  say  conductors  so  thin  that  the 
flow  at  any  cross-section  may  be  regarded  as  being  at  every  part  of  that 
cross-section  in  the  same  direction.  The  distribution  of  the  current 
over  the  cross-section  of  a  wire  in  certain  cases  is  a  very  important 
problem ;  but  this  does  not  arise  either  when  the  flow  is  steady,  as  the 
current  is  then  found  by  experiment  to  be  equally  distributed  over  the 
cross-section,  as  will  presently  appear. 

Analogue  of  an  Electric  Current 

215.  When  the  flow  is  steady  an  electric  current  is  in  a  sense  the 
analogue  of  a  current  of  an  incompressible  fluid  from  one  vessel  to 
another  along  a  canal  or  pipe  which  opens  into  the  vessel,  and  is  kept 
full  by  the  current.     Here  the  difference  of  potential  between  the  con- 
ductors connected  by  the  wire  is  the  analogue  of  the  difference  of  pressure 
between  the  two  vessels.     Since  the  fluid  is   incompressible   and   the 
channel  is  kept  full  and  unaltered  in  dimensions,  the  time-rate  of  flow, 
however  it  may  vary  with  the  time,  will  have  at  any  one  instant  the  same 
value  at  every  cross-section.     This  analogy  has  led  to  the  adoption  in  the 
language  of  practical  electricity  of  the  term  pressure  to  denote  the 
difference  of  potential  applied  to  the   mains   of  an   electric   lighting 
system. 
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< >ther  analogies  are  found  in  the  conduction  of  heat  and  the  diffusion 
i.t  liquids  ami  teases;  and  these  phenomena  moreover  have  a  mathe- 
matical theory  \\hirh  can  he  employed  to  give  results  in  the  problem  of 
How  of  electricity.  As  we  shall  see  presently,  the  rate  of  flow  depends 
upon  the  nature  of  the  conducting  material,  just  as  the  flow  of  heat 
depends  on  the  thermal  conductivity  of  the  substance.  If  a  difference 
of  temperature  be  taken  as  the  analogue  of  a  difference  of  potential, 
rate  of  flow  of  heat  as  the  analogue  of  a  current  of  electricity,  and 
thermal  conductivity  of  a  medium  (taken  as  independent  of  temperature) 
Mat  of  a  quantity  which  we  shall  call  the  specific  electric  conductivity 
of  a  substance,  we  may  transfer  the  equations  of  heat  conduction  bodily 
TO  tin-  theory  of  flow  of  electricity. 

This  apparently  complete  parallelism  of  theory  is  not,  however,  to 
be  regarded  as  evidence  of  any  relation  between  the  phenomena  in  the 
different   cases,   though   no   doubt   hitherto   undiscovered   connections 
ih«-m  may  exist. 

Ohm's  Law.     Resistance.     Direction  of  Current.    Electromotive  Force 

•Jl'i.  It  i<  possible  by  proper  appliances  to  obtain  a  steady  current 
of  electricity  along  a  conducting  wire;  for  example,  by  means  of  a 
voltaic  battery,  a  thermo-electric  pile,  or  a  dynamo-electric  machine, 
the  function  of  which  may  be  taken  to  be  that  of  maintaining  two 
conductors  of  the  same  material  connected  by  the  wire,  or  two  cross- 
sections  of  the  wire  itself  near  its  extremities  at  a  constant  difference 
of  potential.  We  must  here  anticipate  what  follows,  so  far  as  TO 
suppose  that  we  have  an  experimental  means  ot  comparing  such  differ- 
enoes  of  potential,  and  also  of  measuring  currents.  These  methods,  as 
well  as  tin-  action  of  voltaic  cells  and  other  electrical  generators,  will  be 
fully  discussed  in  later  chapters. 

If,  then,  between  any  two  cross-sections  of  a  homogeneous  win-. 
which  is  not  in  motion  in  a  magnetic  field,  and  is  all  at  one  temperature, 
a  ilitt'. TI -n.  •••  of  potential  be  maintained  of  constant  amount,  it  is  found 
that  in  th«-  wire  a  constant  current  ultimately  flows,  and  that  this 
current  varies  in  -imple  proportion  to  the  difference  of  potential, 
provided  there  is  no  sensible  heating  of  the  wire.  This  result  expresses 
the  so-railed  law  of  Ohm,  which  thus  expresses  a  physical  fact  capable 
of  being  verified  by  experiment. 

Again,  if  a  wire  of  homogeneous  material  and  uniform  cross-section, 
at  resl  in  a  magnetic  field,  and  at  the  same  temperature  throughout, 
have  a  constant  current  maintained  in  it,  the  difference  of  potential 
between  any  two  of  its  cross-sections  A  B,  is  proportional  to  the 
length  of  wire  between  them.  Kurt  her,  if  the  dilVereuce  of  potential 
.1  and  B  be  maintained  constant,  while  experiments  are 
made  with  di He-rent  lengths  of  win-  included  between  them,  the 
current  is  found  to  vary  inversely  as  the  length  of  wire  to  \\liirh  the 
difference  of  potential  is  thus  applied.  Also  if  the  length  of  wire 
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and  the  difference  of  potential  between  A  and  B  be  kept  constant, 
while  experiments  are  made  with  wires  of  the  same  material  of 
different  areas  of  cross-section,  the  current  is  found  to  vary  directly 
as  the  area  of  cross-section.  Finally,  if  wires  of  given  length  and  cross- 
sectional  area,  but  of  different  materials,  be  used  with  a  given  difference 
of  potential,  the  current  is  found  to  vary  with  the  material. 

Hence  the  wire  is  said  to  oppose  a  resistance  to  the  passage  of  a 
current,  which  is  directly  proportional  to  the  length  of  wire  between  A 
and  B,  inversely  proportional  to  the  cross-sectional  area  of  the  wire,  and 
depends  on  the  material  of  which  the  wire  is  composed. 

The  positive  direction  of  the  current  is  taken  as  that  from  higher  to 
lower  potential,  and  is  therefore  from  the  copper  plate  to  the  zinc  plate 
of  an  ordinary  voltaic  cell,  such  as  Daniell's,  along  the  external  con- 
necting wire  (Arts.  221,  366,  and  Chap.  XII  below). 

Putting  7  for  the  measure  of  the  current,  that  is,  of  course,  the 
number  of  units  of  charge  transferred  along  the  wire  per  unit  of  time, 
VA,VB  for  the  potentials  at  A,B  (  VA>  Vs),  and  RAB  for  the  resistance 
of  the  wire  between  A,  B,  we  express  all  these  results,  including  01;rn's 
law,  by  the  equation  — 

.....    :   .   (2) 


If  a,  b  be  other  two  points  in  the  same  conductor,  and  Rai  be  the 
resistance  between  them,  we  have 

=  VA-  VB  =  Va-  Vi>  } 

RAB  Bab 

that  is,  the  slope  of  potential  per  unit  of  resistance  along  the  wire  is  the 
same  at  every  point.     This  gives  also 

Va-  Vb  =  (VA-  VB}^-     .....     (4) 


It  is  to  be  observed  that  equation  (2)  or  (3)  defines  resistance  of  a 
conductor  between  the  cross-  sections  at  which  VA  —  VB  is  applied,  and 
also  unit  of  resistance.  The  former  is  that  coefficient  which  multiplied 
into  the  measure  of  the  current  gives  the  measure  of  the  difference  of 
potential  between  A  and  B;  the  latter  is  the  resistance  existing 
between  A  and  B  when  unit  difference  of  potential  exists  between 
them,  and  .unit  current  flows  in  the  wire.  It  also  expresses  the  physical 
fact  just  stated  above  as  Ohm's  law,  inasmuch  as  it  asserts  the  propor- 
tionality of  7  to  Fj  —  F2  when  the  wire  is  constant,  or  the  proportionality 
of  7  to  the  slope  of  potential  along  the  wire. 

It  is  not  unusual  to  apply  the  term  electromotive  force  to  the  differ- 
ence of  potential  between  two  points  or  two  equipotential  surfaces  in  a 
homogeneous  conductor,  when  thus  considered  with  reference  to  flow  of 
electricity  from  one  to  the  other.  We  shall,  however,  generally  use  the 
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in  a  somewhat  different  but  not  inconsistent  sense.     It  is  to  be 
carefully  observed.  that  neither  electromotive  force  nor  resistance  is  a 

in  the  ordinary  dynamical  sei 

It  is  not  generally  necessary,  though  it  may  be  often  convenient,  to 
ird  electromotive  force  as  the  cause  of  a  current.     The  two  things 
really  exist  together,  and  either,  if  it   serves   any   purpose,   may  be 
rded  as  producing  the  other. 


Flow  in  a  Conductor  containing  an  Electromotive  Force. 
Heterogeneous  Conductors  and  Circuits 

•2  1  7.  Equation  (2)  cannot  be  taken  as  fulfilled  by  a  conductor  made 
of  different  homogeneous  portions  put  end  to  end,  or  by  a  conductor 
across  the  lines  of  force  in  a  magnetic  field.  For  such  cases 
have 


win-re  VA,  VB  denote  as  before  the  potentials  between  cross-sections 
..  /  .  />',  and  R  is  the  sum  of  the  resistances  of  the  homogeneous  portions 
of  the  conductor  contained  between  these  cross-sections  in  the  former 
case,  or  the  actual  resistance  of  the  conductor  in  the  latter.  In  such 
cases  the  conductor  is  said  to  contain,  or  to  be  the  seat  of,  an  electro- 
mot  ive  force  EAB,  or,  as  we  say  frequently,  an  electromotive  force  E  is 
said  to  l><-  in  the  conductor.  The  total  electromotive  force  producing 
a  cunvnt  in  the  conductor  is  now  VA  —  VS+EAB,  of  which  the  part 
'  .1  —  '"/;  i-s  frequently  called  the  applied  electromotive  force. 

-  1  s.  Since  in  a  heterogeneous  conductor  supposed  at  rest  in  a  non- 

in^  magnetic  field  (2)  applies  in  the  first  case  to  every  part,  except 

.HIV.    however  small,    which  includes   a   surface   of  discontinuity,  the 

electromotive  force  is  said  to  have  its  seat  at  the  surface  or  surfaces  of 

discontinuity.     Its  presence  is  manifested  by  the  existence  of  a  finite 

:•  of  potential  across  the  surface  of  contact.     In  the  other  case  the 

electromotive  force  has  its  seat  in  every  part  of  the  conductor  moving 

in  tin-  tidd.  according  to  a  law  which  we  shall  discuss  in  connection  with 

electro-magnetic  induction. 

Consider  a  closed  circuit  made  up  of  different  homogeneous  linear 
conductors  placed  end  to  end,  and  let  E  be  the  sum  of  the  electromotive 
forces  wliieli  have  their  st  at  in  the  circuit.  Let  adjacent  points  be 
taken  on  opposite  sides  of  each  surface  of  discontinuity,  so  that  two 
points  in  each  homogeneous  part  close  to  its  extremities  are  thus 
obtained.  Let  the  difference  of  potential  between  each  latter  pair  of 
points  be  measured,  taking  them  in  order  round  the  circuit  in  the 
direction  \\\  which  the  current  flows.  The  sum  of  these  different--'- 
taken  in  onh-r  is  equal  to  the  sum  of  the  part-  <.t  A'  contributed  by  tin- 
discontinuities.  For  going  round  in  tin-  direction  of  the  current  from 

M     1' 
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a  point  in  one  of  the  homogeneous  parts  to  the  same  point  again  we 
have  Vji  =  VB,  and  (5)  gives 


But  denoting  the  successive  homogeneous  parts  in  their  order  round 
the  circuit  by  the  suffixes  1,  2,  .  .  .  ,  n  and  the  differences  of  potential 
between  the  pairs  of  points  in  each  near  their  extremities  by 
Vl  —  Fj',  Vz—  V2',  .  .  .  ,  Vn—  V^,  and  the  corresponding  resistances 
by  Rv  Ry  .  :  .  ,  A',,,  we  have 


?L--_!J  =  5LTZ'*  =          =  Vn  ~  V'n  =  (7) 

RI  It,,  Rn  R 


where  ^  =  ^  +  ^4-  •  •  •    -f-R».     Hence 

*(V-r)  =  E    .......     (8) 

E  is  called  the  electromotive  force  in  the  circuit. 

For  VA  —  VB  the  difference'  of  potential  between  two  points  A,  B 
in  a  homogeneous  part  of  the  circuit  we  get  evidently 

VA-  VB  =  E^-  .......     (9) 

The  example  of  contact  electromotive  forces,  as  the  electromotive 
forces  at  the  surfaces  of  contact  of  the  heterogeneous  parts  of  the  circuit 
are  called,  most  usually  given  is  that  of  a  voltaic  cell  ;  but  as  the  question 
of  the  existence  of  the  electromotive  forces  observed  in  this  case  is  not 
without  difficulty,  we  shall  not  discuss  it  at  present,  but  pass  on  to 
some  general  statements  and  some  results  regarding  certain  arrange- 
ments of  homogeneous  conductors  which  are  of  great  importance  in 
practice. 

Meaning  of  Resistance.      Rate  of  Production  of  Heat  in  Conductors. 

Joule's  Laws 

219.  First,  the  meaning  of  the  resistance  of  a  conducting  wire  may 
be  put  in  a  somewhat  different  light.  In  a  homogeneous  conductor,  to 
which  (2)  applies,  a  quantity  of  electricity  measured  by  7  is  transferred 
from  potential  V^  to  potential  VB  per  unit  of  time.  The  loss  of  energy 
is  tlius  7  (VA  —  FB)  per  unit  of  time,  and  this  in  the  case  supposed  is 
found  to  take  wholly  the  form  of  heat  in  the  wire.  Thus  if  A  be  the 
activity  in  the  wire  expended  in  heat  we  have 

A  =  y(VA  -  VB)  =  (VA~VB}*  =  y*E    •          •     (10) 


Thus  H  may  be  regarded  as  the  amount  of  energy  transformed  into 
heat  per  unit  of  time  in  the  portion  of  the  conductor  of  which  R  is  the 
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resistan.  •«•  when  unit  current  flows,  or  l/R  is  the  activity  spent  in  heat 
in  the  same  portion  of  the  conductor  when  unit  difference  of  potential 
is  maintained  between  its  extremities. 

The  fact  that  the  heat  developed  per  unit  of  time  in  different  con- 
ductors is  proportional  to  the  resistances  of  the  conductors  and  to  the 
squares  of  the  currents  flowing  in  them  was  established  by  the  experi- 
ments of  Joule,1  and  the  law  of  development  of  heat  is  therefore 
generally  referred  to  as  Joule's  law.  In  no  circumstances  is  a  portion 
of  a  homogeneous  conductor,  in  which  there  is  no  gradient  of  tempera- 
ture, cooled  by  the  passage  of  a  current  through  it,  though  heat  may  be 
absorbed  by  the  passage  of  a  current  across  a  junction  of  two  dissimilar 
metals  or  along  an  unequally  heated  conductor.  Thus  R  is  always  a 
positive  t|uaiitity. 

In  the  more  general  case  to  which  (5)  applies  we  have  for  the  rate 
of  transformation  of  electrostatic  energy  as  before  y(V.i  —  VB).  But 


VB)  +  yEAB  .....     (11) 

\\V  interpret  the  second  term  on  the  right  as  the  rate  at  which  energy 
is  evolved  in  consequence  of  the  existence  of  the  electromotive  force  EAB 
in  the  conductor.  The  sum  of  this  and  the  rate  at  which  electrostatic 
energy  is  yielded  by  the  system  is  the  rate  of  evolution  of  heat.  Either 
of  the  terms  on  the  right  maybe  negative  but  not  both;  that  is,  the 
electromotive  force  E  may  enable  work  to  be  done  against  a  difference 
of  potential,  thus  incn  .i-iuu  the  electrostatic  energy,  or  work  may  be 
done  by  the  electrostatic  difference  of  potential  VA  —  VB  against  the 
internal  electromotive  force  if  that  opposes  the  current.  But  in  all 
cases  a  positive  value  of  y-li  results,  that  is  to  say,  work  of  this  amount 
is  always  spent  in  the  conductor  in  producing  heat. 

We  may  consider  also  a  part  of  the  circuit,  between  the 
terminals  A,  B,  of  which  there  exists  an  applied  difference  of  potential 
VA  —  Vi{,  and  in  which  electromotive  forces,  for  example,  those  due  to  a 
c.-ll  or  cells  of  a  voltaic  battery,  aiding  the  current,  as  well  as  other  electro- 
motive forces,  for  example,  those  due  to  voltameters  or  storage  cells  in 
which  energy  is  spent  in  producing  electrolytic  decomposition,  have  their 
seat.  Tl  t  t  he  circuit  may  or  may  not  be  heterogeneous.  If  the 

sum  "t  the  former  or  positive  electromotive  forces  be  *$,EAB,  and  that 
<>t  the  latter,  or  negative  electromotive  forces,  be  X-fc".^,  and  //  lie  tin- 
total  resistance  of  the  part  of  the  circuit,  the  rate  at  which  energy  is 
spent  in  heat  in  it  is 

y*R  =  y(VA  -  VB)  +  y*EAB  -  y^E1^ 

that  is 

1  A'  +  y^AB  =  y(VA  -  VB)  +  y*EAB  .     .     .     (11') 


The  ri^ht-hand  side  of  (11')  shows  the  rate  at  which  electric  energy  is 

1  Phil.  Mag.,  (S.  3),  vol.  xix,  1841,  p.  260,  and  vol.  xxiii,  1843,  pp.  263,  34",  435,  or 
Colkctcd  Papers,  tol.  i,  pp.  60,  1 
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evolved  in  the  circuit,  the  left-hand  side  shows  the  rate  at  which  energy 
is  spent  in  heat,  and  in  working  against  the  negative  electromotive 
forces  respectively. 

Equation  (IT)  applies  of  course  also  to  a  complete  circuit,  though 
in  that  case,  since  A  and  B  are  coincident,  VA  —  Vu  is  zero. 

Arrangements  of  Electric  Generators  in  Series  and  in  Parallel 

221.  Let  us  suppose  that  we  have  a  number  n  of  equal  generators  of 
electric  currents,  such  as  a  number  of  equal  voltaic  cells,  each  of  electro- 
motive force  E.  If  these  be  joined  in  series,  that  is,  so  that  the 
electromotive  forces  of  all  act  in  the  same  direction  along  a  single  linear 
arrangement,  the  total  electromotive  force  of  the  system  is  found  to  be 
n  times  that  of  one  cell.  Let  the  circuit  be  completed  by  an  external 
conducting  wire  of  resistance  E.  In  general  heat  is  generated  within 
the  cell  as  well  as  in  the  external  joining  conductor,  that  is  to  say,  if  the 
rate  of  generation  of  heat  within  the  cell  be  y-r,  each  cell  has  an  internal 
resistance  r.  From  what  has  been  stated  above  the  current  7  is  given  by 

(12) 


R  +  nr 


If  nr  be  great  in  comparison  with  R,  which  will  always  be  the  case 
if  R  is  fixed,  and  n  is  taken  great  enough,  but  little  advantage  is  gained 
by  increasing  n  further.  For  the  current  is  then  approximately  E\r,  or 
that  produced  "by  a  single  cell  when  it  is  short-circuited,  that  is,  has  its 
terminals  joined  by  a  short  piece  of  thick  wire. 

To  join  single  cells  in  series  is  only  advantageous  when  R  is  so 
large  that  the  condition  stated  does  not  hold.  But  r  may  be  virtually 
diminished  by  joining  the  cells  in  what  is  commonly  called  parallel. 
To  fix  the  ideas  let  a  Daniell's  battery  be  supposed  employed.  Each 
cell  consists  of  a  plate  of  copper  immersed  in  a  solution  of  copper 
sulphate  and  a  plate  of  zinc  in  a  solution  of  zinc  sulphate,  in  com- 
partments of  the  containing  vessel  separated  by  a  partition  of  porous 
earthenware  which  permits  conducting  contact  between  the  liquids  and 
retards  their  mixing  together.  A  number  m  of  equal  cells  of  such  a 
battery  are  placed  abreast,  and  all  the  copper  plates  are  joined  together 
to  form  one  terminal,  and  all  the  zinc  plates  to  form  the  other  terminal 
plate.  The  electromotive  force  of  such  a  compound  cell  is  E  simply,  but 
its  internal  resistance  is  r/m.  If  then  n  of  these  compound  cells  be 
joined  in  series,  and  the  circuit  completed  by  a  resistance  R  the  current 
obtained  will  be 

nE  mnE 

y  =  -  =  —  -  -    .....      (lo) 

r        mR  +  nr 
R  +  n  — 
m 

In  practice  it  is  sufficient,  if  the  cells  are  similar  in  all  respects,  to 
join  the  zinc  plates  which  form  the  terminal  plates  of  each  series  of 


vi  STEADY   FLOW   OF   ELECTRICITY  167 

n  cells,  and  the  copper  plates  which  are  the  other  terminal  plates  of 
tin-si-  series,  and  to  leave  the  intermediate  xinc  and  copper  plates  of  the 

ditlen-nt  series  unjoined. 

Arrangement   of  given  Battery  to  produce   Maximum  Current   through 
given  External  Resistance 

--'1.  If  R  be  not  too  great  and  the  total  number  of  cells  mn  be 
suitable,  \\-i-  (,iii  arrange  the  battery  so  that  for  the  given  value  of  It 
that  of  7  may  be  a  maximum.  The  numerator  of  the  above  expression 
tor  7  is  eoii>taiit,  since  the  available  number  of  cells  is  /////,  and  it  can  be 
>h"\sn  that  niJi  +  ///•  is  least  when  m  and  n  are  so  chosen  that  mR  =  nr. 
I  identically 

mR  +  nr  =  (  *JmR  -  \'nr)-  +  2  •JmnRr. 


Tin-  second  term  mi  tin-  ri^ht  does  not  depend  on  the  choice  of  m  and  n. 
Hence  the  right-hand  side  is  least  when  the  other  term,  which  is 
essentially  positive,  is  zero  ;  that  is,  when  mR  =  nr,  or  the  external  resist- 

R,  is   equal   to   the   internal  resistance  nr/m  of  the  battery 
arranged. 

If  it  is  not  possible  to  fulfil  this  condition  exactly  with  the  given 
number  of  cells,  the  arrangement  which  most  nearly  fulfils  it  should  be 
chosen. 

This  theorem  can  only  be  applied  when  the  resistance  R  and  the 
battery  which  is  to  work  through  it  are  given.  It  is  an  entire  fallacy 
to  suppose,  as  is  sometimes  done,  that  of  two  batteries  having  equal 

•  •!•  ctromotive   forces,  that  which  has  the  greater  resistance  is  bett.  -i 
adapted  for  working  through  a  high  resistance  than  the  other,  owing  to 
its  more  nearly  fulfilling  the  condition  of  external  equal  to  internal 

mce. 
The   arrangement  just  arrived   at   gives    not   only   the  maximum 

•  •iirrent  in  the  external  part  of  the  circuit,  but  produces  there  also  the 
greatest  activity  which  can  possibly  be  obtained,  when  the  current  is 
used  only  tor  tin-  production  of  heat  in  the  external  part  of  the  circuit. 
For  tli«-  activity  in  /.'  is  given  by 


A  n     a 

A  =  mnEy  -  m-n*  .     .     .     (14) 

mR  +  nr  (mR  +  nr)- 

which  is  a  maximum  under  the  same  conditions  as  7. 

Arrangement  for  Ma"imum  Current  not  that  of  Greatest  Efficiency 

'2~2:\.  This,  however,  is  not  to  be  confused  with  the  arrangement  of 

maximum   .•.•miomy   m-   etHcinicy.     In   fact,  in    the  arrangement   und.-r 

disi  ussion.  as  much   energy  is  spent  per  unit  of  time  in   heat  in  the 

liatti  TV  it-.  It  ,  is  in  th,   «  xternal  resistance  ;  and  therefore  the  ratio  of  th.- 

at  which  energy  is  usefully  spent  (in  tin-  external  resistance)  to  thu 
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whole  rate  of  expenditure  is  |,  that  is,  half  the  energy  expended   is 
wasted. 

But  the  most  economical  arrangement  is  that  in  which  this  ratio 
most  nearly  approaches  to  1,  that  is  in  which  as  little  as  possible  of  the 
energy  given  out  by  the  battery  is  spent  in  the  battery  itself,  and 
consequently  as  much  as  possible  in  the  external  part  of  the  circuit. 
For  economy  of  working,  the  internal  resistance  of  the  battery,  and  the 
resistance  of  the  wires  connecting  the  battery  with  the  usefully  working 
part  of  the  circuit,  must  be  made  as  small  as  possible.  This  subject  will 
however  be  further  dealt  with  in  the  discussion  of  electric  motors. 

Theory  of  a  Network  of  Conductors — Two  Fundamental  Principles : 
(1)  Principle  of  Continuity 

224.  We  shall  now  consider  shortly  a  network  of  linear  conductors 
in  which  steady  currents  are  flowing,  and  in  which  are  situated  any 
internal  electromotive  forces  that  may  be  possible.  Besides  the 
considerations  advanced  above,  two  principles,  first  stated  explicitly  and 
applied  to  this  subject  by  Kirchhoff,1  are  available  for  the  discussion  of 
problems  regarding  such  a  system.  The  first  is  the  principle  of  con- 
tinuity already  expressed,  for  a  single  wire,  by  the  statement  that  the 
current  has  the  same  value  at  all  cross-sections  if  the  flow  is  steady. 
This  expresses  the  fact  that  the  rate  of  flow  into  any  portion  of  the 
wire  at  any  instant  is  precisely  equal  to  the  rate  of  flow  out  of  the  same 
portion.  The  same  principle  gives  the  result  that,  when  steady  currents 
are  maintained  in  the  various  parts  of  a  network  of  conductors,  the 
total  rate  of  flow  of  electricity  towards  the  point  at  which  several  wires 
meet  is  equal  to  the  total  rate  of  flow  from  that  point  at  the  same 
instant.  Thus  the  current  arriving  at  A,  Fig.  58,  by  the  main  con- 


FIG.  58. 

ductor  is  equal  to  the  sum  of  the  currents  flowing  away  from  A  by  the 
three  parallel  conductors  which  connect  A  with  B. 

(2)  Sum  of  Electromotive  Forces  in  any  Circuit  of  Network  equal  to  Sum 
of  Products  of  Currents  round  Circuit  into  Resistances  of  Conductors 

225.  The  other  principle  is  contained  in  the  following,  which  can 
be  at  once  obtained  by  applying  Ohm's  law  to  any   complete  circuit 
which  can  be  obtained  in  the  network.     In  any  closed  circuit  of  con- 
ductors forming  part  of  any  linear   system,  the  sum  of  the  products 
1   Pogg.  Ann.,  bd.  72,  1847,  and  Gcs.  Abh.,  p.  22. 
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obtained  by  multiplying  the  current  in  each  part,  taken  in  order  round 
the  circuit  by  its  resistance,  is  equal  to  the  Mini  of  the  electromotive 
forces  in  the  circuit. 

Thus  let  7j,  7,,  .  .  .,  7,*  be  the  currents  in  in  wires  forming  a  com- 
plete circuit,  and  having  resistances  /-,,  /-., /•„,,  and  "2.E  be  the  sum 

of  the  electromotive  forces  which  have  their  seat  in  these  conductors, 
we  have 

•^  E*  /I  KA 

7lrl   +  y-2r-2  +   ••••    +  yrn^rn   =   2A          ...       (15) 

To  prove  this,  consider  equation  (5)  above  applied  to  each  condiu -tor. 
I.  /',  be  the  potential  at  the  first  point  of  the  circuit,  which  we  shall 
suppose  to  be  the  initial  point  of  the  conductor  of  resistance  rv  F2  the 
potential  of  the  tinal  point  of  this  conductor,  and  the  initial  point  of  the 
conductor  of  resistance  rz,  and  so  on.  We  suppose  here,  and  throughout 
what  follows  on  this  subject,  for  simplicity  (though  without  losing 
rality  by  so  doing),  that  there  are  no  electromotive  forces  just  at 
the  junctions  so  that  the  potential  at  each  has  a  perfectly  definite  value. 
The  first  conductor  gives 

the  second, 

and  so  on.  Adding  those  equations  for  the  m  conductors  of  the  circuit 
we  obtain  (15),  since  the  Fs  disappear. 

Examples.    (1)  Two  Points   connected  by  Conductors  in  Parallel.     Con- 
ductance.    Resistance  and  Conductance  of  Parallel  Conductors. 
Specific  Resistance  and  Conductivity 

.  Taking  first  one  or  two  simple  examples,  we  shall  now 
apply  these  principles  to  obtain  some  useful  results.  Consider  tin- 
arrangement  shown  in  Fig.  58.  Let  the  point  A  be  at  potential  F^,  the 
point  B  at  potential  FB,  and  suppose  that  there  is  no  electromotive  force 
in  tin-  conductors  to  be  taken  into  account.  The  currents  from  A  to  B 
by  the  wires  of  resistance,  rlt  ?-2,  rs,  respectively,  are  ( VA  —  Vs)/(rv  r2,  rs). 
Thus  the  total  current  is 

1         1\ 


It  II  be  the  resistance  of  a  wire  which,  with  the  same  difference  of 
potential  hetween  A  and  B,  might  be  substituted  for  the  triple  arc 
between  A  and  B  without  altering  the  total  current,  we  have 
7  =  (VA  -  FB)/7t',  and  therefore 


or  (16) 

R  -  -  rl— 

r,r,  +  r,r8  +  r3 
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The  reciprocal  of  the  resistance  JK  of  a  wire,  that  is  l/JK,  is  called  its 
conductance.  The  last  equation,  therefore,  affirms  that  the  conductance 
of  a  wire  which,  in  the  sense  above  indicated,  is  equivalent  to  the  three 
conductors  of  conductances  l/i\,  l//*2,  1/V3,  is  equal  to  the  sum  of  their 
conductances.  The  resistance  of  this  wire  is  equal  to  the  product  of  the 
three  resistances  divided  by  the  sum  of  the  different  products  which  can 
be  formed  from  the  three  resistances  by  taking  them  two  at  a  time. 
These  theorems  are  capable  of  obvious  generalisation,  with  the  following 
result :  the  conductance  of  a  conductor,  which  is  equivalent  to  any 
number  n  of  distinct  conductors  joining  two  points,  A,  B,  of  a  linear 
circuit,  is  the  sum  of  the  conductances  of  the  separate  conductors ;  the 
resistance  of  the  equivalent  conductor  is  equal  to  the  product  of  the  n 
resistances  of  the  arcs  divided  by  the  sum  of  all  the  different  products 
\vhich  can  be  formed  by  taking  these  resistances  n  —  1  at  a  time. 

If  E  be  the  resistance  of  a  wire  I  centimetres  long  and  of  cross-section 
a  square  centimetres,  the  quantity  Eajl  is  called  its  specific  resistance. 
The  reciprocal  of  this  is  called  the  conductivity. 

(2)  Bridge  Arrangement 

227.  As  another  example  consider  the  arrangement  shown  in 
Fig.  59,  and  suppose  that  a  single  electromotive  force,  E,  exists  in  the 


'6 

FIG.  59. 


conductor  of  resistance,  rc.     By  the  principle  of  continuity  we~get  from 
the  three  points,  A,  C,  D,  the  equations 

7e  =  7i  +  7^'  73  =  7i  -  75'  74  =  72  +  75      •     •     •     (17) 

where  yt  72, .  .  .  denote  the  currents  in  the  wires  of  resistances  rv  r2,  .  .  . 
respectively,  when  the  directions  are  as  indicated  in  the  diagram. 

Applying  the  second  principle  to  the  circuits  BACB,ACDA,  CBDG, 
and  noting  that  there  is  no  electromotive  force  in  any  of  these  circuits 
except  the  first,  we  obtain  by  (15)  and  (17)  the  relations 

'} 

(18) 
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Tliese  give  for  the  current  in  CD  or  y5, 

_E^^ 


i  y, 

l>   m  ,-.,.,.(/-!  +  r,  +  r3  +  r4)  +  r^  +V8)  (r,,  +  r4) 
+  r«(»-i  +  »-,)  (ra  +  r4)  +  r^r,  +  r4)  +  »-.,r4(r1  +  rs)     (20) 
Tin-  second  two  of  (18)  give 

,  _  ttfrV*  -  r^)  _ 
r5(rt  +  r,  +  r3  +  r4)  +  (r,  +  r.)  (rs  +  r4) 

It  is  interesting  to  notice  that  if  11  be  the  single  resistance  equiva- 
lent to  the  ti\v  resistances  rv  /•.„  /•...  /4,  rs  connecting  A,  B  as  shown  in 
the  diagram  yQ  =  E/(r6+fi).  Hence  by  (10;  and  (21)  we  obtain 

R  =  r*(Tl  +  rs)  (*2  +  *-4)  +  »-lrs(ra  +  r4>  +  r-.'r4(rl   +    • 


The  arrangement  here  discussed  is  the  well-known  "  bridge  "  arrange- 
ment of  conductors  used  in  the  comparison  of  resistances.     We  h 
many  examples  of  its  use  in  what  follows. 

Analytical  Treatment  of  a  General  Network 

J.  It  is  not  difficult  to  deal  with  the  problem  of  a  network  <»f 
linear  conductors  by  an  analytical  method,  but  the  main  results  are 
more  instructively  obtained  by  simple  physical  considerations.  The 
chief  steps  of  the  analytical  process  are  as  follows,  and  may  be  fully 
\v<  >rked  out  by  the  reader.  Consider  a  set  of  n  points,  every  one  of 
which  is  directly  connected  with  every  other  by  a  single  conductor,  the 

itance  ami  electromotive  force  in  which  are  known.  This  will  in- 
rlude  all  cases,  as  if  one  point  is  in  reality  connected  with  another  In 
more  than  one  conductor,  these  can  be  reduced  t«>  a  single  conductor  of 
equivalent  resistance  carrying  a  current  equal  to  the  sum  of  the  currents 
in  the  separate  conductors  ;  and  it'  there  he  two  points  which  are  not 
directly  connected  a  -wire  joining  them  can  he  imagined  in  which  the 
current  is  zero.  It  is  supposed,  as  before,  that  no  electromotive  f<n 
exist  at  the  points  of  meeting  of  the  conductors. 

Since  there  are  n  points  of  meeting,  and  n—l  conductor-  radiating 
from  each  th.  re  are  $n(n—  1)  distinct  conductors.     The  n  points  L: 
hy  the  condition  of  continuity,  /(  —  I    independent  equations  connecting 
tin  -  in  the  n  conductors,  which  suffice  to  determine   the   ,i  —  1 

difieivnces  of  potential  between  them.  For  example,  if  we  indicate  the 
points  by  suffixes  1  .  .  .  n  applied  to  the  symbols  for  the  \arious  quanti- 
ties. and  denote  by  7;,*  the  current  aloni,'  the  wire  connecting  the  point 
indicated  by  the  suffix  It  with  that  indicated  hy  the  >uth'x  /.,  wo  have  as 
a  type  of  these  n—l  equations, 

yhi  +  yh'i  +  ....+  yu  -  +  ....+  ya,,  =  0    .     .     (23) 
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But  by  (0)77,1;  =  KM(  Vh  —  Vk+Ehk)  where  Ktlk  is  the  conductance  of  the 
wire  joining  the  two  points,  and  therefore  the  last  equation  becomes 

k.n 

Vh  -  T,  +  Ehk)  =  0  .....     (24) 


where  the  summation  is  taken  for  all  integral  values  of  k  from  1  to  n 
except  h.     If  we  write 


we  shall  have  for  the  last  equation 

jrA,r,  +  fhtVs  +  ....+  KhhVh  +  ....  +  KhnVn  =  KhlEhl  +  ....+  KhnEhn 

=  *k      ....     (25) 

and  there  are  n  —  1  such  equations  to  be  obtained  by  putting  1,  .  .  .  n 
in  succession  for  k. 

So  far  we  have  considered  a  system  complete  in  itself;  but  it  is 
convenient  sometimes  to  consider  a  system  of  conductors  which  receives 
current  from  without  at  definite  points.  We  may  therefore  suppose 
that  the  system  under  consideration  receives  at  the  points  1,  .  .  .  n, 
electricity  at  the  respective  rates  Qv  $,,  .  .  .,  Qn.  These  rates  must 
fulfil  the  relation 

Q,  +  Q.2  +  ....  +  Qn  =  0, 

since  the  state  of  the  system  is  supposed  to  be  steady.  The  introduc- 
tion of  electricity  at  the  rate  Qh  at  the  point  Ji  will  modify  equation  (25) 
so  that  we  shall  have  instead  of  (25) 

JTftJ7!  +  A'A2F2  +  ----  +  KhhVh  +  ----  +  KhnVn  =  KhlEhl  +  ----  +  KhllEhn  -  Qh 

=  *'*     •     •  (26) 

If  in  (25)  or  (26)  we  put  Fn  =  0,  the  other  quantities,  Fp  F,,  .  .  ., 
F,,_j,  will  become  the  excesses  of  the  potentials  at  the  different  points 
above  that  at  the  point  n,  and  the  solutions  of  the  n—I  equations  of 
the  form  (25)  or  (26)  will  give  these  differences  of  potential  in  terms  of 
the  electromotive  forces  and  the  conductances.  The  values  thus  found 
for  F15  F2,  .  .  .  being  then  substituted  in  the  \n(n  —  1)  equations  of  the 
form  (5)  will  give  the  currents  in  the  conductors. 

Solution  of  Equations.    First  Reciprocal  Theorem.    Conjugate  Conductors. 
Second  Reciprocal  Theorem 

229.  One  or  two  important  results  are  easily,  obtained.  First  it  is 
to  be  observed  that,  since  K1llc  =  Kkh,  the  determinant  of  the  system  of 
equations  (25)  or  (26)  is  symmetrical,  so  that  the  relations  A/^  =  A^  hold 
for  its  minors.  Also  the  potentials  F^,  Vk  of  any  two  points  are 
given  by  the  equations 

F   _ 

Vh  - 
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obtained  from  (26).     The  summations  are  taken  for  all  integral  values 
from    1   to//  — 1.     The  quantities,  Q  may  be,  of  course,  all  or  any 
of  tli«-iii  zero,  so  that  the  equations  just  written  down  include  also  th. 
case  of  a  self-contained  system. 
\Ve  obtain  by  (15) 


.     .     .     (28) 
v  —  ; 

and  similarly 

(29) 


Now  A',,,,  does  not  appear  except  in  <l>',  and  <£',,„  so  that 


,  =         -     •     (30) 

A 


-ince  A/A  =  A*/,  &c. 

This  result  expressed  in  words  is  the  theorem,  that  if  a  L;ivt-n  increase 
<>t  the  electromotive  forc«  -tin-  in  the  conductor  hk,  produce  a 

certain  increase  of  current  from  I  to  m  in  the  conductor  Im,  an  e<[ual 
increase  in  the  electromotive  force  Eim  in  the  conductor  Im,  will  product- 
the  same  increase  in  the  current  from  h  to  k  in  the  conductor  hk. 

If  the  existence  of  an  electromotive  force  in  one  of  two  of  the  con- 
ductors of  the  network  does  not  affect  the  current  in  the  other,  this 
relation  is  also  reciprocal,  and  the  conductors  are  said  to  be  conjugal-  . 
Tin-  analytical  condition  for  conjugacy  of  tin  conductors  is 


(31) 


Let  us  suppose  that  a  quantity  of  electricity  Qh  flows  into  the  system 
per  unit  of  time  at  the  point  h.  Then  the  parts  of  Vi  and  /',„  which 
depend  on  ',V»V  —  V/.A/,/  A  and  —(,'/,  A/,,,,  'A  respectively.  These  show 
by  their  form  that  the  effect  on  the  potential  of  the  point  /.  tor  example, 
produced  by  the  flow  at  rate  Qh  into  the  system  at  the  point  h  \*  npial 
to  the  effect  on  the  potential  at  //  produced  hy  an  equal  flow  into  tin- 
in  at  /. 

The  p.ur  of  /'/—  ]',„  which  depends  on  the  entrance  of  electricity  at 
rate  Qh  at  h  is  therefore  ^(A*,,,  —  A«)/A.  Similarly  the  p;irt  of  /',—  Vm 
which  depends  on  an  outward  (1  —  <?/k(At,,,  —  Ajt/)/A.  'I 

total  effect  on  V{—Vm  is  therefore  <?A(A*TO  —  AbN  —  AM  +  Au)/A.  Ob- 
viousl\.  since  Ayil,,  =  A,((/1,  \'c..  this  is  equal  to  the  part  of  V^—  Vt  which 
would  arise  from  an  equal  inwai  of  flow  at  /  and  outward  How 

at  M. 
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Cycle  Method  for  a  Network 

230.  The  following  method,  due  to  Clerk  Maxwell,  may  in  sonic 
•cases  be  conveniently  adopted  for  a  network  of  conductors.  The  net- 
work is  considered  as  made  up  of  a  series  of  meshes  or  cells  in  which 
each  individual  conductor,  except  those  forming  \  the  outer  edge  of  the 
network,  is  common  to  two  meshes.  A  current  is  supposed  to  circulate 
round  each  mesh  in  the  same  direction,  so  that  the  actual  current  in 
each  conductor  is  the  difference  of  the  current  round  two  adjoining 
meshes.  Thus  each  mesh  is  a  closed  circuit  with  its  own  current  in  it. 
Let  7  be  the  current  in  any  mesh,  R  the  resistance,  E  the  electromotive 
force,  in  its  circuit,  7',  7",  .  .  .  currents  in  adjoining  meshes  which  have 
conductors  in  common  with  the  mesh-circuit  under  consideration,  ?•',  r", 
.  .  .  the  resistances  of  these  conductors.  Then  we  obtain  at  once  for  the 
mesh  the  equation 

yR  -  y'r'  -  y"r"    -....=  E (32) 

The   reader  may,  as  an  example,   apply   this   method   to  'the   bridge 


Activity  in  a  Network  of  Conductors 


arrangement. 


231.  Consider  the  sum  '%Vh(yhl  +  yit2  +  .  .  .  +7^)  taken  for  the  n 
points  of  meeting.  By  the  principle  of  continuity  each  term  of  this 
form  is  zero.  But  since  7^  =  —  7^  it  is  clear  that  the  same  quantity 
may  be  written  Sy^  Vh  —  Fj)  where  now  the  summation  is  taken  for 
the  \n(n  —  \}  distinct  conductors.  This  is  the  electrostatic  energy  spent 
in  the  network,  and  we  have  just  seen  that  its  value  is  zero.  It  follows 
by  (24)  that 

......     (33) 


that  is,  the  rate  at  which  the  energy  spent  in  heat  in  the  conductors  is 
equal  to  the  rate  at  which  energy  is  furnished  by  the  internal  electro- 
motive forces. 

By  equation  (28)  the  currents  are  expressed  as  linear  functions  of 
the  electromotive  forces.  Hence  by  substituting  for  7^  on  the  right  of 
(33)  the  corresponding  linear  expression,  the  rate  at  which  work  is  spent 
in  heat  may  be  expressed  as  a  homogeneous  quadratic  function  of  the 
electromotive  forces.  On  the  left  it  is  already  expressed  as  a  homo- 
geneous quadratic  function  of  the  currents,  in  fact,  as  the  sum  of  the 
products  of  the  squares  of  the  currents  in  the  different  conductors  by 
the  corresponding  resistances,  so  that  every  term  is  essentially  positive. 

It  must  be  observed  that  while  the  quantity  on  the  left  of  (33) 
always  gives  the  rate  of  expenditure  of  energy  in  producing  heat  in  any 
conductors  to  which  the  summation  is  applied,  whether  these  form  the 
whole  system  or  not,  the  summation  on  the  right  embraces  all  the 
electromotive  forces  concerned,  and  that  if  the  equation  is  applied 
every  conductor  in  which  heat  is  produced  must  be  included  on  the 
left. 
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Currents  fulfilling  Ohm's  Law  give  Minimum  Dissipation  of  Energy  in 

Heat 

-'.\-2.  We  can  show  that  the  rate  at  which  energy  is  spent  in  heat  in 

twork  of  conductors  is  a  minimum,  if  the  currents  while  fulfilling 

the  law  of  continuity,  and  producing  heat  according  to  Joule's  law,  each 

satisfy  the  equation  yht  =  (Vh  —  Vk  +  ^hk)IRhk>     Let  7**  have  this  value, 

and  let  the  actual  current  be  y'hk  =  7/1*  +  £/,*,  so  that 


FA  -  F* 

«r»-TST 

Then  we  have 

2y'2AtffA*  =  2y'At(FA  -  Vk) 

iii  which  the  sum  is  taken  for  all  the  conductors  of  the  system.  The 
tir-t  term  on  the  right  vanishes,  since  it  may  be  written  %Vh(v'hi  +  v'h-> 
4-  ...  +  y'h,i},  in  which  the  summation  is  taken  with  reference  to  all 
the  points  of  meeting  of  the  network,  that  is  for  all  values  of  h  from  1 
t->  //.  and  the  currents  7'^  fulfil  the  law  of  continuity.  Again,  the  last 
term  maybe  written  2  (77,*  +  £;.*)&*•#/.*•  But  SyhkZhJcRhk  may  be  written 
S£ul(Pik—  I7*),  which  vanishes  like  the  first  term,  since  the  currents  £/,* 
fulfil  the  law  of  continuity.  Thus  for  the  activity  spent  in  heat  we 
have 

V2At/?At  =  Zy'kkEhk  +  ^PhkHkk  .....     (34) 

that  is.  the  activity  thus  spent  exceeds  the  rate  at  which  work  is  done 
by  the  electromotive  forces  by  the  positive  quantity  "^^hk^hk,  which  is 
the  activity  that  would  be  spent  in  heat  by  the  system  of  difference- 
•  uircnts  £/,*.  If  £/,*  be  zero  we  fall  back  on  the  result  already 
demonstrated. 

Elementary  Discussion  of  Network  of  Conductors 

Most  of  the  results  obtained  above  with  respect  to  a  network 
..i  •-.  inductors  can  be  obtained  by  elementary  physical  considerations. 
It  will  be  instructive  to  treat  the  subject  shortly  in  this  way. 

It  is  an  easy  inference  from  fundamental  principles,  and  it  can 
easily  be  verified  by  experiment,  that  the  currents  in  the  different  parts 
of  a  system  of  conductors  are  not  altered  by  connecting  any  two 
points,  which  are  at  different  potentials,  by  a  wire  which  contains  an 
electromotive  force  equal  and  opposite  to  the  difference  of  potential. 
The  wire,  before  being  put  in  position,  will  have  the  sa  .....  difference  of 
potential  between  its  extremities  as  there  is  between  the  two  points  of 
the  network  under  consideration.  If  then  the  end  of  the  wire,  which  is 
at  the  lower  potential.be  joined  to  the  point  of  lower  potential  the 
other  extremity  of  the  wire  will  have  the  potential  of  the  other  point, 
and  may  be  made  coincident  with  that  point  without  changing  the  state 
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of  the  system.  The  new  system  obtained  satisfies  everywhere  the 
principle  of  continuity,  and  equation  (5)  or,  what  comes  to  the  same,  the 
second  relation  formulated  by  Kirchhoff  (Art.  224). 

Again,  it  is  easy  to  see  that  if  an  electromotive  force  in  one  conductor 
A  in  a  linear  system  produces  no  current  in  another  conductor  B  of  the 
system,  either  conductor  may  be  removed  without  affecting  the  current 
in  the  other.  For  if  for  example  A  were  removed,  the  potentials  at  the 
points  of  the  system  at  which  it  was  attached  would  be  altered.  Let 
then  an  electromotive  force  equal  and  opposite  to  that  difference  of 
potential  be  placed  in  A  ;  no  current  will  flow  in  A,  and  the  presence 
or  removal  of  the  conductor,  after  this  has  been  done,  will  not  affect  the 
system.  But  it  has  been  shown  above  (and  it  will  be  proved  again 
presently  in  an  elementary  manner)  that  if  an  electromotive  force  in  A 
produce  no  current  in  B,  an  electromotive  force  in  B  can  produce  no 
current  in  A.  Hence,  B  can  be  removed  also  without  affecting  the 
current  in  A. 

Reduction  of  Network  to  Bridge  Arrangement.     First  Reciprocal 
Theorem.    Conjugate  Conductors.     Second  Reciprocal  Theorem 

234.  Let  A,  B,  C,  D  be  four  points  of  meeting  in  a  network  of 
conductors,  such  that  besides  any  other  connection  there  may  be 
between  the  points  A,  B,  a  distinct  wire  between  these  points  exists, 
and  similarly  for  C,  D,  and  let  AB  be  the  only  conductor  in  which  there 
exists  an  electromotive  force.  The  network  can  be  reduced  to  a  system 
of  six  conductors  arranged  as  in  Fig.  59  and  such  that  the  wires,  AB, 
CD  and  the  currents  in  them  remain  unchanged.  For  currents  will 
enter  any  one  mesh  of  the  network  at  certain  points  and  leave  it  at 
certain  other  points.  One  of  the  former  will  be  the  point  of  maximum 
potential,  one  of  the  latter  the  point  of  minimum  potential.  The  circuit 
formed  by  the  mesh  consists  of  two  parts  joining  these  points,  and  to 
any  point  in  one  of  these  parts  will  correspond  a  point  of  the  same 
potential  in  the  other  part.  Every  point  in  one  may  then  be  supposed 
in  coincidence  with  points  of  the  same  potential  in  the  other;  that  is, 
the  mesh  may  be  replaced  by  a  single  wire  joining  the  two  points,  and 
such  that  the  currents  entering  or  leaving  it  by  wires  joining  it  to  the 
rest  of  the  system  are  not  affected  by  the  change. 

Clearly  the  current  will  enter  the  system  at  one  extremity  A  of 
the  wire  AB  and  leave  it  at  the  other  extremity  B.  Thus  A  and  B  are 
the  points  of  meeting  of  the  network  which  are  at  the  highest  and 
lowest  potential  respectively.  Thus  the  meshes  of  the  system  can  be  re- 
duced one  after  the  other  to  two  single  wires,  while  CD  is  kept  unaltered, 
until  the  network  has  been  reduced  to  two  meshes,  one  on  each  side  of 
CD,  connected  by  single  wires  to  A,  B  respectively.  Each  mesh  and 
connecting  wire  can  be  replaced  by  two  wires  joining  A,  or  B  as  the  case 
may  be,  with  CD,  and  the  whole  system  is  reduced  to  an  equivalent 
system  of  the  form  shown  in  Fig.  59. 
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Let  now  the  electromotive  force  hitherto  supposed  acting  in  AB  be 
tiansu-rred  to  CD  while  the  resistances  r^  re  are  maintained  unchanged. 
The  value  of  yt.  will  be  got  from  (21)  by  simply  interchanging  r&  and  r^, 
r,4-/-.,  and  '•1+?<3,  f*3-M'4  and  ^-\-rt>  in  D.  But  these  interchanges  leave 
1>  unaltered,  and  thus  the  new  value  of  76  is  the  same  as  the  old  value 
«»f  7..  Hence  an  electromotive  force  which,  placed  in  the  conductor  AB, 
l>n><iuces  a  current  in  the  conductor  CD,  will,  if  placed  in  AB,  produce 
an  equal  current  in  AB. 

The  distribution  of  currents  and  electromotive  forces  in  the  system 
which  has  been  supposed  above,  in  order  that  the  reduction  described 
might  be  effected,  may  be  superimposed  on  any  other  distribution  which 
is  possible,  and  the  conclusion  which  has  been  reached  will  not  be 
atVi-cted  by  the  latter.  Thus  we  have  the  general  proposition,  stated  in 
Art.  229  above,  from  which  the  definition  of  conjugacy  of  two  conductors 
is  obtained  as  before. 

:?:>.->.  Again,  the  five  conductors  AC,  AD,  BC,  BD,  CD  in  Fig.  59 
may  be  regarded  as  the  reduced  equivalent  of  a  network  of  conductors 
\\hich  a  current  ya  enters  at  A  and  leaves  at  B.  The  difference  of 
potential  between  C  and  D  Vc  —  VD  is  ysr&.  But  by  (21) 


_ 

r*(ri  +  r-2        3  i         -j       :i 

Tin   i«  si-rance  between  the  points  C,  D  of  the  system  of  five  conductors, 
is 

»-,(»-,  +  r.,)  (rs  +  r4) 


and  it'  a  current  of  amount  y6  were  to  enter  at  C  and  leave  at  D,  the 
ditU-rence  of  potential  between  C  and  D  would  be  the  product  of  this 
expression  by76.  The  product  multiplied  byrj/^+rg)  gives  the  differ- 
ence of  potential  between  C  and  A,  and  multiplied  by  rj(r9  +  r4)  gives 
the  difference  of  potential  between  C  and  B.  Hence  the  difference  of 
potential  between  A  and  B  is  the  difference  of  these  products,  or 


VA  - 


rs  -r,r4) 


(r\ 


the  value  given  in  (35)  for  the  difference  of  potential  Vc  —  VD. 

Hence,  generalising  as  before,  we  have  the  following  theorem,  already 
proved  in  Art.  229  above.  If  a  difference  of  potential  Vc  —  VD  between 
two  points  C,  D  of  a  linear  system  arise  from  a  current  entering  and 
leaving  at  two  other  points  A,  B  respectively,  a  difference  of  potential 
VA  —  VB  =  Vc  —  VD  between  the  points  At  B  will  arise  from  an  equal 
cunvnt  entering  at  C  and  leaving  at  D. 

N 
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Effect  of  Joining  a  Wire  between   Two  Points   of  a  Network  of 

Conductors 

236.  The  following  result  is  easily  proved,  and  is  frequently  useful. 
If  the  potentials  at  two  points  A,  B,  of  a  linear  system  of  conductors 
containing  any  electromotive  forces,  be  V,  V  respectively,  and  R  be 
the  equivalent  resistance  of  the  system  between  these  two  points,  then 
if  a  wire  of  resistance,  r,  be  added,  joining  AB,  the  current  in  the  wire 
will  be  (V—V}l(R+r).  In  other  words  the  linear  system,  so  far  as 
the  production  of  a  current  in  the  added  wire  is  concerned,  may  be 
regarded  as  a  single  conductor  of  resistance  R  connecting  the  points  AB 
and  containing  an  electromotive  force  of  amount  V—  V'.  For  let  the 
points  A  and  B  be  connected  by  a  wire  of  resistance  r,  containing  an 
electromotive  force  of  amount  V—  V  opposed  to  the  difference  of 
potential  between  A  and  B,  no  current  will  be  produced  in  the  wire, 
and  no  change  will  take  place  in  the  system  of  conductors.  Now 
imagine  another  state  of  this  latter  system  of  conductors  in  which  an 
equal  and  opposite  electromotive  force  acts  in  the  wire  between  A  and 
B,  and  there  is  no  electromotive  force  in  any  other  part  of  the  system. 
A  current  of  amount  (V—  V")/(R  +  r)  will  flow  in  the  wire.  Now  let 
this  state  be  superimposed  on  the  former  state,  the  two  electromotive 
forces  in  the  wire  will  annul  one  another,  and  the  current  will  be 
unchanged.  The  potentials  at  different  points,  and  the  currents 
at  different  parts,  of  the  system,  will  be  the  sum  of  the  corresponding 
potentials  and  currents  in  the  two  states,  and  will  therefore,  in  general, 
differ  from  those  which  existed  before  the  addition  of  the  wire. 

As  an  example  consider  a  circuit  between  two  points  of  which  there 
is  a  difference  of  potential  V,  and  let  r,  r'  be  the  resistances  of  the  two 
parts  of  the  circuit  between  the  two  points.  (These  two  parts  may  of 
course  be  any  two  networks  of  conductors  joining  the  points.)  Then 
the  equivalent  resistance  is  rr'/(r-\-r');  and  if  another  conductor  of 
resistance  R,  and  not  containing  any  electromotive  force,  be  connected 
between  the  two  points,  the  new  difference  of  potential  V  will  be 
given  by 

V  =  V  -  —  (35) 


+ 


r  +  r 

since  it  has  been  shown  above  that  V'\R  is  the  current  in  the  conductor. 
Hence  in  order  that  V  may  be  approximately  equal  to  V,  R  must  be 
great  in  comparison  with  rr'/(r+r').  But  rr'/(r  +  r')  can  be  written  in 
either  of  the  forms  r/(l+r/r'),  r'/(l+r'/r),  which  shows  that  r  and  / 
are  each  greater  than  rr'/(r  +  r').  Hence  if  R  be  great  in  comparison 
with  either  of  the  two  resistances  r,  r',  V  will  be  approximately  equal  to 
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V,  n<>  matUT  h«»\v  the  elect  r<>iu«>tive  force  may  be  situated  in  the 
riivuit.  This  result  is  useful  in  connection  with  the  measurement  uf 
the  ilitVriviiee  of  potential  between  two  points  of  a  circuit  by  ;t 
iin'iin  tt-r,  as  it  is  only  necessary  to  make  the  resistance  in  the 
circuit  of  the  instrument  great  in  comparison  with  that  of  either  part 
..t  the  eiivuir  lying  between  the  two  points,  to  be  sure  that  the 
<litVi-n -ti. •«•  "t  potential  is  practically  unaltered  by  the  application  of  the 
instrument. 


CHAPTER  VII 

GENERAL  DYNAMICAL  THEORY 

Generalised  Co-ordinates  and  Velocities.    Kinetic  Energy 

237.  The  application  of  general  dynamical  principles  to  the  discus- 
sion of  the  properties  of  a  system  of  currents  or  magnets,  or  of  both 
combined,  is    due   mainly   to  Clerk  Maxwell,  and  is  one  of  the  chief 
peculiarities  of  his  treatise  on  Electricity  and  Magnetism.     Further  pro- 
gress has  been  made  in  this  direction,  and  much  light  has  been  thrown 
on  electromagnetic  action  by  means  of  mechanical  analogues  which  the 
dynamical  method  has  suggested,  and  by  the  attempts  which  have  been 
made  to  obtain  some  working  dynamical  hypothesis  to  explain  the  ether 
phenomena  lately  forced  upon  the  closer  attention  of  natural  philosophers 
by  the  electromagnetic  theory  of  light. 

As  it  would  be  impossible  without  this  dynamical  treatment  to 
present  the  theories  which  it  is  one  of  the  principal  objects  of  this  book 
to  give  some  account  of,  and  as  the  discussions  of  general  dynamical 
theories  in  treatises  specially  devoted  to  abstract  dynamics  have  not  in 
general  such  applications  as  the  present  in  view,  and  are  therefore  for 
the  ordinary  student  a  little  difficult  to  translate  into  electrical  language, 
we  devote  a  chapter  here  to  such  general  methods  as  we  shall  require  in 
what  folloAvs. 

238.  It  is  to  be  noticed  in  the  first  place  that  the  law  of  conservation 
of  energy  is  not  sufficient    by  itself  to  enable  us  to  find  the  mutual 
actions  or  relations  of  the  different  parts  of  a  system — that  is,  to  find  a 
dynamical  explanation  of  the  phenomena.     We    require  in  addition  a 
general  dynamical  process,  from  which,  under  certain  assumptions  to  be 
stated,  and  as  far  as  possible  justified,  these  relations  can  be  deduced. 
Such  processes  are  furnished  by  the  principle  of  Least  and  Stationary 
Action   due  to   Maupertuis   and  Hamilton,  and  Lagrange's  dynamical 
method.     The  generality  of  the  former  method  is  so  great  as  to  render 
its  application  to  every  type  of  dynamical  problem  a  matter  of  some 
difficulty  ;  but,  as  we  shall  see,  it  leads  at  once  to  the  dynamical  equa- 
tions of  Lagrange,  which  in  many  cases,  not  easily  attacked  by  ordinary 
dynamics,  give  a  ready  means  of  solution. 
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i':>'.».  First  let  us  consider  a  system  of  bodies  which  are  subject  to 
in  kiln-mat iral  conditions  expressed  by  equations  connecting   the 

nlinates  of  the  different  particles  of  the  system.  These  equations 
limit  the  freedom  of  tin-  particles  of  the  system  and  enable  just  as  many 
of  tin-  co-ordinates  to  be  determined  in  terms  of  the  remaining  co- 
ordinates as  there  are  independent  equations  of  condition.  Thus  if 
there  an-  S/t  co-ordinates,  and  m  independent  equations  connecting 
them,  there  are  in  all  %n  —  m  independent  co-ordinates,  or  parameters, 
from  which  the  position  at  any  instant  of  any  part  of  the  system  can  be 
•  leduced.  The  system  is  then  said  to  have  3?i  —  m  degrees  of  freedom. 

As  an  example  consider  the  motion  of  a  rigid  body.  The  kine- 
matical  conditions  imposed  on  it  render  impossible  any  alteration  of  the 
relative  configuration  of  the  particles  composing  it.  But  any  point  of  it 
is  tree  to  move  in  any  one  of  three  rectangular  directions,  or  the  body 
may  turn  round  any  one  of  three  rectangular  axes  through  any  point. 
Thus  the  body  has  left  by  the  condition  six  degrees  of  freedom ;  or,  in 
other  words,  the  position  of  the  body  is  completely  determined  when 
then-  an-  given  iu  position  a  point  in  the  body,  a  line  through  the  point, 
ami  a  plane  containing  the  line.  First  fix  the  point,  this  requires 
tin..'  co-ordinates;  next  h'x  the  line,  this  requires  two  co-ordinates; 
la>:  tix  tin-  plane,  which  requires  one  more  co-ordinate.  Thus  there  are 
six  independent  co-ordinates  in  all.  If  the  point  is  constrained  to 
remain  in  a  fixed  plane  one  freedom  is  removed,  as  two  of  the 
<-,,-,, r< linat.-s  of  the  point,  with  the  other  three  co-ordinates  determine 
the  position  ot'  the  body  :  and  so  on. 

:Mi>.  To  the  term  "co-ordinate"  then  we  give, following  Lagrange.an 
«  nlarged  or  generalised  meaning.  The  co-ordinates  are  the  3n  —  m 
independent  parameters,  the  variations  of  which  give  the  motion  of  the 

r«-m.  They  may  be  either  3n  —  m  of  the  ordinary  position  co-ordi- 
nates in  terms  of  which  the  remainder  may  be  found  by  the  m  equations 
of  condition  already  referred  to ;  or  they  may  be  3n  —  m  other  quantities 
T/T,  <f>,x>--  •'  connected  with  the  ordinary  position  co-ordinates  by  a  set  of 
3w  —  m  relations,  making  3»i  known  relations  of  condition  in  all. 

In  the  former  case  we  may  write  the  m  kinematical  equations  in  the 
form — 

*Ti(*i»  yp  ~i )  =  0  ) 

^2(*py,-, )-OV  .    .     .     .     (1) 


in  the  latter  case  the  .S,/  equations 


*•  *  •  •  •  •  M 

yj  ^/.tyi  <#>.  x»  •  •  •  •  )  r  •    •    • 


Thus  we  have  either  as  in  -'I-  Cm  — //»  unknown  quantities  Op  yv  ..."*fr,  <f>.  ... 
with  3n  kinematical  equations,  or  as  in  (1)  Xii  unknown  quantities 
«!,£,,:, by MHnematical equations:  in  either 
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case  the  remaining  3w  —  m  relations  required  for  the  determination  of 
the  unknown  quantities  are  furnished  by  the  equations  of  motion. 
These  it  is  our  main  object  now  to  establish. 

It  is  to  be  observed  that  if  (1)  or  (2)  involve  the  time  t  explicitly 
the  kinematical  relations  vary  with  the  time,  and  the  results  obtained 
in  the  following  analysis  will  not  in  general  hold.  Where  the  contrary 
is  the  case  will  be  stated.  If  the  time  does  not  enter  explicitly  in  these 
equations  the  kinematical  conditions  are  said  to  be  invariable. 

241.  Denoting  time-rates  of  change  of  co-ordinates,  or  velocities  in 
the  ordinary  and  in  the  generalised  sense,  by  the  fluxional  notation, 
xv  yv  zv  ...,  \js,  <j>,x,  •"  we  get  from  (2)  the  following — 


dx, 


,>    = 

1/1 


...:) 


It  is  to  be  clearly  understood  that  equations  (2)  connect  xvy1,zl,  ... 
i/r,  <£,...  without  involving  \js,  (j>,  .  .  .  It  follows  from  (3)  therefore  that 
the  kinetic  energy  T{  =  |S»i(#2  +  y2  +  £2)}  is  a  homogeneous  quadratic 
function  of  the  generalised  velocities  -^s,  0,  .  .  .  Thus  we  may  write  it 


in  which  (ijr,  ijr),  ...(i/r,  <£)...  denote  co-efficients  which  are  functions  of 
the  co-ordinates  and  masses  only,  since  dxjdty,...  are  such  functions. 


Theory  of  Action 

242.  The  action  of  a  system  for  the  part  of  the  motion  which  takes 
place  in  any  interval  of  time  from  t0  to  tl  is  double  the  time-integral  of 
the  kinetic  energy,  or 

A  =  %[    Tdt (5) 

Jt(, 

Since  ZTdt  =  ^msds,  this  becomes 

pi 
A  =  2 1    msds     .......     (6) 

J«o 

where  s0,  sv  are  limits  of  s  corresponding  to  t0,  tr  Hence  the  action  may 
be  defined  as  the  sum  of  the  space-integrals  of  the  momenta  of  the 
different  particles  of  the  system,  or,  which  is  the  same  thing,  the  sum  of 
the  products  of  the  space  average  of  the  momentum  of  each  particle  by 
the  length  of  the  path  described  in  the  interval  ^  — 10. 

According  to  the  condition  imposed  on  the  system,  there  are  two 
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theorems  of  stationary  action:  one,  which  is  generally  referred  to  as 
tin  Principle  of  Least  Action,1  for  which  the  condition  imposed  is  that 
the  system  should  move  from  one  specified  configuration  to  another  with 
constant  sum  T  +  V  of  kinetic  and  potential  energies ;  the  other  an 
analogous  theorem,  subject  to  the  condition  that  the  time  of  motion, 
not  the  total  energy,  is  given.  These  theorems,  expressed  analytically, 
arf  that 

(a)  &A  =  2sf'1  Tdt  =  0 (7) 

J<0 

with  the  condition 

8  7*  +  8F=  0 
and  (6) 


T  -  V)dt  =  0 (8) 

Jlo 
with  tht.-  condition 

jnovidrd  the  motion  take  place  in  accordance  with  the  ordinary  equation 
ot  motion  for  a  system  in  which  the  forces  are  derivable  by  differentia- 
tion from  a  potential  V.  This  equation  is 

oT+  2»w8s  =  0 (9) 

It  is  to  be  noticed  that  in  both  these  theorems,  if  the  time  do 
not  appear  explicitly  in  the  kinematical  equations,  the  sum  of  the 
kinetic  and  potential  energies  is  a  constant  throughout  any  one  mode  of 
transition  from  one  configuration  to  the  other  (see  Art.  260)  ;  but  that 
(when  this  is  the  case),  while  in  (a)  the  energy  is  the  same  for  all  modes 
of  transition,  in  (6)  it  may  vary  from  one  mode  to  another. 

f'1 
It  is  usual  to  denote  T—  V  by  L  and  I    L  dt  by  S.     S  was  called  by 

J  <0  '••—  Jl 

Hamilton  the  principal  function  and  A  the  characteristic  function  of  the 
motion. 

.  To  prove  theorem  (a),  let  BA  be  the  difference  between  the 
art  ion  for  one  set  of  paths  of  transition  and  that  of  another  set  infinitely 
little  ditYrn-nt.  \V«-  ha\i- 

BA  =  21    nifads  +  21    intdfe 

J*o  J«o 

fi  r       T1      f'1 

=  I    87* .  dt  +    2m*80      -  2 1    m*Bg  .  dt 

J»o  I»  J«o 

f'1  f'1  f 

2 1    ?/i8*</«  —  21    »ui8«  .  dt  =  I    87*.  dt. 

J  «„  J  t»  J  /„ 

1  For  examples  of  tli«  din  « t  application  of  the  Principle  of  Leant  A<  ti-m  to  Dynamical 
Problems  see  a  paji.r  l.y  Lnnnor,  Proe.  L.M.S.,  xv.,  1884,  p.  158. 
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The  integrated  terms  vanish,  since  the  limiting  configurations  are 
the  same  for  all  sets  of  paths.     Hence 

8A  =  f  '  {8T  -  2m#Ss}dt     .....     (10) 
Jto 

But  by  the  condition  of  constancy  of  energy  we  have 

8T+8V  =  0 
and  by  this  the  last  result  can  be  written 


8A  =  -       {8V  +  Zmafydt  .     .  (11) 

Jt0 

and  &A  vanishes  if 

8V  +  2ms8s  =  0       ......       (9) 

as  stated  above. 

It  is  to  be  observed  that  this  result  shows  that  if  the  motion  takes 
place  according  to  the  general  variational  equation  of  motion  —  that  is,  if 
the  motion  is  unguided  by  any  constraint  applied  to  the  system  from 
without  —  the  variation  of  the  action  from  one  mode  of  transition  to 
another  mode  very  near  the  first  is  of  the  second  order  of  small  quantities 
—  that  is,  the  action  is  stationary.  The  action  can,  however,  be  made  as 
great  as  we  please  by  rendering  the  path  of  transition  for  each  particle 
sufficiently  circuitous,  so  as  to  increase  the  time  of  motion.  If  then 
the  variational  equation  of  motion  lead  to  only  one  possible  motion,  that 
must  be  a  motion  for  which  A  is  a  minimum.  When  there  are  more  than 
one  possible  motion  none  of  these  can  give  an  absolute  maximum  of  action, 
though  some  of  them  may  involve  neither  maximum  nor  minimum 
action.1 

244.  The  second  theorem  (6)  may  be  proved  thus  — 


f«i  f<i 

3     Ldt=  \    (8T-  8V)dt 

Jto  Jto 


since,  the  time  being  constant,  there  is  no  variation  of  dt.     But 


f'i 

8T.  dt  = 

Jt0 


d8s 
2     ms8s  .  dt  =  2     ms  -j-  dt, 


and  therefore 


f'i  f'i  dSs 

8\    Ldt=\    (2m«  ~  -  8V)dt    ....     (12) 
J  to  Jto  dt 


Hence,  finally,  integrating  the  first  of  the  terms  in  brackets  by  parts, 
and  remembering  that  the  integrated  terms  vanish  since  the  initial  and 
final  configurations  are  fixed,  we  get 


h  Ldt  =  -  \ 

t0  Jto 


8V)dt    ....     (13) 

1  For  the  discrimination  of  cases  of  minimum  and  stationary  action  see  Jacobi,  Crelle, 
Bd.  17,  1837,  orWerke,  Bd.  4,  s.  46;    or  Routh,  Adv.  Rigid  Dynamics,  p.  250. 
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Tin-  right-hand  term  vanishes,  and  8S  =  0,  wln-n 

i  ///*&»  +  8V  =  0, 

-ame  condition  as  before. 

When  the  time  of  transition  is  not  given  we  have 


(idSt  +  ( 

-  8V)dt, 


J«o 

the  integrals  being  taken  for  any  chosen  time,  tl  —  tQ,  of   transition. 
Now 

BTdt  = 
so  that 

\8Tdt  =  2»**(8*  - 
Also 


and 

Hence,  collecting  terms,  we  find 


(14) 


At  the  limiting  positions  Bs  is  zero,  so  that  the  integrated  terms 
1  8s  vanish.  Also  if,  as  we  suppose,  the  variational  equation  of  motion 
hold,  m'fi  +  &V/&*  =  (»,  and  we  get 


i.. 


(15) 


But,  as  will  be  shown  below  (Art.  260),  if  the  kinematical  equations  do 
not  contain  the  time  explicitly  the  fulfilment  of  the  variational  equation 
of  motion  involves  the  constancy  of  the  total  energy  T  +  V during  the 
motion.  Hence  in  this  case  putting  E  for  T  +  V  we  have 

-  RU (15) 

From  this  also  the  former  result  can  be  deduced.    For  let  the  energy 
be  constant  throughout  any  one  mode  of  transition.     Then,  if  t  be  any 
value  of  the  time  of  transition,  \ve  have 

et 

/:/. 
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Hence 


which  by  (15')  gives 

.......     (16) 


Thus  8  A  vanishes  if  the  energy  is  not  subject  to  variation. 

It  is  to  be  observed  that  8s  —  &8t  is  the  variation  which  s  undergoes 
when  we  pass  from  any  point  of  the  path  considered  to  that  point  of  an 
adjoining  path  which  corresponds  to  the  same  instant  of  time.  For  in 
the  passage  from  any  chosen  path  to  an  adjoining  one  the  change  of  s 
for  an  interval  of  time  8t  is  8s,  and  therefore  s  +  8s  —  tit  is  the  value  of 
s  in  the  new  path  for  a  point  of  time  8t  earlier,  that  is  at  time  t.  Hence 
the  value  of  8S  might  have  been  obtained  at  once  from  (13)  by  insert- 
ing the  integrated  terms,  writing  8s  —  s8t  for  8s  and  adding  the  term 
[L8t]  taken  between  the  limits  tl  and  t0.  Of  course  it  will  be  remem- 
bered that  8t  in  (15')  is  the  variation  of  the  whole  time  of  transition. 


Lagrange's  Dynamical   Equations 

245.  We  shall  now  as  a  preliminary  to  a  discussion  of  the  ignoration 
of  co-ordinates  derive  Lagrange's  equations  from  the  principle  of  least 
action.  An  independent  proof  of  these  equations  by  derivation  from  the 
Cartesian  equations  of  motion  of  a  set  of  free  particles  will  be  given 
later. 

We  have  seen  above  that 

f  f 

8  A  =  2 1  m&ids  +  2 1  m£ 

J  J 

=  \8Tdt  +  2\msd8s. 
But  by  (4) 

so  that 

cT  „         cT 


Also,  if  E  be  the  total  energy,  T  =  E  —  F,  so  that  for  a  conservative 
system 


since  F  is  a  function  of  the  co-ordinates  only. 
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Hence,  substituting  from  (17)  and    (18)    in  the  value  of  BA  and 
integrating  by  parts  we  obtain 


The  integrated  terms  vanish,  and  if  SA  also  vanishes  we  must  have, 
in  place  of  the  variational  equation  of  motion  (9)  above,  since  fafr, 
8<£  .....  are  independent, 


d_  cT  _  VT      8T_ 
dt  8^  ~  fy       ty~     ' 
d_VT  _  dT      37  _ 

+        ~     ' 


(20) 


which  are  therefore  the  equations  of  motion  of  a  conservative  system  in 
terms  of  generalised  co-ordinates. 

These  equations  were  first  given  by  Lagrange  (Mdcanique  Ana-lytique, 
Seconde  Partie,  Section  IV.).  We  shall  see  later  that  if  the  system  is 
not  conservative  they  are  subject  to  certain  modifications. 

If  we  put  L  for  T—  V  the  equations  may  be  written  in  the  compact 
form 

d  cL      oL         -\ 

dtty      ?t/r  ~      I (20') 


In  this  form  they  may  very  easily  be  deduced  from  the  theorem 
by  a  process  similar  to  that  used  above. 

Generalised  Momenta.     Reciprocal  Theorems 


246.  The  quantities  ar/a^r,  cT/9^,  .  .  .  obtained  by  partial  differen- 
tiation of  the  homogeneous  function  T  of  the  velocities,  are  called  the 
generalised  components  of  momentum  <•!'  ;  m.  ami  \vr  shall  here 

denote  them  by  the  symbols  £  ,  ij,  £,  .  .  .     They  are  evidently  connected 
by  the  relation 

^+^+....  =  27'  .....     (21) 
?<£ 

which  \vo  shall  usually  write  in  the  less  cumbrous  form 

fc  +  <fa  +  ----  =  2T  .....     (22) 
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It  is  obvious  that  £,  rj,  .  .  .  .  are  linear  functions  of  the  velocities  as 
given  in  the  equations 


+ 

.     .     .     .     (23) 


which  are  independent  and  just  as  many  as  there  are  co-ordinates.  By 
means  of  these  \js.  <j>,  .  .  .  can  be  expressed  as  linear  functions  of  the 
momenta  £,  rj,  .  .  .  and  hence  T  as  a  quadratic  function  of  £,  rj, .  .  .,  the 
coefficients  of  which  are  functions  of  the  coefficients  of  the  system  of 
equations  (23),  and  are  therefore  functions  only  of  the  co-ordinates. 
Distinguishing  these  coefficients  from  those  in  (4)  by  square  brackets 
we  get 

....  +  [*,  ttf  +  ....}     (24) 


We  shall  denote  the  kinetic  energy  by  Tm  or  by  Tv  according  as  it 
is  to  be  understood  that  it  is  expressed  as  in  (24)  or  as  in  (4).  We  may 
therefore  write  (22)  in  the  form 

Tm  =  -  Tv  +  tf  +  fa  + (25) 

Here  Tm  is  the  function  obtained  by  supposing  the  velocities  \js,<j>,  .  .  . 
on  the  right  expressed  in  terms  of  £ ,  rj,  .  .  .  Hence  we  have 


We  thus  have  the  reciprocal  equations 

an  =      an  = 

g'          £  J- (») 

vJ-m          ;       °*m          ; 

——-  =  y,    -^—  =  9,  .  . 
Cf  or) 

Also  we  have 
or 

riTrn  _        on  /27\ 

^r          —  ~     '  j  ••••        •        *        •        •        •        •        i*j|i 

Ignoration  of  Co-ordinates.     Modified  Lagrangian  Function 

247.  If  the  kinetic  and  potential  energies  be  independent  of  certain 
co-ordinates^,^',  .  .  .  it  is  now  obvious  that  the  components  of  momen- 
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tuui    corresponding   to   these   co-ordinates   are   constant.      For 

Y',  ....  9  Vfix,  .  .  .  are  zero,  and  .  hence,  by  Lagrange's  equations 

We    li 


dt  $x  dt  dx 

•2.ITI  ~  II 

OJ.  Q  L  , 

—     K,  =    K  ,   .    .    .    . 

3v  8\' 

where  K,  K  ,  .  .  .  .  are  constants. 

The  last  equations  may  be  written  in  the  form 

(x»  x)x  +  (x«  x')x'  +  ...-=  K  --  {(^,  x)^  +  (<£,  x)<£  +....}  1 

(x''  x)\  +  (x'»  x')x'  +....-«'-  {(i^.  x')^  +  (<£»  x')^  +••••}  r    (28) 

Our  object  is  now  to  find  what  the  theorem 

8S  ~  &\Ltlt  =  0, 


with  time  of  transition  given,  becomes  when  x>  x'»  •  •  •  •  are  eliminated  by 
means  of  equations  (28),  in  order  to  deduce  therefrom  the  corresponding 
modified  equations  of  motion.  We  shall  not  at  first  suppose  that  the 

momenta  K.  «',....  are  necessarily  constant. 
Taki.-  tli«-  t-xjin-ssion 

8t  +  *4&i+.       .  +  -  8X  4-  -8X  +  - 

ty  TX  -  \ 

write  in  it  K  for  ^L^\,  K'  for  dL/dx', and  transpose,  and  the  equation 

becomes 


=  I ( l    fy  +  -7 8^  +  C  ' 8<f>  +  .  .  .  .)dt  .     .     .    (29) 
J  Vi/f  9\k  d<f> 

The  expression  on   the  right  is  the  variation  of  S  when  ty,  \js,  .  .  . 
are  varied,  while  v,  ^,  .  .  .  .  are  left  unchanged.     Since  the  co-ordinates 
are  independent,  their  variations  are  arbitrary,  and  this  variation  of  S 


vanish. 
Hence  (29)  becomes 


-  .  .  .  .)A-0     (30) 

For  brevity  we  put 

L'  =  L  -  KX  -  K'X'  -  ........     (31) 


190  MAGNETISM   AND   ELECTRICITY  CHAP. 

so  that 

L'  -  £(fr  +  ^  + *x  -  K'X'  -  ,...)'-  V  •     (31') 

The  first  expression  on  the  right  is  the  difference  between  the  kinetic 
energy  depending  on  the  momenta  corresponding  to  the  velocities  y, 

<j>,  .  .  .  .  and  that  due  to  the  momenta  K,  K 

If  now  the  co-ordinates  x>  X>'  •  •  •  ^°  notl  aPPear  explicitly  in  T  or  V, 
K,  K,  .  .  .  .  are  constants,  dL/d%,  ....  are  zero.     We  have  then 


l\L'd*  =  0 


(32) 


for  the  theorem  expressed  by  (8)  in  which  the  time  of  transition  is 
fixed.  The  equations  of  motion  are  therefore  now  obtained  in  the 
manner  indicated  above,  but  with  Lr  substituted  for  L.  Hence  they  are 


d  cL' .     dL' 
~  —       =  u 

dt  ty        ty 

d  a//       3Z/ 

r  -  —  =  0 

dt  d<>        d<> 


(33) 


Lagrange's  Equations  with  Gyrostatic  Terms 

248.  It  is  to  be  observed  in  performing  the  operations  indicated 
in  equations  (33)  that  K,  K,  .  .  .  .  are  to  be  treated  as  constants,  while 
X,  x>  •  •  •  •  are  explicit  functions  of  \js,  <j>,  .  .  .  . 

Now 


and  if  (K,  K),  (K,  K)  .  .  .  .  denote  the  ratios  of  the  consecutive  first  minors 
of  the  determinant  of  the  system  of  equations  (28)  to  that  determinant 
and 

K  =  |{(K,  K)*2  +  2(/c,  K')KK    +  ____  }      ...      .      (34) 

the  values  for  x>  x'>  •  •  •  •  derived  from  (28)  are 


x  =      -  (ix  +  IN  +  oo  +  ____  ) 

x  =  ^  -  (^/'  +  j>N'  +  do1  +  ____  )     •   • 

where 

M  =  (K,  K)  ($,  x)  +  (K,  K')  ty,  x)  +  ---- 

M'  =  (K',  K)  (if,,  x)  +   («'.  «')  (t>  X)  H-  ---- 

.................     (36) 

^   =  («,   «)  (0,  X)  +  («»  «')  (<£>  X')  +  ---- 
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If.  11.  ,-.  .substituting  in  the  value  of  T  above,  we  get 

T  =  J(#  +  r,4>  +  ----  -  fay  -  fatf  -  ----  )  +  K 
=  T,  +  K,  say   .............     (37) 

H< 

L'  =  T,  +  A'  -  (2K  -  ^KM  -  feKy  -  ----  )  -  V 

=  ^  +  fe*U  +  fe  .V  +  ----  -  A'  -  V   .     .     .     (37') 


so   that  L'  contains  terms  of  the  first  degree  in  i/r,  0,  .  .  .  .     We  have 
therefore 


<*  ai/     d  w,     ,„  cM     ,„  aw 

---  =   --  -  4-  vA2x     -    +  </>2«  — 
dt  dt  ty  ty  <)<t> 


Again 

TZ'       cT       cK 


— 

r\ft 


and  similar  expressions  are  obtained  in  the  same  way  for  the  variables 
<f>,  <}>,  0,  $,  .  .  .  .     Hence  equations  (33)  may  be  written 


O  <K    8F 


(38) 


If  in  addition  to  —  d  V/(fy,  —  d  V/d<f>, forces  ¥',  4>', act  on  the 

system,  these  quantities  must  be  used  instead  of  the  zeros  on  the 
right  of  (38).  "V,  4>', . . .  .  are  here  applied  forces  which  tend  to  alter 
the  total  energy  T  +  V  of  the  system. 

•_'4!>.  The  terms  in  these  equations  which  have  \js,$,6, as  factors 

are  called  gyrostatic  terras  for  a  reason  which  will  appear  below  from 
an  example  or  two  which  we  shall  give.  It  will  be  seen  that  in  each 
equation  no  gyrostatic  term  with  the  velocity  corresponding  to  that 
equation  as  a  factor  appears,  and  that  in  the  ^-equation  the  multiplier 
of  0  is  the  multiplier  of  \js  in  the  0-equation  with  its  sign  changed,  and 
so  on. 

Equations  (38)  were  given  by  Lord  Kelvin  in  1873,  and  applied  by 
him  to  important  problems  in  fluid  motion.1  They  are  reproduced 
1 1- -re  for  the  sake  of  an  important  case  of  fluid  motion  to  be  considered 
later  in  connection  with  a  vortex  theory  of  the  ether,  and  because  the 
idea  of  a  gyrostatically  dominated  medium  will  have  to  be  discussed  in 
its  bearing  on  magneto-optic  rotation. 

'"On  the  Motion  of  Ri#id  Solids   in   a   F.i.|ui.l    cii'-ulatini;    in<>t;itinnal]y    through 
Perforatioiis  in  them  or  in  ;i  Fixed  Solid."     Phil.  May.,   May,   1873. 
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The  equations  may  be  established  by  transforming  T  into  T  +  K 
where  T'  is  a  homogeneous  quadratic  function  of  the  velocities  \js,  0, ... 
and  K  is  the  quadratic  function  of  the  momenta  K,K,  . .  . .  obtained 
above,  and  thence  calculating  the  terms  in  the  Lagrangian  equations 
expressed  as  in  (20)  above.1  The  modified  Lagrangian  function  L' 
was  given  by  Bouth,  and  the  method  of  obtaining  it  followed  above  is 
due  to  Larmor.2  ^" 

250.  When  K,  *',....  are  not  constant  the  equations  of  motion  (38) 
still  hold  ;  but  besides  (38)  there  exist  now  equations  of  motion  for  the 
co-ordinates  j('X These  may  be  put  in  the  form 


(39) 


and  there  are  as  many  pairs  of  such  equations  as  there  are  quantities 
To  prove  (39)  we  have  first  from  (31) 

9*c        \9x       '  / 8x 

and  again 

dL'      9.Z/'  BK  dL       .  9/c        . ,  9*c 

3v         9/c  BY  9v  9y  9v 

A  A.  /\  /\  A. 


or 

dL'  _3L      • 

~-~r~  —  5  ' '  •  •  • 
8x      °x 

251.  If  the  velocities  x>X>  •  •  •  •  en*er  into  the  expression  of  the 
kinetic  energy  without  being  associated  with  the  other  velocities  by 
terms  of  the  form  (^,%)\^X'  •-.••*  then,  by  (36),  M. ',  N,  .  .  .  .  are 
all  identically  zero,  that  is  we  have 

L'  --  T!  -  (K  +  F) (40) 

where  K  is  a  homogeneous  quadratic  function  of  /c,  K  ,  .  .  .  .  as  before, 
into  which,  however,  the  velocities  \fs,  <j>,  .  .  .  .  do  not  now  enter,  and 
Tl  does  not  contain  the  terms  of  the  first  degree  — 
We  therefore  have  instead  of  (38) 

^  82\  _  87\  3K  W= 

dt  <M        o\l/  dtj/  ty 

j*87\_8^,  a?  3f= 

dt  3<          ?<  8<>  3 


1  Thomson  and  Tait,  Vol.  I.  Part  I.  §319,  Example  G. 

2  "Stability  of  Motion"  Art.,  Proc.  Lond.  Math.  Soc.,  XV.  (March  13,  1884). 
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Equations  (40)  and  (41)  are  expressions  of  the  theorem  that  if  a 
dynamical  system  be  specified  by  a  group  of  position  co-ordinates  i/r,  ^, 

ami  partly  by  velocities  of  other  co-ordinates  of  type  v,  ^/ so 

that  tin-  kin.  ti.  energy  is  the  sum  of  two  parts,  Tlt  K,  the  first  of  which 

\pressed  as  a  quadratic  function  of  the  velocities  of  type  0,  \js, . . . .  , 
and  the  other,  K,  as  a  quadratic  function  of  the  momenta  corresponding 
to  the  velocities  of  type  x>  X '»••••>  the  motion  of  the  system  will  be 
precisely  the  same  as  if  the  system  had  a  quantity  of  kinetic  energy  Tv 
ami  an  additional  quantity  of  potential  energy  1C.  In  fact,  we  see  that 
in  any  given  case  of  motion  the  potential  energy  which  exists  may  be 
regarded  as  the  kinetic  energy  corresponding  to  velocities  which  are 
thus  ignored. 

As  an  example  we  shall  see  later  that  if  we  suppose  a  liquid  to 
circulate  round  infinitely  thin  cores  immersed  in  it,  K  is  a  quadratic 
function  of  the  cyclic  constants  of  the  motion,  and  represents  the  kinetic 
energy  of  the  fluid  motion,  while  the  kinetic  energy  of  the  cores  them- 
selves is  Tv  and  does  not  involve  any  terms  of  the  first  degree  in  the 
velocitit  v  of  the  cores.  Hence  in  this  case  the  modified  Lagrangian 
function  is 

L'  =  TI  -  K  -  V, 

so  that  L'  is  the  same  as  if  the  circulation  were  zero  and  the  potential 
energy  of  the  motion  were  increased  by  K. 

Application  of  Lagrange's  Equation  to  Theory  of  Gyrostatic  Pendulum 

L'">±  As  an  example  of  the  process  of  forming  the  equations  of 
motion  of  a  dynamical  system  by  Lagrange's  method  we  consider  here  a 
case  of  some  importance  in  the  theory  of  magneto-optic  rotation. 
Imagine  a  pendulum  (Fig.  60)  the  bob  of  which  is  carried  by  a  rod 
terminating  at  its  upper  end  in  one  of  the  forks  of  a  Hooke's  universal 
joint  and  contains  a  gyrostat  (Fig.  60)  rotating  about  an  axis  coincident 
with  the  line  joining  the  centre  of  inertia  of  the  whole  mass  with  the 
point  of  support — that  is,  the  centre  of  the  cross-link  of  the  joint.  We 
suppose  the  pendulum  to  be  kinetically  symmetrical  about  this  line, 
and  that  the  rod  carrying  the  other  fork  of  the  joint  is  fixed  in  a  vertical 
position. 

In  order  that  Lagrange's  equations  of  motion  may  be  used  the 
kinetic  energy  must  oe  expressed  in  terms  of  quantities  which  com- 
pletely specify  the  position  of  every  part  of  the  system  at  any  instant. 
Tims  the  expression  of  the  kinetic  energy  in  terms  of  the  angular 
velocities  with  reference  to  axes  fixed  in  the  moving  system — for  exam  pie, 
the  Kul«  ri.in  velocities  <olt  <o2,  o>8 — is  unsuitable.  This  is  a  point  which 
is  soiin-tiiiH-,  MVfHoukfd  in  the  application  of  the  Lagrangian  method, 
and  errors  arise  in  consequence. 

I  .ft  </>  be  the  angle  which  the  vertical  plane  ZOB,  Fi^ 
tlnon-h   the  point  of  support,  0,  and  the  centre  of  inertia,  makes  with 
a  fixed  vertical  plane  through  the  former  point,  and  denote  by  <j>  the 
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angular  velocity  with  which  this  angle  is  increasing.  Let  6  be  the 
inclination  of  the  axis,  OB,  of  kinetic  symmetry  to  the  vertical ;  0  its 
rate  of  increase  ;  C  the  moment  of  inertia  of  the  pendulum,  without  the 
gyrostat,  round  OB ;  C'  that  of  the  gyrostat  round  the  same  axis ;  and 
A  the  moment  of  inertia  of  the  pendulum,  including  the  gyrostat,  round 


Instead  of  a  kinetically  sym- 
metrical case  which 
ought  to  be  used  in 
practice  for  such  a  pen- 
dulum, a  ring-shaped 
bob  is  substituted  in 
Fig.  60  to  display  the 
g}Tostat.  A  short  piece 
of  steel  wire  having  the 
upper  end  fixed  and  ver- 
tical, the  other  end  fixed 
to  the  rod  of  the  pen- 
dulum and  directed 
along  its  axis,  may  be 
substituted  with  almost 
perfect  equivalence  for 
the  Hooke's  joint. 

FIG.  60. 


This  Figure  shows  a  gyrostat  resting 
on  a  thin  edge  on  a  glass  plate. 
The  case  is  represented  as  cut 
open  to  show  the  fly-wheel, 
which  is  pivoted  on  a  spindle 
turning  in  bearings  attached  to 
the  case.  As  the  section  indi- 
cates, the  fly-wheel  is  a  thin 
disk  with  a  massive  rim.  [This 
cut  is  reduced  from  Thomson 
and  Tait's  Natural  Philosophy 
(Vol.  I.  Part  1,  p.  397),  to  which 
the  reader  may  refer  for  further 
information  regarding  gyrostatic 
action.] 


FIG.  61. 


any  other  principal  axis  through  the  point  of  support.  Finally,  to 
specify  the  position  of  the  gyrostat  at  any  instant,  denote  by  ty  the 
angle  which  a  plane  fixed  in  the  gyrostat  and  containing  its  axis  makes 
with  the  plane  ZOB. 

The  motion  of  the  pendulum  can  be  found  from  the  kinematical 
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theory  of  the  Hooku's  joint;1   but  the  following  is  perhaps  simpler. 

Consider   the   equivalent   suspension  :   a  perfectly  flexible  untwistable 

wire,  of  which  one  end  is  soldered  or  screwed  to  the  upper  end  of  the 

pendulum  rod,  the  other  fixed  so  that  the 

\\iiv  cannot  turn.     First  let  the  inclination  6 

of  the  rod  to  the  vertical  remain  constant,  and 

the  circle  in  which  the  centre  of  the  bob  moves 

be  ABC  (Fig.  63),  and  let  A,  B,  be  the  two 

positions  of  the  bob  at  the  beginning  and  end 

of  an  interval  of  time  St.     Since  the  wire  is 

untwistable  for  any  position  of  the  pendulum, 

it   is  simply  bent.     For  the  position  A  the 

bending  is  about  an  axis  in  the  direction  aa', 

for  B  about  an  axis  in  the  direction  bb',  and 

these  two  axes  include  an  angle  <j>St. 

Now  that  line  through  the  centre  of  the 

bob,  and  fixed  in  it,  which  was  horizontal  and 

a  tangent  to  the  circle  at  A  makes  with  that 

which  at  B  is  horizontal  and  a  tangent  to 

the  circle  an  angle  (j>&t,  and  both  these  lines 

are  fixed  in  the  bob  and  lie  in  a  plane  at 

right  angles  to  the  rod.     For  if  the  wire  be 

unbent  when  the  bob  is  at  A,  and  the  rod 

brought  to  the  vertical,  the  line  through  the       **•— . 

centre  of  the  bob  which  was  horizontal  re- 
mains so.     Then  if  the  wire  be  bent  about 

bb'  from  the  vertical  position  a  line  parallel 

to  bb'  is  brought  up  to  be  tangent  to  the  circle  at  B. 
These  two  lines,  therefore,  include  an  angle  <j>8t. 

of  the  axis  has  changed  from  OA  to  OB,  so  that  the  line  which  is  now 

tangential  to  the  circle  makes  an  angle  </>St 
with  the  former  direction  of  the  tangent. 
Now,  if  the  pendulum  had  been  simply  carried 
round  so  as  to  make  the  line  which  was  tan- 
gent at  A  also  tangent  at  B,  the  pendulum  as 
a  whole  would  have  rotated  about  the  vertical 
at  0  through  an  angle  <j>8t,  and  therefore 
through  0COS0.&  about  OB.  Consequently 
the  pendulum  has  rotated  in  the  actual  dis- 
placement through  an  angle  ^  (1  —  cos0)& 
about  OB  apart  from  the  angle  turned  through 
in  consequence  of  the  displacement  of  that 
axis.  The  angular  velocity  about  the  axis  OB 
is  thus  0(1  —  cos0)  or  20  sin2  $  0. 
Combined  with  this  motion  round  the  axis  Oti  is  a  rotation  about 

a  perpendicular  axis  in  the  plane  ZOB.     This  is  clearly  due  to  the 


FIG.  62. 


But  the  direction 


c- 


Fio.  63. 


1  Thornton  and  Tail,  Vol.  I.  Part  I.  p.  86. 
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motion  of  the  pendulum  which  is  carrying  the  bob  in  the  direction  of 
the  tangent  at  B,  and  since  the  velocity  of  the  bob  in  this  direction  is 
d> .  OB  sin  6  the  angular  velocity  about  the  axis  now  referred  to  is  <j>  sin  6. 
This  angular  velocity  may  be  resolved  into  two  components  round  axes 
fixed  in  the  body  and  situated  in  a  plane  perpendicular  to  OB:  one 
chosen  so  as  to  make  an  angle  <f>  with  the  plane  ZOB,  and  thus  to 
coincide,  when  the  pendulum  is  brought  without  other  change  of  position 
to  the  vertical,  with  the  initial  position  from  which  the  azimuthal 
displacement  of  ZOB  is  measured ;  the  other  perpendicular  to  this 
direction.1 

Besides  having  the  motion  just  considered  the  pendulum  may  turn 
so  as  to  alter  6  without  changing  0.  This  will  give  components  round 
the  axes  just  considered  +  6  sin  <f>,  —  0  cos  <j>  respectively.  We  have 
therefore  the  following  results  : 

Angular  velocities 

2<£  sin2  \Q,  round  the  axis  of  symmetry  OB. 

<£  sin  6  cos  <f>  +  6  sin  <£,  round  an  axis  perpendicular  to  OB  in  an  axial  plane 

fixed  in  the  body. 

<j>  sin  0  sin  <f>  -  6  cos  <£,  round  the  third  rectangular  axis. 

It  remains  to  specify  the  motion  of  the 
gyrostat.  Clearly  it  will  have  the  same 
motion  as  the  rest  of  the  pendulum  round 
the  two  rectangular  axes  last  mentioned, 
together  with  a  rotation  round  OB.  The 
latter,  by  Fig.  64,  in  which  <£  is  the  angle 
ZOB  makes  with  the  fixed  vertical  plane, 
and  -»/r  the  angle  which  the  plane  fixed  in 
the  gyrostat  makes  with  ZOB,  is  plainly 

(j)  COS  0  +  \js. 

/  The  kinetic  energy  is  therefore   given 

/'  by  the  equation 


2T  = 


-  cos 


+ 


*  sin20 
cos  0)2 


02) 
(42) 


FIG.  64. 


in  which  the  first  term  and  the  last  are  re- 
spectively twice  the  kinetic  energy  of  rota- 
tion round  OB  of  the  pendulum  without  the 
gyrostat,  and  of  the  gyrostat  alone,  and  the  middle  term  is  twice  the 
kinetic  energy  of  the  whole  system  round  the  other  two  rectangular  axes 
specified.  If  0  =  0  the  equation  gives  the  kinetic  energy  of  a  kinetically 

1  This  direction,  in  the  more  general  case  when  the  pendulum  is  not  kinetically 
symmetrical  about  0  B,  must  be  so  chosen  that  it  is  one  of  the  principal  axes  of  the  body, 
while  0  B  and  the  axis  at  right  angles  to  ZOB  are  the  other  principal  axes.  The  com- 
ponent angular  velocity  about  the  former  is  <j>  sin  6  cos  <f>,  about  the  latter  <j>  sin  0  sin  <j>. 
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>\ inint-trical  rigid  body  turning   in   any  manner   about  a  fixed  point 
— that  is,  of  a  top. 

254.  If  in  })<•  tin-  mass  of  the  pendulum  and  h  the  distance  of  the 
centre  of  inertia  from  0,  the  excess  of  the  potential  energy  of  the 
pendulum  over  that  which  it  has  when  vertical  is  mgh  (1  —  cos  0).  Call 
this  (';  then  the  equations  of  motion  are 


d  3T  dT  W  A 
----  H  --  =  0 
dt  #  cB  W 


_       _  _ 

dt  (-(j)       d<ft       d<f> 
d_<lT  _  VT      ?F_ 

~       +       ~ 


(43) 


since  no  other  applied  forces  than  those  due  to  gravity  act. 

We  have  here  dT/d<f>,  dV/d<f>,  dTftfy,  3F/^fr  all  zero.  It  will  be 
noticed,  therefore,  that  the  last  equation  gives 

—  =  constant, 

so  that  the  problem  fulfils  the  condition  stated  above  for  ignoration  of 
co-ordinates. 

The  three  equations  (43)  are,  as  the  reader  may  verify, 

AO  -  {C  sin  0  +  (A  -  C  -  C')  sin  0  cos  0}<j>*  +  C'  sin  6  .  W 

+  mgh  sin  0  =  0, 
<C(\  -  cos  0)2  +  C'cos20  +  A  sin20}<£  +  C'cosO.f 

+  2{CsmO  +  (A  -  C  -  C")sin0cos0}0<£  -  C" sin  0.^0.=  0, 

-(^  +  <£c 

•_' ."».">.  The  last  equation  shows  that  the  angular  velocity,  \is  +  0cos  0> 
of  the  gyrostat  round  its  axis  remains  constant  during  the  motion,  a  well- 
known  but  remarkable  result. 

Putting  dT/'chfs  or  C'(\fs  +  <j>  cos  0)  =  K,  we  have 

J  -  <f>  cos  $, 


and  therefore  (p.  190  above),  since  \js  is  the  velocity  for  the  ignored 
co-ordinate,  .A'  =  cos  0,  M  =  0,  &c.,  and 


~(K  -  C'^cosG)  +  {C(l  -  co8^)2  +  A  si 
C 


+  <!>(•<  -  C'4>  cos  6)  cos  0  +  C'<j>*coa*6  +  A&* 

=  {(7(1  -  co80)*  +  ^sin*^  -f-  Afr  +  £    .     .     .     (44) 

C 

as  might,  of  course,  have  been  obtained  from  (42). 
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The  kinetic  energy  is  thus  reduced  to  the  sum  of  two  quadratic 
functions,  one,  Tv  of  the  velocities  0,  0,  the  other,  K,  of  the  momentum 
K  corresponding  to  i/r.  Thus 


2^  =  {0(1  -  cos  0)2  +  A  sin  *6}<j>*  +  Ad\     2K  = 

C 

The  equations  of  motion  by  (38)  are  reduced  to  two,  which  have  the 
form 


The  last  term  on  the  left  of  the  first  of  these  equations,  is  the 
gyrostatic  term  OicdN/dO,  and  there  is-  no  other. 

These  equations  can  be  reduced,  when  6  is  small  throughout  the 
motion,  to  x,  y  co-ordinates  and  take  then  a  symmetrical  form  which 
exhibits  better  the  gyrostatic  terms.  As  they  will  be  of  use  later,  we 
give  them  here  also.  They  are  best  obtained  by  transforming  the 
kinetic  energy  to  the  new  co-ordinates,  viz.  x,  y,  taken  in  a  horizontal 
plane  through  the  centre  of  inertia  of  the  pendulum,  with  the  projection 
of  0  upon  this  plane  as  origin. 


We  have  approximately  1  —cos  0  =  r2/2A,2,  where  r  (  =  \/x2  +  yz)  is  the 
distance  of  the  centre  of  inertia  from  the  origin,  6  =  (xx+yy^jhr 
0  =  (xy  —  yx^/r2,  so  that,  neglecting  terms  of  higher  order  than  rz/hz) 
we  get 


(7  C'  r2 

=  -^  +  MX  +  Ny, 


Hence 

25\  =  72  («2  +  y2),     2K  =  ^-,. 

For  the  calculation  of  the  gyrostatic  terms  we  have 
./.       *       J<       a_  K       xtJ  -y*fi        r* 


where 


The  equations  of  motion  are,  since  dTJdx,  dTJdy,  dK/dx,  dK/dy,  are 
all  zero, 

d  dT,      fbM    aar\       8F 

i      J_      ..(     \   n,        I        __     Q 

dt  dx          V8y        dx)yTdx 

d  dT,         fiN      dM\         W         f      '     '     ' 

T*-^  +  Kl^ 5rJ*  +  5T 

dt  oy          \ox         oy  /          oy 
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Now 

d  Wi  d  cTi 

dtte=A*'     ^^  =  Jy' 

37  x         oV  y 

—  =  mg  -  >       —  =  mg  -  » 
8z         *  A          cy  A 

m  _  a^=  _  i 

~ty  ~  fa~     A2' 

and  therefore  equations  (47)  become. 

Ax  -  Ky  +  mghx  =  0  \ 
<4y  +  KX  +  mghy  =  0  J 

.  These  are  the  equations  of  motion,  referred  to  horizontal  x,  y 
co-ordinates,  of  the  centre  of  inertia  of  a  gyrostatic  pendulum,  the 
inclination  of  which  to  the  vertical  is  always  small,  or  (with  change  of 
sign  of  h)  of  a  gyrostat  supported,  with  its  axis  nearly  vertical,  by  a 
piece  of  flexible  wire  or  on  gimbals  placed  in  the  prolongation  of  the 
axis  below  the  centre  of  inertia.  If  the  gimbal  support  is  used  both 
axes  about  which  the  gyrostat  turns  are  supposed  to  be  on  the  same 
level  ;  if  they  are  not,  equations  (48)  require  modification.  Taking  in 
this  case  the  axes  parallel  to  those  about  which  the  gimbal  rings  turn, 
and  putting//,  tin-  the  distance  of  the  centre  of  inertia  from  the  axis 
parallel  to  y,  Al  for  the  moment  of  inertia  round  the  axis  parallel  to  y 
and  A.,,  A0  for  the  distance  and  moment  of  inertia  with  regard  to  the 
axis  of  x,  we  obtain  the  equations  for  this  case  by  substituting  for  h  and 
A  in  the  first  equation  —  hl  and  Av  and  in  the  second  —  7t2  and  Ay 

It  will  be  found  later  that  equations  (48)  are  similar  in  form  to 
those  which  enter  into  the  dynamical  explanation  of  the  effect,  discovered 
by  Zeemann,  of  a  magnetic  field  on  the  spectrum  of  a  gas. 

Generalised  Forces.   Applied  Forces,  and  Forces  of  Constraint.   Lagrange's 
Equations  deduced  from  Cartesian  Equations  of  Motion  of  Set  of  Particles 

We  do  not  enter  here  on  the  solution  of  these  equations  of 
motion  :  many  examples  will  present  themselves  later  in  electrical 
applications.  For  the  sake  of  considering  Lagrange's  equations  from 
different  points  of  view  we  shall  deduce  them  from  the  ordinary 
Cartesian  '  -i  |  nations  of  motion  of  a  set  of  particles. 

Let  F*,  F.2,  —  denote  forces  in  the  ordinary  sense  which  act  on 
the  particles  mv  m2,  .  .  .  .;  then  in  any  possible  displacements  Bslt  &s  ..... 
of  these  particles  the  work  done  is 

8W  =  /'&   +  FM,  +  ....  =  SF&t. 


If  A\.  }\,  /^  .....  &xv  gyp  fcj  .....  be  the  components  of  Fv  ...  .,8*j  ..... 
parallel  to  the  axes  we  have 

W  =  2(A'&c  +  F8y  +  Zlz)  .....     (49) 


200  MAGNETISM  AND  ELECTRICITY  CHAP. 

We  have  supposed  X,  Y,  Z,  here  to  be  the  components  of  the 
force  actually  accelerating  a  given  particle.  This  force  is  the  resultant 
of  the  forces  applied  from  without  the  system  to  the  particle,  and  the 
forces  of  constraint  due  to  the  fulfilment  of  the  internal  conditions  of 
the  system.  Thus  for  the  components  of  applied  force  we  may 
write  X',  Y',  Z', — ,  and  for  the  components  of  constraint  X" ,  Y",  Z", — 
Hence,  since  X=X'+X",.... 

SW  =  3(X'8x  +  Y'Zy  +  Z'8z)  +  2(Z"8«  +  7"Sy  +  Z"8z). 

But,  the  forces  of  constraint  referred  to  are  due  to  the  mutual 
actions  of  the  particles  of  the  system,  and  the  resultant  of  the  forces  of 
constraint  on  any  one  particle  is  accompanied  according  to  the  Third  Law 
of  Motion,  by  an  equal  and  opposite  force  on  the  rest  of  the  system. 
Hence  for  the  whole  system 

2(X"8x  +  Y'Sy  +  Z"§z)  =  0      ....     (50) 
and  we  have 

SW  =  2(X'$x  +  Y'Sy  +  Z'Bz)      ....     (51) 

There  are  also  forces  of  constraint  applied  from  outside  the  system 
for  which  the  work  in  any  possible  arbitrary  displacement  vanishes. 
Such  for  example  are  the  forces  applied  to  certain  particles  of  the  system 
by  frictionless  unyielding  guide-pieces,  and  they  act  at  right  angles  to 
the  guiding  surfaces  along  which  the  particles  to  which  they  are  applied 
travel.  Since  there  is  no  displacement  at  right  angles  to  these  guiding 

surfaces  these  forces  are  taken  as  included  with  forces  X", which 

give  (50). 

In  general  we  shall  omit  the  accents  in  using  (51),  and  it  will  be 
understood,  unless  the  contrary  is  stated,  that  X,  Y,  Z,  —  denote  the 
externally  applied  forces  and  not  the  actual  forces  on  the  particles. 

258.  Calculating  &x,  By,  Bz  from  (1),  we  have  by  (51) 


+  <£8<£  + (52) 

where 

•  fa   .   ^y   .    9^\\ 

«2(JT— -    Y^-  +Z-^       •     •     •     •     (53) 


The  quantities  ¥,  4>, ....  given  by  (50)  are  called  the  generalised 
components  of  external  applied  force  corresponding  to  the  co-ordinates 

^,  <£,•••• 

259.  The  Cartesian  equations  of  motion  of  a  set  of  particles  mv  m2,... 

may  be  written  briefly  in  the  form 

....     (54) 
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Here  A'j,  YVZV — are  the  actual  component  forces  on  the  particles 
indicated  l>y  tin-  suffixes.     If  the  particles  are,  as  we  suppose,  subject  to 
the  conditions  of  constraint  (2),  these  forces  are  due  to  the  applied  forces 
and  the  forces  of  constraint  together. 
Equations  (54)  and  (53)  give 


But 


2m  (  x  _—+//+  z  .  . 

c\l>         c\{/         <fy/  V    ....     (55) 


},... 

dx        d  (    3a;\          d  ex        d  /    8sc\          ?.;• 
X  —  =  —  I  a;  —  )  -  x  -r-    -  =  —  I  x  —  I  - 
a«A       dt\   a^/          </(<(!/       dt\    fut,/          d\lf 


by  (3),  and  similar  equations  hold  for  the  y,  z,  co-ordinates.     Hence  we 
have 

/8x       ..ay  ..  cz\  _  d 

""l'"        - 


with  similar  equations  in  <f>,0,....     Thus  we  again  obtain  Lagrange's 
equations 

d;r 

(56) 


If  the   forces  are   conservative,  so   that  ¥  =  —  dV/(ty,  —  these 
quations  coincide  with  (20)  or  (20')  above. 

One  general  remark  we  may  make  here  to  guard  the  reader  against 
possible  error  in  the  use  of  Lagrange's  equations.  The  co-ordinates 
i/r,  <£,....  used  must  not  only  be  independent,  but  they  must  be  such 
as  can  express  the  position  and,  with  the  kinematical  equations, 
the  configuration  of  the  system  at  any  instant  during  the  motion ;  that 
,,  //,,  :, must  be  expressible  as  in  (1). 

Work  done  by  Forces  of  Constraint  in  Variation  of  Kinematical  Conditions 

1  It  is  also  to  be  observed  that  there  is  nothing  in  the  process 
which  equations  (56)  hare  been  established  which  would  be  affected 
by  the  explicit  appearance  of  t  in  equations  (1)  and  (2),  and  that  there- 
fore the  equations  hold  in  this  case  also.  If  t,  however,  does  explicitly 
appear  in  ci>  \vi-  have 

3x      8aj  /       ?x 
i=       +       0 

Ct          9 


instead  of  (3).  Thus  the  kinetic  energy  is  no  longer  a  homogeneous 
quadrat i<  function  of  the  velocities  \jr,  d>t....,  but  a  quadratic  expression 
involving  terms  of  the  second,  first,  und  zero  degrees  in  these  velocities. 
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This  can  easily  be  shown  to  be  inconsistent  with  constancy  of  the 
energy  of  the  motion. 

For  from  equations  (1),  if  t  explicitly  appears  therein,  we  have,  if 
8xl  Sy^  &Z-L,  ____  be  any  variations  of  the  co-ordinates  possible  under  the 
particular  kinematical  conditions  of-  the  system  which  hold  at  time  t, 


j- 


(57) 


and  we  have  besides  the  general  variational  equation  of  motion  (de- 
rivable from  (54)  and  (50)  )  : 


(my  -  7)8y  +  (mz  -  Z)Sz}  =  0   .     (58) 

where  X,  Y,  Z,  —  denote  the  applied  forces  and  exclude  constraints. 
Multiplying  equations  (57)  by  \,  X2  .....  respectively,  and  adding  to  (58), 
we  obtain,  by  equating  the  coefficients  of  Sxv  ....  individually  to  zero, 


Again,  if  variation  of  the  time  be  permitted,  the  changes  in  the 
kinematical  conditions  are  connected  by  the  relations 


dF,      ^ 

*8 


f 


Multiplying  (59)  by  a^,....  respectively,  and  adding,  we  find  by  (60), 
since  dT/dt  =  2m  (xx  +  yy  +  zz). 


The  interpretation  of  this  result  is  that  the  time-rate  of  increase 
of  the  kinetic  energy  is  equal  to  the  rate  at  which  work  is  done  by  the 
forces  JCV  Yv  Zv  .  .  .  plus  the  activity 


due  to  the  forces  brought  into  play  by  the  varying  of  the  kinematical 
relations.  Hence,  when  dFJdt,  dF9/dt,  .  .  .  are  all  zero,  the  fulfilment  of 
the  kinematical  relations  has  no  effect  on  the  energy  of  the  system  ; 
and  if  the  forces  X,  Y,  Z  .  .  .  .  are  conservative  the  sum  of  the  kinetic 
and  potential  energies  remains  constant  during  the  motion,  provided  t 
does  not  appear  explicitly  in  the  kinematical  relations. 

The  quantities  Xt,  X2,  .  .  .  are,  it  is  to  be  noticed,  all  determinate,  so 
that  the  forces  \ldFJdxv  .  .  .  .,  which  are  the  forces  of  constraint  involved 
in  the  fulfilment  of  the  equations  of  condition,  can  be  evaluated. 
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Hamilton's  Form  of  the  Equations  of  Motion 

261.  Equations  (56)  express  the  fact  that  the  time-rate  of  increase  of 
each  component  momentum,  dT/d\fs  say,  less  the  ijr-rate  of  increase  of  tin- 
kinetic  energy,  is  equal  to  the  applied  force  W.  In  the  case  of  a  conserva- 
tive system  of  forces  the  equations  express  the  fact  that  the  time-rate  of 
increase  of  each  momentum  is  equal  to  the  value  which  the  ^-rate  of 
increase  of  T—  V  has  when  the  velocities  \js,  <f>,  ...  .  .  are  kept  constant. 

Thus  we  may  write  the  equations  in  the  form 

-  I  ) 


*  fy        J.      ......     (62) 

We  may  contrast  these  with  another  form  of  the  equations  of 
motion  given  by  Hamilton.  Let  us  suppose  that  the  kinetic  energy 
is  expressed  as  a  homogeneous  quadratic  function  of  the  momenta,  then 
by  (27)  the  last  equations  become 

df  =  _  Z(Tm  +  V}  ) 

dt  ty         j-   ......     (63) 

Also,  by  (26),  ^  =  dTm/d£  =  d(Tm  +  V)/d£  .....  Thus  we  may  write, 
as  companions  to  (63), 


dt~          9£          -    ......     (64) 


- 


Equations  (63)  and  (64)  are  the  famous  "  canonical  equations  "  of 
dynamics  given  by  Hamilton  and  discussed  and  applied  by  Jacobi,1 
Bertrand,-  JDonkin,3  Poincaru,4  and  others.  It  was  pointed  out  by  Jacobi 
that  (63)  and  (64)  hold  also  when  V  is  an  explicit  function  not  only  of 
the  co-ordinates  but  of  the  time  t,  that  is  when  the  conservation  of 
energy  does  not  hold  for  the  system. 

The  terms  —dTv/<ty,.  .  .  .,  dTm/(fy,  ....  are  the  external  forces 
required  to  preserve  the  momenta  constant,  and  depend  on  the  appt  .u- 
ance  of  the  co-ordinates  in  the  coefficients  of  the  quadratic  expressions 
for  T.  Thrir  values  depend  therefore  on  the  kinematical  relations  to 
which  the  system  is  subject. 

The  equations  assert  th.it  tin,  timt  -rate  of  increase  of  momentum 
is  equal  t<>  the  corresponding  i^-rate  of  decrease  of  the  total  energy, 
taken  subject  to  the  condition  that  tin  momenta  are  constant,  and  that 
any  velocity  \fs  is  equal  to  the  £-rate  of  increase  of  the  total  energy 
taken  subject  to  the  condition  that  the  velocities  are  constant. 

1  See  Jacobi'a  H'crkc  for  several  memoirs  on  this  subject,  but  especially  Vorlesungen  tibcr 
Dyn«  VII.,  and  Uebtr  di-jcniijen  Problem*  dcr  ilcchanik  in  tcclcfu* 

function  c^  \ 

3  Liouvill.,  t.  XVII    (1861,  1852),  pp.  121,  393. 
*  Phil.  Trans.,  1854,  1855. 

4  Let  M&hodet  youtelUt  de  la  Mtcanique  CiletU,  t.  I.,  1892. 
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Impulsive  Forces.     Work  done  by  System  of  Impulses 

261.  If,  instead  of  a  motion  gradually  changing,  the  system  have  its 
velocities  suddenly  altered  by  the  application  of  forces  during  a  very  short 
interval  of  time  r,  we  can  now  easily  calculate  the  work  done.  By  (56), 
if  we  suppose  each  space-rate  of  variation  dT/dty, ....  of  the  kinetic 
energy  to  be  finite,  we  have,  denoting  the  time-integrals  of  the  forces 
for  the  interval  r  by  ^,  O,  . . ., 


(65) 


for  the  equations  of  motion.  The  quantities  on  the  left  denote,  of 
course,  the  result  of  subtracting  the  initial  value  of  dT/d^r,  ____  from  the 
value  for  the  end  of  the  interval  r.  «w«wi 

The  work  done  by  the  impulses  can  now  be  easily  found.  *•  Writing 
(65)  in  the  form 

&  -  £0  =  *,     r,T  -  770  =  *,  .......     (65') 


multiplying  the  first  equation  by  |(^v  +  ^0),  the  second  by  £(0T  +  00), 
____  ,  where  \js0,  \jsT,  .  .  .  denote  the  velocities  at  beginning  and  end  of  T, 
and  adding,  we  obtain 


(66) 
since,  identically, 

&A>  +  ^0  +  ----  =  ^r  +  rj0<j>r  +  ......     (67) 

Thus  we  have  the  theorem  that  the  work  done  by  the  system  of 
impulses  is  equal  to  the  sum  of  the  products  of  each  time-integral  of 
impulsive  force,  into  the  arithmetic  mean  of  the  velocities  at  the 
beginning  and  end  of  the  interval  T  during  which  the  change  of  motion 
is  effected.  If  -«/r0,  <£0,  .  .  .  be  all  zero,  that  is  if  the  motion  has  taken 
place  from  rest, 

K#  +  ri  +  ..-.)  =  K*^  ***  +  ...,)     •     •     (68) 

or  the  kinetic  energy  is  equal  to  the  sum  of  the  products  of  the  time- 
integrals  of  the  forces  into  half  the  corresponding  velocities  acquired. 

It  is  to  be  observed  that,  provided  the  interval  of  change  r  is  very 
small,  the  total  work  of  the  given  system  of  impulses  is  independent  of 
the  order  or  manner  of  their  application.  The  work  done  by  any 
particular  impulse,  however,  depends  on  this  order. 

The  reciprocal  relation  expressed  by  (68)  is  very  important.  A 
similar  theorem  holds  for  forces  and  corresponding  displacements  of  a 
system  from  stable  equilibrium,  provided  the  potential  energy  is  a 
homogeneous  quadratic  function  of  these  displacements. 
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Motional  Forces.    Dissipative  Forces.    Dissipation  Function 

2G2.  In  equations  (38)  are  included  what  have  been  called  gyrostatic 
terms,  which  may  be  regarded  as  forces  depending  on  the  first  powers  of 
the  velocities  \fs,  (j>,  . . .,  that  is,  as  such  forces  are  called,  motional  forces. 
It  will  be  observed  that  if  we  multiply  (38)  (with  forces,  "V,  <$',.... 
included  on  the  right,  as  there  indicated)  by  y-,  0,  .  . .,  and  add,  they 
give 

£(r+  F)  -  *V  +  #'<£  + (69) 

that  is,  the  time-rate  of  increase  of  the  total  energy  of  the  system  is 
equal  to  the  rate  of  working  of  the  forces  ^Sf,  <£', . . .  It  is  to  be 
observed  that  the  presence  of  the  gyrostatic  terms  causes  no  alteration 
of  energy. 

If  the  products  "V\js,  ...  or  any  of  them  are  negative  these  forces 
tend  to  diminish  the  total  energy  of  the  system.  Such  additional  forces 
are  called  "  frictional  "  or  "  dissipative  "  forces.  A  very  important  case 
of  dissipative  motional  forces  exists  when  ¥',  <£', .  . .  are  linear  functions 
of  the  velocities  derivable  by  differentiation  with  respect  to  \js,  <f>, .... 
from  a  positive  homogeneous  quadratic  function  given  by  the  equation 


F  =  \(Rut*  +  2#12^  +  ....+  #>.><£2  +  ....)     .     (70) 

so  that  ¥'  =  -dF/ty,  -<*>'=  -dF/ty,. ...  Adding  these  forces  to 
(33)  or  (38),  including  on  the  right  any  further  forces  W,  4>",  ...  we 
obtain 

These  give  by  the  same  process  as  before, 


'_'/•'  is  therefore  twice  the  rate  at  which  energy  is  dissipated  by  the 
forces  derived  from  F.  F  has  been  called  by  Lord  Rayleigh  the  Dissi- 
pation Function.  It  is  of  great  importance  in  the  theory  of  mutually 
influencing  currents,  BS  vre  shall  see  below. 

Controllable  and  Uncontrollable  Co-ordinates. 
Thermokinetic  Principle 

263.  In  certain  applications  of  dynamics  to  electrical  and  magnetic 
problems,  and  to  the  discussion  of  the  laws  of  thermodynamics,  it  is 
convenient  to  consider  the  co-ordinates  of  the  system  as  divided  into 
two  sets,  those  which  from  their  nature,  we  may  call  uncontrollable 
co-ordinates,  that  is,  co-ordinates  which  cannot  be  directly  and  individually 
affected  from  without  in  any  specified  manner,  and  controllable  co-t  / 
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nates,  which  can  be  so  changed  by  the  action  of  an  external  system. 
We  have  examples  of  uncontrollable  co-ordinates  in  those  which  deter- 
mine the  positions  and  states  of  the  individual  molecules  of  a  body ; 
and  of  controllable  co-ordinates,  on  the  other  hand,  in  the  volume  of  a 
body,  the  position  of  its  centre  of  inertia,  the  orientation  of  a  plane  fixed 
in  the  body,  the  state  of  the  body  as  to  electrical  charge  and  the  like, 
which  are  all  under  the  influence  of  external  systems. 

264.  Separating  the  independent  co-ordinates  of  the  system  into  two 

sets  T/T,  <fr, ,%,%,....  and  supposing,  for  the  present,  both  sets  to 

enter  into  the  expressions  for  the  kinetic  and  potential  energies,  and  to 
be  acted  on  by  corresponding  external  forces  ty,  <£,  . . . .  X,  X',  . . .  we 
have  for  the  equations  of  motion 

d  3T      3T      dV 
dt  fid/       dij/       Si/f 

(73) 

d  "dT      dT      dV 

dt  gv        8x       9x 


Multiplying  these  equations  by  ^js,  <p,  .  .  .  ,  x,  X>  •  •  •  •  ^n  01>der,  and 
adding  we  get,  as  in  (69) 

^  (T  +  V)  =  *i  +  3><i>  +  ----  +  Xx  +  X  x'  +  ----       (74) 
dt 

or 

d(T  +  V)  =  Vd$  +  3>d<j>  +  ----  +  Xdx  +  X'cZx'  +  .  .  .  .      (75) 


where  dty,  d<f>,  .  .  .  .  ,  d%,  d%,  .  .  .  are  any  variations  of  the  co-ordinates 
compatible  with  the  kinematic  conditions  of  the  system. 

The  work  done  on  the  system  by  the  forces  acting  on  the  con- 
trollable coordinates  is  Wf  +  ®d(f>  +  ----  If  this  be  denoted  by 
—  dW,  +  d  W  will  represent  the  work  done  by  the  system  on  external 
bodies'.  If  with  this  we  put  dQ  for  Xd-%  +  X'<^'  +  ----  (75)  may  be 
written 

dQ  =  dT  +  dV  +  dW  ......     (76) 

which  simply  expresses  the  conservation  of  energy. 

265.  The  equations  of  motion  of  a  system  which  has  a  constant  sum 
of  energy  are  obtainable  from  the  action-theorem  (8)  above,  namely, 

(ST  -  W)dt  =  0 

where  the  time  of  transition  t:  —  10  from  one  configuration  to  anotherSis 
supposed  constant.      It  may  here  be  remarked  that  those  of  the  more 
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general  system,  in  which  there  is  action  between  the  system  and  external 
bodies,  resulting  in  the  passage  of  energy  from  one  to  the  other  with  or 
without  dissipation,  can  be  obtained  in  like  manner  from  the  equation 

(8T  -  8F  -  2®86)dt  =  0  .  (77) 


iii  which  0  denotes  any   coordinate,   so   that  2080  denotes 

2X8^  or  —  8  W  -f  8$,  that  is,  the  whole  work  done  on  the  system  from 

without. 

This  equation  written  in  the  form 

f'1  (8!T  -  8V  -  2*8^  -  8Q)dt  =  0  .    .    .    (78) 
Jt0 

with  BQ  regarded  as  a  quantity  of  heat  furnished  to  the  system  from 
external  bodies,  has  been  called  the  Thermokinetic  Principle* 

It  may  also  be  noticed  that  while  (73)  lead  as  already  shown  to 
(75)  and  (76),  it  is  impossible  to  obtain  from  them  (77),  from  which,  on 
the  other  hand,  they  are  derivable.  In  other  words  it  is  vain  to  attempt 
to  deduce  the  principle  of  action  from  that  of  energy ;  in  fact,  as  already 
stated,  the  principle  of  energy  by  itself  is  powerless  to  yield  a  dynamical 
theory  of  phenomena  of  any  kind. 

Dynamical  Analogues  of  Thermodynamic  Relations 

266.  Let  us  now  suppose  that  x>  X>  •  •  •  •  are  *ne  uncontrollable 
co-ordinates,  so  that  while  X,  X', ...  are  unknown  dQ  remains  the  quan- 
tity of  energy  introduced  into  the  system  from  without  through  these 
co-ordinates.  Further,  let  no  product  of  the  form  \fsfo  that  is  of  the 
velocity  corresponding  to  a  controllable  co-ordinate  by  a  velocity  of  the 
other  set,  enter  into  the  expression  of  the  kinetic  energy.  If  there  were 
such  terms  the  reversal  of  all  the  uncontrollable  velocities  would  alter 
the  energy  of  the  system,  a  result  which  cannot  hold  in  any  of  the 
Applications  we  shall  make  of  the  method  now  under  discussion. 

Calling  the  kinetic  energy  corresponding  to  the  velocities  of  the 
controllable  co-ordinates  Te  and  that  corresponding  to  the  velocities  of 
the  uncontrollable  co-ordinates  Tu,  the  equations  of  motion  for  ifr,  </>,... 
will  be,  since  dTu/dy  =  0,  &c. 

di  &L  ~  <ty  "  <ty      <ty"       f    .     .     .     .     (79) 


Let   us   suppose  also  that  if  the  coefficients   of  the  terms  in    '/'. 

1  See  a  paper  On  the  Law*  of  Irreveniblt  Phenomena  by  Dr.  Ladialas  Xatonson,  Phil. 
Mag.,  May,  1896.  See  also  v.  Helmholts,  Dot  Princip  far  KUinaten  IVirkung,  Crelle,  Ed. 
100,  pp.  137,  213,  and  Wiod.  Annnlen,  Bel.  47  (1892),  p.  1. 
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involve  the  controllable  co-ordinates  at  all,  it  is  only  through  a  common 
factor /(-«/r,  0,  . . .)  of  each  coefficient,  so  that 


,  ...  .)&[*  x]x2  +  [X>  X'JXX   •*-....}          (80) 

Thus  (%,  %),  (%,  %'),  ...  denoting  the  whole  coefficients  as  above 
(ft  %)  =  f  (^  0,  , .)  [^  ^],  and  so  for  the  others.  When  this  is  the 
case 

LW»-IV  (81) 

Tu    ty    ~ 


Thus  the  equations  of  motion  become 

*     *          d  3Fr       dTf       I  df  dV 

_ £. i  _  _   J    ff    _j_  _  \f/  I 

dt  ^\L         3i/f       f  ct\(/            3i/f  i'  (82) 
J 

From  the  first  of  these,  if  the  only  variable  quantity  be  supposed  to  be 
Tu,  we  obtain 

-)|£  =  !r, -.    .    .    .    (83) 

Again,  if  we  multiply 

cH  ()u/  @w        Cvt   ()(h          do 

by  \js,  0,  . .  .  respectively  and  add,  we  obtain  (since  d-fy  =  \jsdt) 
dTf  = 


,dt   dy         3i/f  / 
Hence  we  have 

.     .     (84) 


\at  3 
This  by  (79)  becomes 

dQ  =  $d$  *  +          -          +  dTu  +  dV+dW     .    (84') 


But  if  now  we  suppose  the  potential  energy  to  be  independent  of  the 
uncontrollable  co-ordinates  we  obtain 

oV       _ 
d\j/ 
and  (S47)  becomes 

cty 
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By  (81)  this  may  be  written 

dQ     l,cf  ,,.<"•« 

E-7a«?*  +  !C    .....   (86) 

or  '/v  T,,  is  u  perfect  differential.     In  this  we  have  a  dynamical  analogue 
of  the  Second  Law  of  Thermodynamics. 

267.  Using  (83)  in  the  result  just  obtained  we  find 

dQ--*T«£rdt  +  dT  .......     (87) 

9T9 

which  becomes,  if  circumstances  be  such  as  to  maintain  Tn  constant, 

T    **  ffltt 

=  -  Tnrsr  ....     (88) 


This  is  perfectly  analogous  to  what  is  known  as  the  third  thermo- 
<i\  namic  relation,  if  Tn  be  taken  to  represent  the  absolute  temperature 
on  the  thermodynamic  scale.  Taking  the  relation  as  usually  stated  ^ 
is  the  analogue  of  pressure,  and  the  corresponding  co-ordinate  ifr  is  the 
analogue  of  the  volume,  which  is  the  co-ordinate  corresponding  to 
pressure. 

Further  if  dQ  be  zero,  that  is  if  all  the  energy  passing  from  external 
bodies  to  the  system  or  vice  versa  be  communicated  through  the  con- 
st niinable  co-ordinates  we  have  by  (85) 


i/rcocst.  Q  const. 

These  results  are  due  to  Prof.  J.  J.  Thomson,1  and  his  method  of 
proof  has  been  here  followed. 


V.  Helmholtz'g  Thennokinetic  Theorems  of  Cyclic  Systems 

268.  Somewhat  similar  theorems  li.-m-  been  obtained  by  von  Helm- 
In.  Hz,  though  by  adifferent  method  involving  rather  different  assumptions. 
\\  .  give  a  sketch  of  his  process  also,  preserving,  however,  the  notation 
here  adopted.  Putting  L  as  before  for  T—  V  (-H  in  v.  Helmholtz's 
notation)  we  have  for  a  typical  co-ordinate  0,  whether  constrainable 
or  not 


dt  e      w 

1  Application*  of  Dynamic*  to  Phyric*  and  Chtmiitry,  p.  98. 
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Writing  s  for  dL/d6  we  have 

2T=-s,e^  =  $e86, 

80 
and  so,  if  E  be  the  total  energy, 

E  =  2T  -  L  =  2&.  -  L (90) 

269.  The  special  theorems  which  v.  Helmholtz  obtains  apply  to  what 
he  calls  cyclic  systems,  that  is  systems  in  which  there  are  periodic 
or  circulating  motions.  When  the  motion  is  definable  by  a  single 
co-ordinate  it  is  said  to  be  monocyclic  ;  when,  however,  it  is  only  definable 
by  a  larger  number  of  co-ordinates  it  is  said  to  be  polycyclic. 

As  an  example  of  a  monocyclic  system  we  may  take  a  circular  disk 
rotating  about  its  axis.  Here  the  position  of  the  disk  depends  on  the 
angle  which  a  plane  containing  the  axis  makes  with  a  plane  fixed  in  the 
space.  But  the  energy  depends  only  on  the  angular  velocity,  and  not  at 
all  on  this  angle.  As  the  disk  turns  its  potential  energy  remains 
unaltered.  Another  example  is  found  in  the  steady  motion  of  fluid 
round  a  circular  canal.  A  third  example  is  to  be  found  in  the  motion  of 
the  gyrostatic  pendulum  discussed  in  Arts.  252 — 256  above.  The  cyclic 
velocities  in  that  case  are,  \js,  the  angular  velocity  of  the  flywheel  of  the 
gyrostat  about  its  axes,  and  0,  the  angular  velocity  of  the  precessional 
motion  round  the  vertical. 

Von  Helmholtz  assumes  for  these  cyclic  systems. 

1.  That  neither  the  kinetic  nor  the  potential  energy  depends  on  the 
uncontrollable  (the  cyclic)  co-ordinates  themselves,  but  only  the  velocities 
corresponding  to  them,  so  that  these  coordinates  are  what  have  been 
called  gyrostatic  or  speed  coordinates. 

2.  That  the  velocities  corresponding  to  the  controllable  co-ordinates 
are  always  very  small  in  comparison  with  the  others,  and  further  that 
the  accelerations  of  the  uncontrollable  or  cyclic  velocities  are  also  small. 

Thus  for  the  controllable  co-ordinates  the  equations  hold 

^  =  0,     <£  =  0,  ....,     ^  =  0,     ^  =  0, (91) 

cy  3<p 

and  the  equations  of  motion  are 

-«_»,      -^_# (92, 

Olj/  C<£ 

For  the  uncontrollable  co-ordinates  we  have  in  like  manner 
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Thus  according  to  the  assumptions  there  are  no  forces  depending  on 
the  cyclic  co-ordinates.  Thus  changes  of  energy  of  the  system  cannot 
l>«  introduced  by  change  of  the  cyclic  coordinates  of  the  system,  but 
change  of  the  cyclic  velocities  may  do  so.  A  system  fulfilling  this 
condition  is  sometimes  said  to  have  an  adiabatic  motion. 

Tlie  work  communicated  by  the  system  to  without  or  d  W  is  —  S^cfy, 
so  that  if  dQ  be  the  energy  obtained  through  the  unconstrainable 
co-ordinates 

dQ  =  dE  +  dW  =  dE  -  2*<fy    ....     (95) 


From  the  equations  of  motion  in  terms  of  sx,  .  .  .  just  obtained  for 
the  unconstrainable  co-ordinates 


dQ  =  2*xxdt  -  2x</*x       .....     (96) 
If  the  system  be  monocyclic  and  there  is  only  one  cyclic  co-ordinate 

dQ  =  xdsx. 
Dividing  by  2T  =  xsx  we  8et 


(97) 


•so  that  l/T  is  an  integrating  factor  of  dQ,   and  dQ/T  is  a   perfect 
differential. 

The  above  brief  discussion  of  cyclic  systems  contains  its  general 
principles.  Further  information  on  the  subject  will  be  found  in  the 
examples  which  occur  below. 

We  here  close  this  dynamical  chapter.  Special  forms  of  the 
Lagrangian  function  and  their  applications  will  be  discussed  in  their 
proper  connection,  and  wr  -li.ill  find  in  the  dynamical  analogues  of 
electrical  theorems  further  examples  of  the  use  of  Lagrange's  equations. 
The  reader  may,  however,  be  referred  to  v.  Helmholtz's  papers  in  Crelle's 
Journal,  Bd.  100,  pp.  137,213,  to  Professor  J.  J.  Thomson's  -J/7'//<" 
of  Dynamics  to  Physics  and  Chemistry,  and  to  Professor  G.  H.  Bryan's 
Report  on  the  Present  State  of  Thcnno-dynamics,  Part  I.,  B.  A.,  Report, 
Cardiff,  1891.  Thomson  and  Tait's  Natural  Philosophy  (Vol.  I.,  Part  I.) 
contains,  besides  a  full  account  of  general  dynamical  theory,  a  very 
valuable  discussion  of  the  cycloidal  motions  of  gyrostatically  dominated 
systems. 


CHAPTER  VIII 

MOTION   OF   A   FLUID 

SECTION  I. — General  Kinematical  TJieory 
Fundamental  Assumptions.  •  Lagrangian  and  Eulerian  Methods 

270.  The  analogy  between  the  theoiy  of  electromagnetism  and  the 
theory  of  the  motion  of  an  incompressible  frictionless  fluid  is  so  close, 
and  later  researches  having  for  their  object  the  dynamical  explanation 
of  electromagnetic  action  have  emphasised  so  much  more  forcibly  the  fact 
that  some  vortex  theory  of  electric  currents  is  probably  the  true  one,  that 
it  seems  desirable  to  preface  the  discussion  of  electromagnetic  theory  by 
a  chapter  on  fluid  motion.     Much  space  will  thus  be  saved,  since  the 
proofs  of  general  theorems  here  given  need  not  be  repeated ;  and  the 
analogies  and  theories  put  forward  will  be  rendered  intelligible,  without 
its  being  necessary  to  have  recourse  to  treatises  on  hydrodynamics  for  a 
sufficiently  full  discussion  of  what  are  as  much  theorems  of  electro- 
kinetics, as  of  vortex-motion  of  a  fluid,  if,  in  point  of  fact,  the  two  things 
are  not  in  some  sense  identical. 

271.  A  fluid  is  a  substance  isotropic,  and,  if  it  is  incompressible, 
perfectly   uniform   in  quality,  so   far   as   it  is  here   considered.     The 
smallest  part  which  in  the  course  of  mathematical  analysis  we  have  to 
deal  with  will  be  supposed  to  possess  the  properties  of  the  fluid  in  bulk, 
so  that  no  reference  is  necessary  to  the  statistical  treatment  which 
becomes  inevitable  when  the  grained  structure  and  relative  motions  of 
the  molecules  of  the  substance  are  taken  into  account.     We  suppose 
also  that  the  mutual  action  between  two  portions  of  the  fluid  is  at  right 
angles  to  the  interface  separating  them,  so  that  tangential  forces  are 
regarded  as  non-existent,  whether  the  fluid  is  at  rest  or  in  motion. 

This  action  taken  per  unit  of  area  at  any  point  of  an  interface  is 
called  the  "  pressure  in  the  fluid  at  the  point."  The  forces  acting  on  a 
portion  of  a  fluid  thus  consist  of  forces  calculable  from  the  pressures  at 
the  different  points  of  the  bounding  surface,  and  the  applied  forces, 
which,  from  whatever  cause,  act  on  the  matter  contained  in  the  portion 
considered.  Such  forces  are  the  force  of  gravity,  electric  and  magnetic 
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f..iv,-<,  .iinl  forces  arising  from  molecular  attraction  and  repulsion,  ami 
are  distinguished  from  the  pressure  through  being  applied  from  without 
the  fluid. 

I'Ti*.  The  first  problem,  then,  which  arises  in  fluid  motion  is  the 
calculation  of  the  acceleration  of  the  fluid  at  a  particular  instant. 
There  are  two  ways  in  which  this  problem  may  be  dealt  with.  We 
may  consider  either  the  acceleration,  at  the  given  instant,  of  the 
fluid  at  a  specified  point,  or  the  acceleration,  at  the  given  instant,  of 
a  particular  small  part  or  "  particle "  of  the  fluid.  In  the  first  c 
tin-  analysis  does  not  directly  follow  the  motion  of  a  particle,  but 
only  does  so  by  taking  account  of  the  variation  of  the  motion  at  all  the 
different  points  in  the  fluid ;  in  the  latter  case  the  analysis  follows  each 
particle  throughout  the  whole  course  of  its  displacement.  Thus  in  the 
first  case  the  co-ordinates,  x, ;/,  z,  of  a  given  point  in  the  fluid  are  not 
regarded  as  variable,  and  hence  >c,  y,z,  as  specifying  such  a  point  are  not 
functions  of  the  time  t.  On  the  other  hand,  if  a;  +  '//,//  +  <///,  :  -f  </:. 
be  the  co-ordinates  of  another  point  in  the  fluid  infinitely  near  i 
on  the  path  pursued  1>\  a  particle  of  the  fluid,  and  if  <lt  be  the  interval 
of  time  taken  by  the  particle  to  pass  from  the  first  point  to  the  second, 
the  ratios  ,/.</'/.</// </f, ,/:  ,lf,  are  the  component  velocities  of  the  fluid 
parallel  to  the  axes.  To  avoid  any  possibility  of  misunderstanding  we 
shall,  as  is  usual,  denote  these  quantities  by  the  symbols  u,  v,  w.  When 
other  sv.Meins  of  co-ordinates  are  used  we  shall  adopt  the  fluxional 
notation  for  velocities,  and  sometimes  for  accelerations;  for  example,  in 
the  polar  system  r,  6,  <f>,  of  co-ordinates,  r,  6,  0,  will  denote  the  time-rates 
of  variation  of  r,  0,  <f>,  for  a  particle  of  the  fluid. 

-7-\  In  the  other  method  of  dealing  with  the  kinematics  of  a  fluid 
the  velocities  u,  v,  w,  along  the  axes  at  the  point  x, y,  z,  are  functions 
merely  of  the  time  and  the  co-ordinates  of  the  particle  at  the  instant  of 
time  taken  as  the  zero  of  reckoning.  Thus,  if  a, b,c,  be  these  co- 
ordin 

u  =fl(a,  b,  c,  t),     v  =/o(a,  b,  c,  t),     w  =/3(«,  b,  c,  t), 

ami  the  acceleration  is  given  by  the  equations 

-I-  '^v <» 

where  ^  is  used  to  denote  partial  differentiation  with  respect  to  t. 

1 1 

i^7 4.  In  general,  in  accordance  with  the  notation  elsewhere  used  in 

^ 

this  book,  we  shall  denote  by  y  ,  £c.,  differentiation  with  respect  to 

variables  x,  £c.,  supposed  explicitly  appearing  in  tl  >sions  for  the 

«|iiant ities  differentiated.  This  agrees  with  the.  notation  now  almost 
universally  adopted  tor  partial  differentiation  by  Continental  mathe- 
maticians We  shall  denote  complete  time-rate  of  variation  by  -r-  or 
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by  the  fluxional  notation,  as  u,  v,  w,  for  example.  For  convenience  of 
printing  we  shall,  as  usual,  write  both  kinds  of  differential  co-efficients 
with  the  solidus  notation  where  they  occur  in  the  text. 

The  two  modes  of  dealing  with  the  kinematics  of  a  fluid  explained 
above  have  been  called  the  Eulerian  and  Lagrangian  methods  respec- 
tively. They  were,  however,  both  used  by  Euler;  the  latter  was 
adopted  by  Lagrange  in  his  great  classical  treatise  on  dynamics,  the 
Mtcanique  Analytigue. 

Calculation  of  Acceleration  of  Fluid 

275.  To  find  the  acceleration,  in  the  so-called  Eulerian  mode  of  con- 
sidering the  motion,  we  have  to  notice  that  the  velocity  at  a  particular 
point  may  be  perfectly  invariable  with  the  time,  while  the  velocity 
at  any  instant  is  variable  from  point  to  point.  We  are  thus  led  to 
consider  the  velocity  of  the  fluid  at  a  point  x,  y,  z  as  a  function,  /  say, 
of  the  time  and  the  co-ordinates ;  so  that,  if  x,  y,  z  are  regarded  as 
constant,  the  time-rate  of  variation  of  the  velocity  at  x,  y,  z  is  df/dt. 
If  the  function  does  not  involve  t,  df/dt  is  zero,  and  the  motion  is  said 
to  be  steady. 

By  this  latter  mode  of  reckoning,  if  u  +  Su,  v  +  Sv,  w  +  Sw  be  the 
component  velocities  of  a  portion  of  the  fluid  at  time  t  +  St,  u,  v,  w 
being  their  values  at  time  t,  we  have  approximately 

/du       du  dx      du  dy      du  dz\ . 
—  +—  —  +_-£  +  \Sf, 

ct       dx  dt       oy  dt       oz  dt  J 

where  dx/dt,  &c.,  have  the  meanings  explained  above.     Hence 
8u       du       du  dx       du  dy       du  dz 

L I •_       I . 

8t        dt       dx  dt       dy  dt        dz  dt 

Thus,  writing  u,  i,  w  for  the  component  accelerations  of  the  particle 
which  is  at  x,  y,  z,  we  have  the  equations 


du         du         du          du 

u  =  - — h  u- — h  v- h  w^~ 

ot  ex          oy  cz 

dv          dv          dv  dv 

V  = h  U~ h  V h  W  — - 

dt          ox          cy  oz 

dw         dw         dw          dw 

w  =  —+  u—+  v--+  to  — 
ct          dx          dy  oz  t 


(2) 


276.  It  is  important  to  emphasize  here  the  fact,  already  noticed  above,, 
that,  while  x,  y,  z,  considered  as  the  co-ordinates  of  a  particle  of  the  fluid, 
vary  with  the  time, .they  are  not  in  these  equations  considered  a& 
expressed  as  functions  of  t,  but  are  the  co-ordinates  of  a  point  in  the 
fluid  at  which  the  velocity  (u,  v,  w)  and  its  rate  of  variation  are  reckoned. 

It  is  to  be  observed  that,  if  any  quantity,  F,  whatever,  characteristic 
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of  the  fluid  or  its  motion,  be  expressible,  like  u,  v,  w,  as  a  function  of 
.  we  have,  precisely  as  in  (2), 

a/7        /•       dF 

F  =  —  +  u  —  +  v—  +  w-        .     .     .     .     (3) 
ft  oy  oz 

Velocity  Potential 

277.  In  certain  cases  of  fluid  motion  the  velocity  is  derivable  from  a 
function  of  x,  y,  z  in  the  same  way  as  the  electric  forces  are  in  electro- 
statics derived  from  the  electric  potential.  Thus  if  <f>  denote  this  function 
we  have 

r<£  ,>  r<£ 

t*  =  -  z1-,      V  =  -  r1-,      W  =  -  -  -     .      .      .      .      (4) 

cz 

The  function  <f>  is  called  the  velocity-potential.     It  may  be  single-valued 
"i  multiple-valued.     In  the  latter  case  the  motion  is  said  to  be  cyclic,  in 

the   former  '"  •>/>•/  if. 

In  all  other  cases  of  fluid  motion  the  velocity  is  not  thus  derivable 
from  a  potential  function.  All  such  motion  is  said  to  be  rotational,  in 
contradistinction  to  the  motion  for  which  a  function  <f>  exists,  which  is 
termed  "  irrotational  motion."  Rotational  motion  is  also  frequently  called 
'ition.  The  justification  of  these  terms  will  appear  in  the 
discussions  which  follow. 

Equation  of  Continuity.     Theorem  of  Divergence 

L'Ts.  To  complete  this  short  kinematiral  discussion  we  have  to 
.  l>lish  an  equation  which  is  fulfilled  by  the  motion,  whether  rotational 
"i  not,  expressing  the  fact  that,  whatever  rate  of  increase  or  diminution 
there  may  be  of  the  quantity  of  fluid  in  any  portion  of  space  within 
which  the  motion  of  the  fluid  is  considered,  it  must  be  equal  to  the  rate 
of  flow  in  or  of  flow  out,  as  the  case  may  be,  of  fluid  across  the  boundary 
of  the  space. 

Consider  a  rectangular  parallelepiped  of  the  fluid  of  edges  </./,  '///,</:, 
having  its  centre  at  <.  //,  r,  where  the  velocity  is  u,v,w.  If  pbe  them*  an 
density  <>t'  tin-  fluid  within  it  at  any  time  the  mass  of  fluid  contained  by 
it  is  fj  ,1  <•  i/i/  1/:.  (  '.Hinder  tin-  tl..\v  in  tin-  direction  of  #at  the  two  ends  of 
an  infinitely  thin  tilani.-nt  of  the  volume,  having  its  length  parallel  • 
and  its  left-hand  and  right-hand  ends  at  the  points  x  —  fah',  y+^d^l;/, 
'.  +  \6..<l:.  <  •+  \'l>\  //+  Atf,'///,  '-  +  \0.  s1'.,  where  $v  6,,  an-  .piantities  nunieii- 
cally  less  than  unity.  If  a-  be  the  cross-  section  of  the  filament,  the  rate 
of  flow  in  at  the  left-hand  end  is  t«>  quantities  of  the  first  order  of 
smallness 


,  .»* 

ptt  _  ldx        .  +  i  e.dy  -         +  1  " 

and  the  rate  of  flow  out  at  the  other  end  is 
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where  3  (pu)/dx,  &c.,  are  the  rates  of  variation  of  pu  at  the  centre  in  the 
directions  of  x,  y,  z. 

The  excess  of  the  rate  of  flow  in  above  the  rate  of  flow  out  is  there- 
fore 


and  this  is  the  same  for  each  filament  in  the  direction  of  x.  Hence  the 
total  excess,  for  the  parallelepiped,  of  rate  of  flow  in,  in  the  direction  of 
x,  above  rate  of  flow  out  in  the  same  direction  is  got  by  replacing  cr  by 
<l;i  (h,  and  is 

dxdydz. 


ox 
Similarly  for  the  directions  of  y,  z,  we  get  the  excesses 


oy 
and  the  total  excess  is 


d(pv]  d(Pw) 

dxdydz,      —  -    —  dxdydz  : 


x  dy  oz   ] 

p*?  This  clearly  must  be  equal  to  the  time-rate  of  increase  of  the  amount 
of  fluid  within  the  enclosure,  that  is  to  dp/dt.  dxdydz,  since  p  is  a  function 
of  x,  y,  z,  t  and  x,  y,  z  is  fixed  for  the  element  of  volume  considered.  Hence 
we  have  the  equation 

8p  +  d(pu)  +  d(pv}  +  d(pw)  =  Q 

dt  dx  dy  dz 

If  now  we  consider  the  time-rate  of  variation  of  the  density  of  a 
portion  of  the  fluid,  or  p,  we  have  by  (3) 

dp          dp          dp  dp 

p=~+u~+v~+w^, 
at          ox          oy          oz 

so  that  (5)  may  be  written 

/du       dv        dw\ 

/>  +  p(—  +  —  +  —  J  =  0     .....     (6) 
\dx       dy        dz  / 

279.  If  p  is  invariable,  that  is  if  the  fluid  is  incompressible,  p  =  0, 
and  we  obtain  the  equation 

du       dv       dw 

—  +  —  +  —  =  0      ......     (7) 

dx        dy        dz 

Equations  (5),  (6),  and  (7)  are  forms  of  what  is  commonly  called  the 
equation  of  continuity.  The  form  (7)  will  be  of  most  use  in  what 
follows,  as  expressing  the  kinematical  condition  fulfilled  by  the  motion 
of  an  incompressible  fluid,  with  which  we  shall  have  mainly  to  deal. 

280.  If  d-cj  denote  the  volume  of  an  element  of  the  fluid,  equations 
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;ind  (6)  express  the  invariability  of  ptlw  as  the  element  changes 
its  position  in  space.  For  du/dc  +  dvfiy  -f  9w/9i  is  the  rate  at  which 
the  element  increases  per  unit  of  its  volume,  or  the  expansion  as  it  is 
rall«-d.  and  therefore  p  (du/djc  +  ----  )  is  the  rate  per  unit  volume  at 
which  the  element  is  gaining  mass  in  consequence  of  the  expansion  of 
v.»lume  alone,  while  f>  is  the  rate  per  unit  volume  at  which  the  density 
of  the  fluid  increases.  The  sum  of  these  two  rates  of  increase  must 
!>••  zero,  since  the  element,  preserving  its  identity,  does  not  alter  in 
mass.  The  quantity  du/dx  +  dv/dy  +  dw/dz  has  also  been  called  the 

-•gence  of  the  velocity  at  the  point  x,  y,  z,  and  the  term  is  often  used 
for  other  quantities  the  components  of  which  satisfy  the  same  relation. 
Tims  Laplace's  equation,  Art.  192  above,  states  that  the  divergence  of 
electric  force  in  a  dielectric  in  equilibrium  is  zero. 

•JM.  It  the  Lagrangian  method  is  followed,  the  equation  of  con- 
tinuity takrs  a  somewhat  different  form.  Let  da,db,dc  be  the  edges 
..t  a  rectangular  parallelepiped  of  the  fluid  when  t  =  0  ;  at  time  t  it  will 
be  an  oblique  parallelepiped.  Let  its  centre  be  at  x,  y,  z.  The  co-ordi- 
'larively  to  the  centre,  of  the  eight  corners  of  the  original 
elfinrnt  were 

±  \JU>     ±  \db,     ±  \dc. 

The  position  of  any  particle  of  the  element  is  a  function  of  its 
original  co-ordinates  and  the  time  t.  Thus  the  particle,  which  had  for 
original  co-ordinates  a  -f-  \'1"J>  +  fylb,c  +  Idc,  has  at  time  t  the  co- 

ordinates 


where  for  brevity  we  write 

_  3x  .        3x  .         dx  ,.        dx  , 

'S.—da  =  r-</a  +  -^-db  +  —dc. 

ca  co  co  oc 

and  similarly  for  the  others. 

Tin-  r.  lative  co-ordinates  of  the  particle  are  thus  — 


and  therefore  the  projections  on  the  axis  of  x,  of  the  sides  which  were 
originally  '/".  •//',  dc  are  now 

fas  .        'J--  „       <*  , 
—  da,     ^j-db,          <lc. 
da  36  "' 

Similarly  those  on  the  axes  of  y,z,  are 


'  :     ,  3»  j          '  :     ; 

rda,     rj-db,     —dc. 
?a 
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The  volume  of  the  parallelepiped  is  therefore  now 


8jB 

8a' 

^ 
8a' 

82 
da' 


fa 
86' 
8y 
86' 

82 
86' 


to 
8c 
83, 
8c 

82_ 

87 


or  as  we  write  it, 


and  its  density  is  p.     Since  the  mass  has  not  changed  we  have  for 
the  equation  of  continuity,  denoting  the  original  density  by  pQ, 


Po  =  P 


8(tc,  y,  z) 
8(a,  6,  c) 


(8) 


If  a,  b,  c  be  not  the  initial  co-ordinates  of  the  central  particle,  but 
parameters  on  the  values  of  which  these  co-ordinates  depend,  then, 
denoting  the  initial  co-ordinates  by  x0,  y0>  z0,  we  get  for  the  original 
volume  of  the  element,  by  the  same  process  as  that  used  above,  the 
expression  d(x0,  y0,  z0)/d(a,  b,  c)  .  da  db  dc,  and  for  the  equation  of  con- 
tinuity 

Po"a(a;6,'C)°    =P8(a,  6,  c) (9) 


Rotational  and  Irrotational  Motion.    Angular  Velocity  at  Point  in  a 

Fluid 

282.  We  now  consider  some  of  the  characteristics  of  the  different 
kinds  of  motion,  reserving  the  establishment  of  the  dynamical  equations 
and  their  integration  for  a  later  Section.  We  take  first  the  distinction 
between  rotational  and  irrotational  motion. 

Let  us  suppose,  first,  that  a  velocity-potential  <f>(x,  y,  z)  exists,  so  that 


u  =  - 


v  =  -  r-S     w  =  -  — 
Cy  8s 


Then  we  have 
and 


udx  +  vdy  +  wdz  —  -  d<{> 


810       8v  8w        8z0  8«       8w 

8y        82  82        dx  dx        cy 


(10) 

(U) 
(12) 
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It  the  quantities  on  the  left  in  the  last  three  equations  be  denoted 
l>y  i'fc.  '2rj,  2£the  equations  may  be  written 

£  =  0,     77  =  0,     £  =  0 (12') 

In  the  case  in  which  the  motion  does  not  possess  a  velocity- 
potential  the  quantities  £,  77,  £  are  at  least  not  all  zero.  It  is  easy  to 
show  that  they  are  the  angular  velocities  about  axes  parallel  to  those 
of  a;,  y,  z,  of  an  element  of  the  fluid.  For  consider  a  small  sphere  of 
rigid  material  having  its  centre  at  the  point  x,  y,  z.  Let  its  motion  be 

illel  to  the  plane  of  y,  z,  and  $  be  its  angular  velocity  round  the 
diameter  parallel  to  x;  let  v,  w  denote  the  component  velocities  of  its 
centre  in  the  directions  y,  z  respectively,  v+dv,  w+dw  those  of  a  point 
on  its  surface  the  co-ordinates  of  which  relatively  to  the  centre  are  rf?/. '/:. 
Then  we  have  v+dv  =  v  —  &dz,  w+dw  =  w+ddy,  and  therefore  the 
relative  velocities  are  dv  =  —  &dz,  dw  =  Qdy. 

the   velocities  parallel   to  y,  z,  of  the  fluid  at  the  poii 
f,  z+(h,    taken    relatively    to    (x,  y,  z)    are    dv/dy.dy+dv/dz 
dw/dy  .  dy+dw/dz .  dz.     If  s  denote  ^(dw/dy+dv/dz)  these  relative  veloci- 
ties may  be  written  dv/dy .  dy  +  sdz  —  %dz,  sdy + dw/dz .  dx + %dy.    The  first 
two  terms  in  each  of  these  expressions  are  the  velocities  arising  from  a 
pure  strain  in  the  fluid  ;  the  last  term  in  each  is,  by  what  we  have  just 
•een    t»r    the    small  sphere,   the  velocity   arising  from  a  rigid    body 
rotation  of  the  element  of  fluid,  of  angular  velocity  £,  round  an  axis 
parallel  to  the  axis  of  x.     Similarly  77,  f,  are  the  angular  velocities 
round  the  other  two  axes. 

It  is  to  be  observed  that  £ ,  rj,  £  are  the  angular  velocities  of  rigid 
body  rotation  of  an  infinitesimal  element  of  the  fluid  at  x,  y,  z,  but  that, 
unlike  a  rigid  body,  the  fluid  has  generally  values  of  £,  rj,  £  which 
vary  from  point  to  point.  It  is  also  to  be  carefully  noticed  that  an 
element  of  a  fluid  may  move  round  an  axis  without  having  any  rotational 
motion.  As  stated  below,  the  quantities  £,  77,  £  have  been  termed  the 
components  of  the  curl  of  the  velocity.  The  curl  and  the  divergence 
of  a  quantity  are  intimately  connected, being  in  fact  together  the  result 
•  •r  a  single  vector  operation.  The  curl  of  electric  and  magnetic  quan- 
tities, like  their  divergence,  plays  a  great  part  in  electrical  theory,  and 
especially  in  the  general  theories  which  are  discussed  later  in  this 

tlV.V 

Permanence  of  Velocity  Potential 

:>k   \V<«    can  show   that   under   certain   conditions,    if  a   vel«>< 
potential  exist  for  any  portion  of  fluid  at  any  instant,  the  same  portion 
of  the  fluid  i assesses  a  velocity-potential  at  any  instant  before  or  after. 

It  is  obvious  that  if  we  integrate  between  0  and  t,  and  put  u9  for 
the  a>component  of  the  velocity  when  t  =  0,  the  equation  holds 

„«•_..  _(•*!*+»£ 
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Here  nis  the  same  thing  as  xt  since  the  motion  of  a  particle  of  the  fluid 
is  considered.     Also  dx/da  =  1,  when  t  =  0. 
We  have  likewise 


w 


dy       f  *  .  8y  ,        . . 3  f*  , 

^T  =      viT-dt  +  *  —     v 
3a       J0    3a  o«J0 

a*      f  *  .  8z  ,      ,  a  f « 

—  =   I    w~dt  +  \  —  I 
8a       J0     8a  "  8aJ0 


since  3?//9«  =  9,s/9«  =  0,  when  t  =  0. 

It  is  to  be  observed  that  in  these  equations  t  may  have  any  value 
positive  or  negative. 

Adding  these  results,  we  obtain 


dx  dy  dz 

U- hVr1 h  W—  —  Wfl 

da  da  da 


Ct  f      f,v  ^,,  ft*  \  fl    ft 

-I    (*?  +  «^  +w^-)dt  +  ^^-\    (u*  +  v*  +  w*)dt.     (13) 
J0  \     da          da  da/  *  da  J0 

Similarly  two   other   equations  can  be  written  down  by  substituting 
in  succession  b  and  c  for  a,  and  at  the  same  time  v0  and  w0  for  w0. 
Multiplying    these    three    equations    respectively    by    da,    db,    dc, 
adding,  and  remembering  that 

dx   .          dx   ..         dx  • 
dx  =  -z-  da  +  —  ao  +  -—  dc,  &c., 
da  do  dc 

we  find 

udx  +  vdy  +  wdz  —  (u0da  +  v^db  +  w0dc) 

=      (ildx  +  vdy  +  wdz)dt  +  ^d\   (uz  +  vz  +  wz}dt      .     (14) 
Jo  "Jo 

Hence,  if,  when  t  =  0,  u0da  +  v0db  +  iv0dc  be  a  complete  differential 
of  a  function  of  the  variables  a,  b,  c,  the  quantity  udx  +  vdy  +  wdz  will 
also  be  a  complete  differential  at  time  t  (positive  or  negative)  provided 
that  udx  +  vdy  +  wdz  is  one ;  for,  «t,  v,  w  being  functions  of  the  co- 
ordinates and  the  time,  the  second  part  of  the  right-hand  expression 
is  a  complete  differential.  We  shall  see  later  that  this  condition  will 
be  fulfilled  if  the  applied  forces  acting  on  the  fluid  are  conservative, 
that  is  are  derivable  from  a  potential  function,  and  the  density  is  a 
function  only  of  the  pressure.  This  proposition  will  be  proved  by 
another  method  later  (see  Art.  290  below). 

285.  It  maybe  noticed  that  if  the  expression  on  the  right  of  (14)  be 
transposed  to  the  left  the  expression  obtained  is  (Art.  243)  the  change, 
dA,  in  the  "  action  "  involved  in  subjecting  the  terminal  positions  of  the 
fluid  particle  to  the  variations  dx,  dy,  dz,  da,  db,  dc,  in  the  given  circum- 
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stances  of  the  inotiuii.     By  the  principle  of  Least  Action  this  should 
vanish  ;  hence  the  equation  may  be  deduced  from  this  principle. 

If  the  variations  in  the  terminal  positions  be  zero,  this  view  of 
<iuuti<>n  shows  that,  if  the  fluid  move  from  a  given  configuration, 
t»r  which  the  velocities  are  specified,  to  another  given  configuration, 
th<-  motion  tor  which  the  action  is  least  is  that  for  which  the  work  done 
upon  tin-  fluid  in  the  passage  is  equal  to  the  change  which  is  produced 
in  the  kinetic  energy. 

Flow    and  Circulation.    Circulation  round  Curve   expressed   as    Surface 
Integral  of  Normal  Spin 

286.  If  ds  be  a  line  of  elementary  length  drawn  in  the  fluid,  and  q 
be  the  velocity  of  the  fluid  at  its  centre,  we  define  the  flow  along  the 
line  as  q  cos  0  ds,  where  0  is  the  angle  between  q  and  ds.  Since 

u  dx       v  dy       w  dz 
cos  0  =  -  —  +-/+  -  -T-, 
q  ds        q  as        q  dx 

the  flow  becomes 

/    dx          dy  dz 

(u—  +  v  -j-  +  w  -T- 
\    ds  ds  ds 

or,  as  it  is  frequently  written, 

udx  +  vdy  +  vodz. 

The  value  of  q  cos  6  is  the  component  of  velocity  along  ds,  that  is, 
—  d<f>/d8  if  the  motion  have  a  velocity-potential  <£.  Hence  the  flow 
along  ds  is  —  d<f>.  Thus  if  we  integrate  along  any  curve  s  we  get  for 
the  total  flow  along  the  curve 

f  qcosOds  =  -  (0!  -  4>o) (15) 

where  <£,,<f>0  are  the  values  of  0  at  the  final  and  initial  ends  of  the 
curve.     Thus,  where  there  is  a  velocity-potential, 


I 


(udx  +  vdy  +  uxlz)  =  <fo>  -  ^  .     .     .     .     (16) 


in  which  the  suffix  attached  to  the  sign  of  integration  indicates  that 
tin-  integral  i.s  taken  along  the  curve  *. 

If  the  curve  is  closed,  then,  as  we  shall  prove  presently,  whether 
the  potential  is  single-  or  multiple-valued,  if  it  exist  at  every  point  of 
the  path  of  integration,  and  a  surface  can  be  drawn  having  the  path 
tor  its  bounding  edge  and  situated  wholly  in  fluid  possessing  the 
velocity-potential,  the  tlo\\-  is  zero.  The  flow  round  a  closed  cur\.- 
has  been  called  by  Lord  Kelvin  the  circulation  in  the  curve. 

287.  In  considering  circulation  we  shall  take  the  ordinary  left-handed 
system  of  axes  represented  in  Fig.  65;  that  is,  the  axes  will  be  supposed 
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so  drawn  that  Ox  can  be  turned  into  coincidence  with  Oy  by  a  turn 
through  90°  round  Oz,  in  the  counter-clockwise  direction  to  an  observer 
looking  towards  the  origin  from  a  point  in  Oz.  Integration  round  the 
curve  is  taken,  as  explained  at  p.  49,  in  the  direction  in  which  an 


FIG.  65. 

observer  standing  on  that  side  of  the  area  enclosed  by  the  curve 
towards  which  a  normal  is  considered  drawn  would  have  to  pass  round 
it  so  that  he  should  have  the  area  on  his  left  hand.  Thus  in  Fig.  65 
the  integration  is  taken  in  the  direction  of  the  arrows,  and  a  normal, 
if  drawn  at  any  point  of  the  triangular  area  would  be  drawn  towards 
the  side  remote  from  0. 

By  precisely  the  same  process  as  that  adopted  at  p.  49  above  we 
can  show  that 

du  dw\  /do  du 
—  -—-)+n(  —  -—- 
8z  9»/  \cx  dy 

=  2  (l£  +  mil  +  nQdS (17) 

where  dS  is  the  area  of  the  triangle  ABC,  and  I,  m,  n  are  the  direction 
cosines  of  the  normal  drawn  to  it  in  the  direction  indicated. 

Now  we  can  divide  in  this  way  any  area  S,  whether  plane  or  not, 
enclosed  by  a  curve  s,  into  elementary  triangles,  take  the  flow  round 
each  triangle  in  the  manner  indicated,  and  add  the  results.  The  flow 
along  each  side  common  to  two  triangles,  being  taken  in  opposite 
directions  for  the  two,  has  no  influence  on  the  result,  and  there  remains 
only  the  flow  round  the  given  bounding  curve  s.  Thus  we  have  the 
theorem 

(udx  +  vdy  +  wdz)  =  2     (l£  +  my  +  n£)dS      .     (18) 
J«  Js 

where  the  second  integral  is  taken  over  the  area  S,  and  the  first  round 
its  boundary  s. 

The  second  integral  is  thus  zero  over  any  area  within  which  £,  17,  £ 
are  each  zero,  that  is  if  the  motion  be  there  irrotational.  It  is  to 
be  noticed  also  that  the  integral  taken  over  the  surface  S  depends 
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«>nly   on  the   bounding   edge,  and  that    different  surfaces  having  the 

same  bounding  edge  and  wholly  situated  within  the  moving  fluid  will 

the  same  value  of  the  integral,  each  of  them  being  equal  to  the 

ilation  in  the  edge.  It  follows,  therefore,  that  if  a  surface  S  over 
which  the  integral  is  zero  can  be  drawn  with  the  given  curve  as 
bounding  edge,  all  other  surfaces  whatsoever  having  the  same  bounding 
edge  will  give  also  zero  integrals. 

It  is  to  be  observed  that  the  proof  given  above  of  the  vanishing  of 
tin-  (  iivulation  only  holds  if  the  elementary  triangles  fill  up  the  whole 
spacv  within  the  circuit :  in  fact,  the  theorem  only  holds  for  a  single 
closed  circuit  if  the  circuit  is  reducible,  that  is  can  be  diminished  to 
a  point  without  passing  out  of  the  space  within  which  the  motion  is 
irrotationnl. 

Reducible  and  Irreducible  Circuits 

288.  If  the  circulation  be  taken  round  a  circuit  which  is  irreducible, 
that  is  cannot  be  contracted  to  a  point  without  passing  somewhere  out 
of  the  region  in  which  the  motion  is  irrotational,  we  can  deal  with  the 
problem  as  follows.  Let  a  surface  be  drawn  having  the  given  curve  as 


FIG.  66. 


its  outer  bounding  edge,  and  let  the  motion  be  irrotational  only  over 
tlif  shaded  portion  of  the  enclosed  surface  as  shown  in  Fig.  66.  The 
theorem  that  the  circulation  is  zero  in  the  bounding  curve  will  hold  if 
tli.  iiitriii.il  be  taken  round  the  outer  curve  and  round  the  two  regions 


Fio.  67. 


A  ami  J!  in  the  opposite,  or  negative,  direction  with  reference  to  their 

areas,     Thi-  <,m  be  seen  at  once  by  considering  th«   path  imlii-atrd  in 

(IT.  which  is  the  former  diagram  repeated  for  clearness  without  the 
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shading.  This  path  is  clearly  reducible  and  is  all  described  in  the 
positive  direction  with  reference  to  the  shaded  area  which  it  bounds. 
The  circulation  in  it  is  therefore  zero.  The  straight  parts  leading  from 
the  outer  boundary  to  the  inner  curve  are  described  each  in  opposite 
directions  and  therefore  have  no  effect  on  the  result.  The  circulation 
round  the  outer  circuit  is  thus  equal  to  the  sum  of  the  circulations  in 
the  opposite  directions  round  the  two  smaller  circuits  in  the  interior. 

The  theorem  of  zero  circulation  in  a  fluid,  in  which  there  are  any 
number  of  regions  in  which  the  motion  is  rotational,  can  thus  be 
applied  if  the  boundaries  of  these  regions  are  taken  into  account  as 
shown  above. 

Analysis  of  Motion  at  any  Point  in  a  Fluid 

289.  Having  distinguished,  as  above,  between  rotational  and  irrota- 
tional  motion,  we  consider  now  the  nature  of  the  motion  at  any  point. 
If  u,  v,  w  be  the  velocities  at  time  t  at  the  point  x,  y,  z,  those  at  the 
same  instant  at  x  +  x,  y  +  y,  z  +  z,  infinitely  near  the  former,  are 

du         du         du    , 
w  +  x—  +  y—  +  z— ,  &c.,  &c. 

ox  cy  cz 

Thus  the  component  velocities  u,  v,  w,  at  the  second  point  relatively 
to  the  first  are 

du  du  du\ 


u  =  x—  +  y—  +  z  — 

dx       '  cy  cz 


90  (19) 


v  =  x—  +  y—  +  z  — 

ox          cy          cz 

dw          dw          dw 
w  =  x  —  +  y—  +  z  — 

ox          dy  cz 

The  first  of  these  can  be  written 

du         l/dv        du\         l/du       dw\ 
u  =  x—  +  y^  (-r-  +  —    +  z-  —  +  —    +  T.VI  -  y£; 
dx        '  2\dx        cy)          2\dz        ox/ 

and  similar  expressions  can  be  written  down  by  symmetry  for  v,  w, 
£,  r),  £,  having  the  values  stated  above,  p.  219.  Hence,  if  for  brevity  we 
use  the  notation 


du  dv  dw 

a  =  —  ,     o  =  —  ,     c  =  —  » 
dx  cy  cz 


(~V 


we  have  for  the  relative  velocities  the  equations 

u  -  ax  +  Ay  +  gz  +  yz  -  £y  \ 
v  =  hx  +  by  +/z  +  £x  -  £z  >  .     .     .     .     (21) 
w  =  gx  +  fy  +  cz  +  £y  -  rjx  ) 
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Thus  tin-  motion  in  the  most  general  case  consists  of  two  parts:  a 
motion  in  the  direction  of  the  normal  to  the  quadric  surface 

ax2  +  by*  +  czz  +  2/yz  +  2gzx  +  2/<xy  =  const.  .     (21') 

and  a  rotation  (of  which  the  component  angular  velocities  are  £,  rj,  f) 
round  an  axis  having  direction  cosines  (£,  rj,  ^/(f2  4-  rf  +  f2)*.  Tin 
motion  corresponds  to  the  general  strain  of  an  elastic  body.  The 
former  part  may  be  called  a  motion  of  pure  strain,  and  its  axes  are  those 
of  the  quadric  (21').  If  we  take  the  axes  coincident  with  the  principal 
-  of  this  quadric,  we  have  for  the  velocities  iT,  v',  w'  along  them 
tli ic  to  the  pure  strain  the  expressions 

lT  =  a'x',     v'  =  b'y',     w'  =  c'z  ....     (22) 

are  the  time-rates   of  elongation,  per  unit  length,  of 
lines  in  the  direction  of  x',  y',  z'. 

It  we  were  to  suppose  that  the  motion  consists  of  a  pure  strain 
and  a  rotation,  both  of  them  arbitrarily  assumed,  we  should  in  en- 
deavouring to  suit  this  to  the  state  of  relative  motion  get  precisely  the 
same  analysis  of  the  motion  as  has  been  given  above.  Thus  there  is 
only  one  possible  analysis  of  the  motion  into  a  motion  of  pure  strain 
and  a  rotation. 

Constancy  of  Flow  along  any  Path  moving  with  the  Fluid 

290.  We  shall  now  prove  a  theorem  due  to  Lord  Kelvin,  which    is 
of  very  great   importance,  as  it  embraces  almost  the  whole  theoi  \ 
tluid  motion.     The  statement  of  the  theorem  in  dynamical  language 
will,  however,  be  given  later,  when  we  have  dealt  with  the  dynamical 
equations  of  motion. 

Let  us  consider  an  element  ds  of  a  line  moving  with  the  fluid,  and 
calculate  the  rate  at  which  //<//  -\-  /•////+  >r<l-  is  altering  for  the  element. 
\\"e  get  at  once 

><lx  +  vdy  +  todz)  =  udx  +  rdy  +  wdz  4-  udu  +  vdv  +  wdw   (23) 
CM 

The  time-iatc  of  variation  of  the  flow  along  a  finite  curve  is  obtained  by 
integrating  the  expression  on  the  right  along  the  curve.  Thus  we 
obtain  the  theorem 

—  f  (udx  +  vdy  +  wdz)  =     (fidx  +  i:c/y  +  thlz)  +  !  (7,*  -  ?0S)    (24) 
at  Jt  Jt 

\\lierc  y,,yip  are  the  velocities  at  the  final  and  initial  ends  of  the  curve. 
\\     shall  see  that  under  the  same  conditions  as  stated  in  Art  284 
the  tirst  part  of  tin   ,  \picssion  on  the  right  of  c!3)  is  a  perfect  differ- 
ential, ami  hence  that  the  integral  taken  round  a  closed  curvo  vanish 
that  is  the  circulation  remains  constant.    Hence  if  the  c  in-nlation  rmind 
tin- curve  is  once  zero  it  is  always  zero.     Hence     I  s )  if  f , »;,  £  be  zero 
in  a  portion  of  a  fluid  the\  remain  zero  in  that  portion. 

Q 
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SECTION  II. — Dynamical  Theory 

Equations  of  Motion  of  a  Fluid 

291.  We  now  consider  the  dynamical  equations,  that  is,  the 
equations  obtained  by  equating  the  value  of  the  acceleration  calculated 
above  to  its  value  obtained  from  a  consideration  of  the  density, 
pressure,  and  applied  forces.  Consider  again  the  parallelepiped  having 
its  centre  at  x,  y,  z  and  its  edges  of  lengths  dx,  dy,  dz  parallel  to  the  axes. 
The  mass  of  the  element  is  pdx  dy  dz,  if  p  be  the  density  of  the  fluid 
at  the  element,  and  therefore,  if  X  be  the  applied  force  per  unit  of  mass 
in  the  direction  of  x,  the  total  applied  force  in  this  direction  on  the 
element  is  pXdxdydz.  If  p  be  the  pressure  at  the  centre,  the 
difference  of  pressures  on  the  two  ends,  reckoned  positively  when 
towards  the  right,  is,  by  the  process  used  in  Art.  277,  —  dp/dx.  dx. 
Hence  the  force  to  the  right  due  to  the  pressure  is—dp/dx,dxdydz. 
Thus  we  get  the  equation 

(pX  -  -£-\dxdydz  =  pudxdydz, 

or  substituting  the  value  of  u  from  (2),  and  proceeding  similarly  for 
the  other  two  pairs  of  forces,  we  obtain  the  three  equations 


(25) 


If  the  forces  are  derivable  from  a  potential  function,  O,  the  potential 
energy  per  unit  of  mass  of  the  fluid,  we  can  write  these  equations, 
tising  ii  v,  ib  for  brevity, 

/an    i  dp\  /an    i  a»\  /an    i  a»\ 

-  (  —  +  --£)  =  #,     -  (  —  +  -^-)  =  v,     -l—  +  -J-)=w    (25  ) 
\dx      pdxj  \dy     p  dyj  \dz     pdzj 

Hence  we  see  at  once  that,  if  p  be  a  function  of  p,  udx  +  vdy+wdz 
is  a  perfect  differential.  For,  multiplying  the  equations  in  order  by 
dx,  dy,  dz,  and  adding,  we  get,  putting  dp/p  =f'(p)dp, 


A'  - 

Z  - 

i  dp 

p  ex 

1  dp 

P  cy 
1  dp 

p  dz 

du 

dv 

=  ¥H 

dw 

=  ¥" 

du 

dv 

\-  u-  
dx 

dw 

\-  u-  —  1 
dx 

du 

^^- 

dv 

h  V—  - 

dy 

dw 

u  v—  H 

dy 

du^ 
w  dz 

dv 
h  w  — 

dz 

dw 
Wdz, 

+f(p)}  =  udx  +  vdy  +  wdz, 

which  proves  the  statements  made  at  the  end  of  Art.  284  above. 

292.  The  statement  of  Lord  Kelvin's  theorem  given  in  (24)  now 
becomes 

i  f  (udx  +  vdy  +  wdz)  .  -  f  S  -  [~n  -  ^2"1       .     (26) 
dtjg  J  s  p        I-  J« 
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where  the  suffix  s  after  the  bracket  on  the  ri^ht  denotes  that  the  value 
of  the  enclosed  quantity  at  the  initial  extremity  is  to  be  subtracted  from 
that  at  the  final  extremity  of  s. 

Let  us  suppose  that  a  velocity-potential  .-xists;  then 


---.••  u,  »  _  _ 

ox  cz 

(to      dt»  dip     <to  9n 

?          tc'      rz  ex'      t:x  <' 


and  the  equations  of  motion  become 


Multiplying  the  first  of  these  by  dx,  the  second  by  dy,  and  the  third 
by  cfc,  adding  and  integrating  along  any  curve  s  drawn  in  the  fluid,  we 
get 


Ydy  +  *fe)-  -      -        +  i?*     .     .     (27) 

Jl  -I',  Y,  Z  have  the  potential  O,  this  equation  becomes 

-[-ffH-^'l-  •••« 

This  result  is  generally  put  in  the  form  of  an  indefinite  integral,  thus 

(29) 


where  ^)  is  an  arbitrary  function  of  t,  which  is  added  to  complete  the 
indefinite  into^ml,  ami  which  if  not  expressed  may  be  regarded  as  in- 
cludfd  in  d<J>fdt. 

The  pressure  is  thus  indeterminate  ;  all  that  we  can  obtain  by  (27) 
or  (29)  is  the  difference  of  pressures  between  two  points  at  the  same 
time.  If,  however,  the  pressure  be  given  throughout  the  fluid  for  any 
value  of  t,  it  is  completely  determinate  for  any  other  time. 

The  Lagrangian  equations  of  motion  of  the  fluid  are  comparatively 
rarely  employed.  They  may  be  constructed  by  putting.'.  /  !»r  tin 
quantities  on  the  right  of  the  three  equations  of  (25)  respectively, 
multiplying  then  the  thr.  •••  r«  -suiting  c.j  nations  by  dxlda,  ty/da,  ozfia  and 
adding  for  the  first  equation,  then  multiplying  by  the  same  quantities, 
but  with  the  variable  ".  n-plan-d  first  1>\  //,  then  by  c,  for  the  remaining 
equations.  The  equations  are  thus 


=•  <«-"«•  «•-*>!•  "£ 


\ 
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Kinetic  Energy.  —  Rate  of  Variation  of  Energy  in  Given  Space 

293.  If  T  denote  the  kinetic  energy  of  the  fluid  motion,  and  dm 
an  element  of  volume,  we  have,  integrating  through  the  fluid, 

T  =  \  L(w2  +  vz  +  wz)d&  .....     (31) 

Multiplying  the  equations  of  motion  (25'),  in  the  case  in  which  the 
forces  have  a  potential,  by  11,  v,  w,  and  adding,  we  obtain 

/an     BO      SQ  \  .         /  a»      8»      S/A 

p(uu  +  vr  +  ww)d&  +  p[  -?-x  +  —  y  +  —  z  era  =  -(u^-  +  v^-  +  w-£-  cto. 
r\dx         dy         cz    /  \    dx        dy          dz/ 

But  it  has  been  shown  above  (Art.  280)  that 

|G*to)  =  o, 

and  hence  the  last  equation  may  be  written,  if  dfl/dt  =  0,  in  the  form 

<r+r>~«*'+*  •  •  <32> 


where  F"  is  the  potential  energy  of  the  fluid  within  the  space  and  at  the 
instant  under  consideration. 

By  integrating  the  expression  on  the  right  by  parts,  taking  I,  m,  n  as 
the  direction  cosines  of  the  normal  drawn  inwards  to  the  bounding 
surface  at  any  element  dS,  we  obtain 

+         +          <to    (33) 


If  the  fluid  is  incompressible  the  last  term  is  zero  and  we  get  the 
theorem 


T  r 

_  (T  +  F)  =  \p(lu  +  mv  +  nw)dS     .     .     .     (34) 


which  expresses  the  fact  that  then  the  time-rate  of  increase  of  the  whole 
energy  of  the  fluid  within  the  space  S  is  equal  to  the  rate  at  which 
work  is  done  by  the  pressure  of  the  fluid  at  the  bounding  surface  on 
fluid  crossing  it,  the  inward  direction  being  taken  as  positive. 

Stream-lines 

294.  A  curve  drawn  in  the  fluid  so  that  the  tangent  at  every  point 
is  the  direction  of  the  flow  there  is  called  a  stream-line.  The  equations 
of  a  stream-line  are 

dx=dy_^d_z_=ds_ 
u          v         w 
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or,  if  the  velocities  are  derivable  In.m  a  potential, 

dx  _  dy  _  dz  _  da 

5- 4~ 5~5  ' 

?y       82       3* 

whicn  shows  tliat,  if  the  component  velocities  are  so  derivable,  the  stream- 
line at  any  point  of  a  surface,  for  which  <f>  has  a  constant  value,  is  in  t In- 
direction of  the  normal  to  the  surface  at  that  point. 
In  the  case  of  steady  motion  (29)  becomes 

+  n  +  w-  =  c (36) 

p 

where  ''  is  a  constant,  and  this  may  be  applied  of  course  to  a  stream- 
line. 

We  may,  however,  integrate  along  a  stream-line  without  assuming 
the  existence  of  a  velocity-potential.  Since,  the  motion  being  steady, 

t, ....  are  each  zero,  we  have  by  the  equations  of  motion 

• "       -  'i        9u        1  dp     rn 

u H  v —  +  «; —  = —  —  — 

T'x  fy  p  dx        dx 


which  by  the  equations  of  a  stream-line  may  be  written 

du  .1  dx      ri)  dx 

ds  n  ?x  ds       '"x  ds 


Adding  these  equations,  we  find  for  an  element  ds  of  a  stream-line 

d(g°-)          1  dp  _  dn 
</s  p  ds        ds' 

of  which  the  integral  along  the  stream-line  is 

i?2  +  f—  +  "  =  C (37) 

J  P 

where  6' is  a  constant  which  has  the  same  value  along  each  particular 
stream-line,  but  in  the  general  case  has  different  values  for  different 
stream-lines. 

Motion  in  Two  Dimensions.— Conjugate  Functions 

I  the  case  of  irrotational  motion  of  an  incompressible  fluid 
which  is  independent  <if  the  values  of  one  of  the  co-ordinates  z,  say,  or, 
as  it  is  called,  motion  in  two  dimensions,  the  equation  of  continuity  is 

=  +  fr  -  o  •  •       •   (38) 

to        cy 
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The  equation  of  a  stream-line  may  be  written  in  this  case 

udy  -  vdx  =  0, 
and  the  equation  of  continuity  is  the  condition  that 

u  =  -  fy/dy,     v  =  +  ty/cx,       ....     (38') 

so  that  the  last  equation  should  be  capable  of  being  written  in  the 
form 

dx  cy 

where  ty  is  a  function  of  x,y,  t  in  its  most  general  form.    It  is  called  the 
stream-function. 

If  the  motion  be  steady  the  integral  equation  of  a  stream-line  is 

ijf  -  C (40) 

The  whole  system  of  stream-lines  is  given  by  taking  C  in  the  last 
equation  as  a  parameter  which  varies  from  stream-line  to  stream-line. 
If  the  motion  be  irrotational  (38')  gives 

d\I/  d(f>      oil/       8<£ 

dx  dy'     dy       dx 

and  the  equation  of  continuity  is 

Equations  (41)  give  also 

tt  +  £72  =  ° (42) 


which  expresses  the  fact  that  f  [  =  ^(d2Tjr/dx?  +  d2-(fr/dy2)]  is  zero.  Of  course 
by  (41)  £,77,  are  identically  zero. 

The  differential  equation  of  an  equipotential  line  is 

^dx  +  ^dy  =  0  (43) 

dx  cy    ' 

and  by  equations  (41)  that  of  a  stream-line  is 

?*<te-?£rfj,-0  (44) 

cy  ex    ' 

so  that  the  equipotential  lines  and  the  stream-lines  are  two  systems  of 
lines  in  the  plane  of  x,  y  at  right  angles  to  one  another. 
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Along  an  element  Ss  of  an  equipotential  line  tin-  variation  ty  of  the 
stream  function  is 


.....     (45) 

that  is,  ty  measures  the  rate  of  flow  of  fluid  across  Bs  in  the  direction 
in  mi  right  to  left  to  an  observer  looking  along  8s  in  the  positive  direction. 

-'.'<;.  Apart  from  the  possibility  of  realising  the  motions,  it  may  be 
noticed  that  it  follows  from  what  has  just  been  shown  that  the  curves 
</>  =  const.,  i/r  =  const.,  form  a  conjugate  system,  in  the  sense  that  when 
cither  set  is  taken  as  the  equipotential  curves  the  other  set  is  the 
corresponding  stream-lines.  [Fig.  79  below  shows  such  a  conjugate 

'•m  of  lines.]  Hence  <f>  and  ^r  have  been  called  conjugate  functions. 
Their  theory  is  very  fully  developed  in  modern  treatises  on  the  Theory 
<>t  Functions  of  a  Complex  Variable,1  and  in  works  on  Hydrodynamics 
and  the  Mathematical  Theory  of  Electricity.  Some  account  of  their 
applications  to  electricity  will  be  given  later,  but  as  excellent  works 
«'ii  the  Theory  of  Functions  are  now  available  no  space  will  be  devot-  <1 
t«>  proofs  of  their  purely  mathematical  properties. 

General  Theorems  for  Incompressible  Fluid  in  Irrotational  Motion.  — 
Integral  Equation  of  Continuity.  —  Tubes  of  Flow 

-!»7.  Several  theorems  of  great  importance,  which  are  all  analogues 
of  well-known  theorems  in  electricity  and  magnetism,  can  now  be  proved 
t'<>r  the  irrotational  motion  of  an  incompressible  fluid.  The  theorems 
will  hold  also  for  the  electric  and  inayiu  -tic-  applications  when  tin- 
corresponding  quantities  are  substituted  in  the  equations. 

hi  the  first  place,  for  such  a  fluid  the  existence  of  the  velocity 
potential  <f>  causes  the  equation  of  continuity  (7)  to  take  the  form 

**      3*      *+ 
3^  +  9^  + 

which  is  identical  with  Laplace's  equation,  already  considered  at  p.  46 
above.  Denoting  the  expression  on  the  left,  as  usual,  by  y20,  we  sec 
that  throughout  any  mass  of  incompressible  fluid  moving  irrotationally 
we  have  V'<£  =  0. 

.  It  follows  at  once  that  if  d<f>/dn  denote  the  rate  of  variation  of 
<£  p<T  unit  of  distance  inwards  along  ft  normal  to  a  closed  surface  £  drawn 

in  the  fluid  the  equation 


1  Sec  F"i-ytli.  Theory  of  Functions,  Catub.  Univ.  Press,   1>  MM  ;ui.l   V 

Theory  of  I  M.-n  inillan,  1MW  ;  Kl«-in,  Lfcfvr  liicmanri*  Tkeorit  der  alqebra  itfhfii 

i  ihrer  Integrate  ;   Maxwell,  Electricity  and  Maynetinn,  VoL  I.  ;    Lain)), 
Hydrodynamics,  1895. 
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holds.     For  by  direct  integration  of  the  three  terms  of  y'2<£  with  respect 
to  x,  y,  z  respectively 

<•/•/•  f  j  i 

!*S (47') 


where  the  first  integral  is  taken  throughout  the  whole  space  enclosed 
by  the  surface  S.  If  at  every  point  of  that  space  V2$  =  0,  we  get  (47). 
The  second  integral  represents  the  total  rate  of  flow  across  the  bounding 
surface  into  the  enclosed  space.  Hence  (47)  is  sometimes  called  the 
integral  equation  of  continuity  for  an  incompressible  fluid. 

299.  Consider  any  small  closed  curve  drawn  in  the  fluid,  and  let  a 
stream-line  be  drawn  through  every  point  of  the  curve.  These  stream- 
lines will  mark  out  a  tubular  surface,  which  we  call  a  tube  of  flow.  If 
the  closed  curve  referred  to  lie  on  an  equipotential  surface  each  line  will 
be  at  right  angles  to  the  plane  of  the  curve  at  the  point  through  which 
it  is  drawn.  Consider  then  the  portion  of  a  tube  of  flow  intercepted 
between  two  equipotential  surfaces.  Equation  (47)  holds  for  the  portion 
considered  if,  as  we  here  suppose,  it  does  not  include  any  discontinuity 
or  fluid  moving  otherwise  than  irrotationally.  But,  except  at  the  ends 
where  the  tube  intersects  the  equipotential  surfaces,  d<f>/dn  is  zero. 
Hence,  denoting  by  S1  and  S.2  the  ends  of  the  portion  of  tube,  the  equation 
can  be  written 


r  jg        n  1 1  c\ 

-  dSi  =  ° (i8) 

81  S2 

that  is,  the  surface  integral  of  normal  flow  outwards  over  one  end  face  is 
equal  to  the  surface  integral  of  normal  flow  inwards  over  the  other. 

300.  For  any  surface  whatever  the  integral  of  normal  flow  across  it 
may  be  regarded  as  the  sum  of  integrals  taken  over  portions  tr,,  &<,,  <r3, 

....  of  the  surface,  so  chosen  that  the  value  of  each  integral  is  unity. 
The  tube  of  flow  marked  out  by  stream-lines  drawn  through  the  points 
of  the  boundary  of  any  portion  a-  is  called  a  unit  tube.  The  flow  across 
any  surface  is  then  equal  to  the  number  of  unit  tubes  of  flow  which 
cross  the  surface.  Equation  (47)  expresses  the  fact  that  the  number  of 
unit  tubes  which  cross  a  closed  surface  within  which  y'2<£  =  0  at  every 
point  is  algebraically  zero,  that  is,  as  many  cross  in  one  direction  as  in 
the  other. 

It  follows  from  this  result  that  a  tube  of  flow  cannot  begin  or  end 
within  the  fluid,  and  must  therefore  be  either  endless  or  have  its  ends 
on  the  surface  of  the  fluid.  The  endlessness  of  lines  or  tubes  of  flow  is 
•excluded  in  the  case  of  single- valued  velocity-potential,  that  is  in 
irrotational  motion  in  a  simply  connected  region.  For  the  potential 
increases  or  decreases  continuously  along  a  stream-line. 

301.  The  condition  that  y'2<£  =  0  at  every  part  of  the  enclosed  space 
renders  it  necessary  that,  when  the  closed  surface  includes  any  space  or 
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spaces  at  any  part  of  which  this  condition  does  not  hold,  the  value  of 
tin'  surface  integral  <>t'(47)  taken  over  sin-tares  separating  these  regions 
from  the  rest  of  tin-  fluid  should  be  taken  into  account.  These  surfaces 
form,  in  fact,  part  of  the  bounding  surface  of  the  irrotationally  moving 
fluid,  and  if  we  consider  the  values  of  the  surfac.  -integrals  obtained  by 
integrating,  respectively,  the  terms  on  the  left  of  (47')  with  respect  to 
..  we  see  that  the  statement  made  is  correct.  For  example,  when  we 
integrate  \\ith  respect  to  x  the  integral  is  taken  along  a  filament  at  / 
]iarallel  to  the  axis  of  x,  and  a  contribution  to  the  surface  integral 
is  obtained  wherever  the  filament  meets  the  bounding  surface. 

Periphractic  Spaces 

•>i>2.  It  is  supposed  here,  of  course,  that  the  space  considered  is 
simply  connected,  that  is,  that  any  circuit  drawn  in  it  can  be  contracted 
to  zero  without  passing  out  of  the  space,1  or  that  any  two  closed  circuits 
drawn  in  the  space  are  reconcilable  by  continuous  change  of  one  or 
both  without  passing  out  of  the  space  considered.  A  simply  connected 

••••ofthis  kind  bounded  by  two  or  more  unconnected  surfaces  is  called 

.I'iiriK-tif.  Such,  for  example,  is  the  space  included  between  two  con- 
centric spherical  surfaces,  or  between  an  outer  bounding  surface  of  a  fluid 
and  any  simply  connected  solids  which  may  be  immersed  in  the  fluid. 
We  shall  consider  multiply  connected  spaces  later. 

.'>n:j.  The  truth  of  (47)  for  such  cases  as  we  have  here  supposed  may 
be  seen  intuitively  as  follows,  if  it  is  admitted  for  a  single  bounding 
surtaec.  Take  any  space,  such  as  the  space  of  which  Fig.  66  (with  .1 
contracted  to  zero)  may  be  regarded  as  a  section,  surrounding  a  cWed 

6  /!  throughout  which  V2<£  is  not  zero.  It  is  only  necessary  to  com 
the  space  B  by  a  narrow  tubular  surface  with  the  outer  boundary.     This 
tube  can  be  made  so  tine  as  not  to  interfere  sensibly  with  the  motion 
of  the  fluid.     The  two  surfaces  are  thus  converted  into  a  single  surface 
enclosing  the  space  between  them,  and  the  surface  integral,  taken  « 
the  whole  hounding  surface,  is  simply  the  sum  of  the  integrals  taken 
over  the  two  surfaces,  since  that  over  the  tnhe  is  vanishingly  small. 

When  more  surfaces  are  included  it  is  only  necessary  to  ima^n 
connecting  tube  for  each  with  the  outer  surface  (or  tubes  connecting  all 
the  enclosed  spaces  with  one  another,  and  one  connecting  one  of  these 
spaces  with  the  outer  surface)  to  enable  the  theorem  given  for  asii 
surface  to  be  applied. 

From  these  considerations  we  Me  that  (47)  asserts  in  such  cases  that 
the  integral  over  the  outer  enclosing  surface  is  e<|iial  and  opposit 
the  sum  of  the  integrals  over  the  enclosed  surfaces;  that  i-.  that  the 
total  rate  of  flow  into  the  space  considered  over  the  internal  surfaces 

jiial  to  that  outwards  across  the  enclosing  surface,  or  vice  versa. 


1  A  cir<  nit  which  can  !><•  contracted  to  zero  M  here  described  is  *ai«l  to  lw  reducible. 
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Mean  Potential  over  Spherical  Surface 

304.  Let  4>TrM  denote  the  total  rate  of  flow  into  the  space  considered, 
across  the  inner  bounding  surfaces,  and  let  the  outer  surface  be  spherical. 
Integrating  over  the  latter  surface,  we  have 


dr 
or 


where  d-us  is  the  solid  angle  subtended  at  the  centre  of  the  sphere  by  the 
element  of  surface  dS.  Integrating  with  respect  to  r,  we  have 

to  =  —  +  C (50) 

r 

where  C  is  a  constant  which  does  not  depend  upon  the  radius,  but  yet 
so  far  as  we  have  seen  may  depend  upon  the  position  of  the  spherical 
surface.  This  gives  the  mean  value  of  <j>  over  the  sphere. 

Now  let  the  sphere,  without  alteration  of  the  radius,  be  displaced 
through  a  small  distance  dx  in  the  direction  of  x.  The  change  of  the 
mean  potential  is 


that  is,  dC/dx  is  the  mean  value  of  d<f>/dx  taken  over  the  sphere.  This 
vanishes  when  r  is  infinite  sin.ee  we  suppose  the  fluid  at  rest  at  infinity. 
Hence  dC/dx  =  0  also  when  r  is  infinite.  Similarly  dC/dy  =  0,  dC/'dz 
=  0.  But  C  has  the  same  value  for  all  concentric  spheres  enclosing 
the  inner  bounding  surfaces.  Consider  then  two  such  spheres,  one  of 
finite  radius,  the  other  so  large  that  d<f>/dx  is  zero  at  every  point  of  it, 
and  let  them  be  displaced  together.  Since  dC/dx  is  zero  for  the  large 
sphere  it  is  also  zero  for  the  smaller.  Thus  C  does  not  depend  on  the 
position  of  the  centre  of  the  sphere,  and  is  the  same  for  every  spherical 
surface  enclosing  all  the  inner  bounding  surfaces. 

If  the  sphere  considered  be  wholly  situated  in  the  region  of  irro- 
tational  motion  the  value  of  M  is  zero,  and  we  have 


(52> 


that  is,  the  average  potential  over  the  surface  is  independent  of  the 
radius  of  the  sphere  and  is  the  same  for  all  spheres  having  the  same 
centre.  The  average  potential  over  any  sphere  is  therefore  equal  to 
that  over  an  infinitesimal  sphere  surrounding  the  centre ;  that  is,  it  is 
equal  to  the  potential  at  the  centre.  This  theorem  is  due  to  Gauss  andr 
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with  the  results  which  follow,  is  of  great  importance-  in  tin-  electrostatic 
analogue. 

305.  It  follows  that  tin-  potential  cannot  be  constant  over  any  finite 
portion  S  of  the  non-rotating  fluid  without  being  constant  over  the 
remainder.  For,  taking  this  not  to  be  the  case,  imagine  a  sphere 

ril>< ••!  having  its  centre  and  part  of  its  surface  in  the  space 
and  the  remainder  of  the  surface  where  the  potential  is  either  greater 
or  less  than  the  constant  value.  The  constant  potential  is  the  potential 
at  the  centre,  and  the  average  over  the  surface  must  be  greater  or  less 
than  thi>  value,  which  is  impossible  by  the  theorem.  Hence  no  such 
region  of  greater  or  less  potential  can  exist. 

30G.  It  follows  also  from  the  theorem  that  there  can  be  no  place  of 
maximum  potential  in  irrotatumally  moving  fluid;  for  if  there  could 
be  a  point  at  which  the  potential  is  a  maximum  the  mean  potential 
o\er  a  sphere  the  centre  of  which  is  at  the  point  would  be  less 
than  the  potential  at  the  centre.  For  the  same  reason  the  value  of  tin 
potential  cannot  be  a  minimum. 

Tin-  same  argument  holds  for  d<f>/dz,  since  d<f>/dx  satisfies  the  same 
cijnatimi>  ;  that  is  (since  the  axis  of  x  can  be  taken  in  the  direction  of 
tin-  resultant  velocity),  the  velocity  cannot  be  a  maximum  or  a  minimum 
within  the  irrotationally  moving  fluid.  But  the  numerical  value  of 
<(f)  (\r,  without  regard  to  sign,  while  it  cannot  have  a  maximum,  may 
have  a  minimum  value.  The  maximum  numerical  value  is  obviousK 
precluded  by  the  theorem  that  there  is  neither  a  maximum  nor  a 
minimum  in  the  algebraic  sense;  there  is  nothing,  however,  to  prevent  it 
tViim  having  a  minimum  numerical  value.  For  example,  tin-  \alue  ma\ 
be  zero  at  some  point  or  points  in  the  fluid,  as  we  shall  see  later. 


SECTION  III. — Greens  Theorem 
Proof  of  Green's  Theorem.    Surfaces  of  Discontinuity 

307.  George  Green  of  Nottingham  guv.   in  his  famous  E&myonthf 
Apj>/  ':'  M"tln  inatical  Ancdysis  to  the   Theories  of  Electricity  <i,t<l 

Magnetism  a  theorem  of  pure  analysis  which  is  of  the  very  grea1 
importance  in  all  branches  of  physical  math. mati.         \\      ^ive  a  proot 
here,  with    some  examples  of  its  application   to  particular  problem-. 
The   extension  of  the  theorem  to  multiply  connected  spaces  will  be 

D  later,  when  fluid  motion  in  such  spaces  is  considered. 

Let  U,  Vt  denote  two  finite,  continuous,  and  single-valued   functi..n< 
of  the  co-ordinal'  of  a  point  within  a  closed  surface  S0  (Fig.  ' 

and  /,    any  other  arbitrary  finite,  continuous,  and  single-value.!  function 
I  (or  a  constant),  and  let  the  derivatives  of  these  functions  be 
finite  and  continuous  also.     Denote  by  K  the  integral 


.,, 

-  •  r-  +  —  r-  +  r~  -r-\dxdydz 

& ) 
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taken  throughout  the  space  enclosed  by  the  surface  S0.     Integrating  by 
parts,  we  obtain 


E  =  \  \  Ukl  —  dydz  +  ^-  dzdx  +  —  dxdy\ 
JJ        'OB  dy  oz 


and  of  course  an  exactly  similar  expression  for  E,  which  may  be  written 
down  from  this  by  interchanging  U  and  V. 

The  triple  integrals  in  this  equation  and  its  companion  are  taken 
throughout  the  space  within  the  surface;    and  the  elements   of  the 


FIG.  68. 


<louble  integral,  which  are  furnished  only  by  the  enclosing  surface,  are 
taken  as  negative  where  a  point  moving  in  the  positive  direction  along 
x,  y,  or  z,  as  the  case  may  be,  enters  the  surface,  and  as  positive  where 
the  point  emerges.  Take  first  the  motion  of  a  point  parallel  to  the 
axis  of  x.  Draw  a  normal  inwards  from  the  surface  at  each  of  the 
points  of  entrance  or  emergence,  and  let  /a,  1.2  denote  the  cosines  of  the 
angles  which  the  normal  makes  at  A,  J3,  with  the  positive  direction  of 
the  axis  of  x  at  an  entrance  and  an  emergence  respectively.  Let 
a  straight  rectangular  filament  of  the  space,  of  cross  section  dydz, 
intercept  elements  dSv  dS2,  of  the  surface  at  the  feet  of  these  normals. 
Consider  the  positive  sides  of  these  elements  to  be  those  turned  inwards 
to  the  enclosed  space,  then  we  have  dydz  =  l1dSl  at  an  entrance,  and 
dydz  =  —  /.2dSz  at  an  emergence.  Each  pair  of  elements  therefore 
contributes  to  the  integral  the  portion 


and,  since  we  can  exhaust  the  whole  surface  by  pairs  of  elements,  we 
obtain  for  the  first  term  of  the  double  integral  the  expression 


f      »        2^ 

"  L  '% 


taken  over  the  surface. 
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Proceeding  in  the  same  manner  for  the  directions //,:,  and  putting 
nt,  it,  lor  the  direction  cosines  of  the  inward-drawn  normals  at  the 
corresponding  elements  of  the  surface,  we  find  for  the  whole  suit 

_ral  in  (">:>)  the  value 

w      8FW 


f    rrr.l  0V  3F\ 

-       UPil-sr  +  m  —  +  n—) 

J         \  &r  8y          czj 


In  the  companion  equation  to  (53)  we  get,  of  course,  a  similar 
s  u  r  face  integral,  except  that  J/"and  Fare  interchanged. 

Denoting  the  expression  between  the  brackets  in  the  surface  integral 
ju-t  found  by  d  V/dn,  since  it  is  the  rate  of  variation  of  /'  inwards  along 
the  normal  at  dS,  and  using  dU/dn  in  the  similar  sense  in  the  companion 
equation.  we  obtain  finally 


which  is  Green's  theorem. 

308.  The  necessity  for  continuity  and  finiteness  of  the  functions  as 
specified  above  will  be  evident  from  the  statement  of  the  theorem  in 
i  .",  H.  If,  for  example,  the  value  ofdU/dxis  discontinuous  within  the 
limits  of  integration,  that  of  d(kzd  Uldjc)/dx  in  the  second  expression  for 
E  becomes  infinite,  and  the  triple  integral  involving  this  term  is 
inilftt-rniinate.  Any  region  of  such  discontinuity  must  in  the  application 
of  the  theorem  be  excluded  from  the  space  considered.  This  may  be 
done  as  follows  :  — 

Let  P  (Fig.  69)  be  a  point  within  the  space  at  or  near  which  3  Ujc 
one  or  more,  are  discontinuous.     Describe  a  >mall  closed  surface  5  round 
P  so  as  to  include  the  region  of  discon- 
ti  unity.     We  can  apply  the  theorem  to 
the  space   included  between  N  and  >',,.  it 
that   be   simply  connected,  provided  w. 
add  to    the  surface   integral   the    value 

of  -  (dUjdnylS  taken  over  X  The 

normal  is,  of  course,  supposed  to  be 
drawn  from  '/>'  towards  the  space 
throii'dioiit  which  the  volume  integral 

O  ^ 

i^  taken. 

If  the  region  of  discontinuity  i-  a  mere  point.  /',  then  by   .siij»|i' 
mink  down  to  infinitely  small  dimensions  round  P  we  can  obtain  as 

nearlv  as  we  please  the  proper  finite  \.du.    ..!  /.'  t-i   the  ^iveii  case. 

If  there  be  a   number  of  such   points  of  discontinuity    /'.  Q,  .   .  . 

within  tin-  space  consid<  •  h  mu-t   he  dealt    with    in   the   mai 
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just  described,  that  is,  the  triple  integrals  must  be  taken  throughout  the 
space  included  between  the  outer  bounding  surface  and  the  infinitely 
small  closed  surfaces  described  round  P,  Q,  &c.,  and  the  proper  values 
of  the  surface  integral  over  these  latter  surfaces  added  to  that  taken 
over  the  outer  surface. 

In  the  case  of  a  cluster  of  such  points  or  a  finite  region  of 
discontinuity,  a  closed  surface  described  round  the  cluster  or  region  in 
question,  and  included  in  the  surface  integration,  will  enable  the 
theorem  to  be  applied  to  the  remainder  of  the  space. 

309.  It  follows  that  if  any  discontinuity  such  as  is  here  considered 
occur  at  points  of  a  closed  or  unclosed  surface,  we  may  apply  the 
theorem,  provided  we  exclude  the  surface  of  discontinuity  by  a  proper 
surface  integration.  Let,  first,  the  surface  of  discontinuity  be  unclosed. 
Imagine  a  closed  surface  surrounding  it  described,  and  then  shrunk 
down  until  it  forms  an  infinitely  thin  shell,  S  (represented  by  the 
dotted  line,  Fig.  70),  having  the  surface  of  discontinuity  between  its 


FIG  70. 

faces.  We  find  E  then  for  the  rest  of  the  space  within  the  external 
containing  surface  S0  by  adding  to  the  surface  integral  over  S0  the 

value  of  -  \VlMUjdn.dS  taken  over  the  surface  S,  as  already  de- 
scribed. 

If  the  surface  of  discontinuity  be  closed,  we  have  only  to  suppose 
a  surface  S  (Fig.  71)   described  round  it,  infinitely  near  it,  and  add  to 

the  integral   over  S0  the  value  of  -    \VTc2.  dU/dn.dS taken  over  S,  to 

obtain  the  value  of  E  for  the  space  included  between  the  outer  closed 
surface  S0  and  the  inner  S.  The  space  within  the  surface  of  dis- 
continuity may  be  treated  separately  by  describing  a  closed  surface 
within  it,  and  infinitely  near  to  it  at  every  point,  and  using  this  as  the 
outer  bounding  surface  of  the  space  now  considered.  Any  other  dis- 
continuities within  either  space  must  of  course  be  dealt  with  in 
addition  by  the  method  stated  above. 
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Existence  Theorem  for  Potential  Function.  —Motion  of  Minimum  Kinetic 
Energy.  —  Uniqueness  of  Value  of  Potential  Function  for  Given  Space 
and  Given  Values  at  Surface 


A  question  of  considerable  importance,  though  rather  from  the 
mathematical  than  from  the  physical  point  of  view,  may  be  shortly 
ili<ni.ss,'d  here.  Can  a  function  <f>  be  found  which  has  a  specified 
arbitrary,  but  continuous,  system  of  values  over  the  bounding  surface  or 
surfaces  of  a  simply  connected  space,  and  satisfies  the  condition 


.     .     (55) 

ry\      oyj          rz\      CZ/ 

throughout  the  space  ?     Practically  the  same  mathematical  proof  of  this 

proposition  has  been  given  by  Lord  Kelvin  and  by  Lejeune  Dirichlet, 

though  it  has  been  objected  to  on  certain  grounds  by  some  writers. 

hematically  the  question  resolves  itself  into  whether  or  not  it  is 

possible  to  determine  <f>  so  that  it  shall  have  an  assigned  value  at  every 

point  of  the  bounding  surface  and  satisfy  the  condition  (55)  in  the 

interior.     We  shall  give  Lord  Kelvin's  proof  here,  as  it  will  at  the  same 

time  establish  for  us  another  very  important  theorem  of  fluid  motion. 

311.  Let  <f>  denote  any  function  whatever  of  x,y,  z  which  has  tin- 

4ned  system  of  values  at  the  bounding  surface  and  v  a  quantity 

which  is  zero  at  every  point  of  the  surface,  and  has  the  same  sign 

at  every  internal  point  as  the  expression  on  the  left  of  (55)  has  there, 

and  therefore  vanishes  wherever  this  expression  is  zero.      If  <f>'  = 

where  6  is  any  constant  multiplier,  then,  putting  Q  for  the  integral 


taken  throughout  the  portion  of  fluid  considered,  and  Q'  for  the  same 
integral  \\itii  <f>'  used  instead  of  <f>,  we  have,  by  integration  by  parts, 
since  v  is  zero  at  every  point  of  the  surface, 


Every  term  of  tin-  tir>t  integral  on  tin-  ri-ht  is  positive  by  tin- 
condition  imposed  on  r,  and  every  term  in  the  second  integral  is 
positive  from  its  form.  Hence  we  may  \\iit.  tin-  r.-sult  thus: 

Q'  «  Q  -  m$(n  -6)  ......     (56') 

where  m  and  n  are  both  positive.     It  iln-refore  6  be  positive  and  less 
than  n,  ^  is  less  than   Q;  that  is  t»  -ay,  unless  (55)  be  satisfied  a 
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function  can  be  found  which  shall  make  Q'  <  Q.  If,  however,  (55)  be 
satisfied,  Q'  >  Q  ;  that  is,  <£  then  gives  the  smallest  possible  value  to  the 
integral  Q. 

But,  since  the  integral  is  essentially  positive  (for  every  term  is 
positive),  there  must  exist  for  it  a  lower  limit  ;  that  is  to  say,  there 
exists  a  valjie  of  <f>  which  makes  it  equal  to  this  lower  limit.  This 
value  satisfies  (55). 

312.  One  ground  on  which  this  existence  theorem,  as  it  is  called, 
has  been  objected  to  is  the  assumption  that  a  function  v  can  be  found 
to  fulfil  the  condition  stated.  Whatever  opinion  may  be  held  as  to 
the  validity  of  this  and  other  objections,  there  is  no  doubt  that  if  <£ 
fulfil  (55)  Q'  is  greater  than  Q  by  the  second  integral  on  the  right. 
This,  stated  in  physical  language,  is  the  theorem  that  the  kinetic 
energy  of  the  motion  given  by  the  velocity-potential  <£,  which  has  the 
assigned  values  at  the  surface  and  satisfies  (46),  is  smaller  than  that  of 
any  other  motion  fulfilling  the  surface  condition  by  the  kinetic  energy 
corresponding  to  the  difference  between  the  velocity-potentials  of  the 
two  motions.  We  here  still  call  tf>  the  velocity-potential,  though  the 
component  velocities  are 


313.  Further,  if  there  exist  one  motion  fulfilling  the  stated  conditions, 
that  motion  is  the  only  one  that  fulfils  them.  For,  if  possible,  let  <£:  be 
the  velocity-potential  of  another  motion  fulfilling  the  conditions,  then 
<£  —  <f)l  also  fulfils  (55)  and  is  zero  at  every  point  of  the  boundary.  By 
a  theorem  which  we  shall  prove  immediately,  the  fluid  under  this 
potential  is  at  rest  ;  that  is,  the  motion  corresponding  to  the  potential 
—  ^  is  equal  and  opposite  to  that  corresponding  to  <f>  ;  that  is,  <}>  =  <f>l 
throughout. 

In  proving  the  theorem  on  which  this  result  depends,  we  suppose 
&  =  1,  which  is  the  only  case  relevant  to  the  fluid  motion  we  are 
considering.  But  as  the  reader  will  see  at  once  the  theorem  is  true 
also  in  the  more  general  case.  Integrate  the  expression 


throughout  any  region  the  bounding  surface  of  which  is  S.     Integrating 
by  parts,  we  get 


I 


•  dxdydz  .  .     (57) 


If   the  motion    is   irrotational    throughout    the    space,  y20  =  0,   and 
the   second  integral   on   the  right  is  zero.     If   then  (1)  <£  =  0    over 
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the  surface,  or  (2)  -/</>  <ln  =0  over  the  surface,  or  (3)  ^  =  0  over  one  part 
of  the  surface  ami  <l<f>/dn  =  Q  over  the  remainder,  the  other  integral  on 
T!I>  ri-lit  will  vanish.  Hence  so  also  will  the  integral  on  the  K-l't. 
But,  as  this  is  composed  of  elements  which  are  all  essentially  jtosr 
each  element  must  vanish  separately,  that  is  q  =  0  throughout  the 
space.  Hence,  if  condition  (1),  (2),  or  (3)  is  fulfilled,  the  fluid  is  at  rest. 
The  same  conclusion  follows  also  from  the  considerations  set  forth 
above  as  to  lines  and  tubes  of  flow. 

'{  1  4.  Again,  if  instead  of  an  arbitrary  distribution  of  velocity- 
potential  we  have  given  over  the  surface  a  continuous  distribution  of 
normal  velocity,  then,  if  there  exist  a  solution  of  (46)  fulfilling  the 
former  condition,  there  must  also  exist  one  fulfilling  the  latter.  For 
conceive  a  fluid  contained  within  a  flexible  envelope,  and  impress  upon 
the  envelope  from  without  the  distribution  of  normal  velocity  specified. 

This   must   satisfy   the   equation  I  qndS=0,  where  qn   is  the  normal 

J  s 

velocity.  If  the  normal  velocity  can  be  expressed  at  every  point  as 
the  rate  of  variation  in  that  direction  of  some  function  <£  of  the  position 
of  the  point,  the  surface  condition  corresponds  to  a  certain  arbitrary 
distribution  of  <f>,  and  by  the  last  proposition  there  is  one,  and  only  one, 
solution  fulfilling  the  prescribed  condition. 

Similarly  there  is  one,  and  only  one,  solution  if  $  is  given  over 
one  part  of  the  surface  and  d<f)/dn  over  the  remainder. 

With  the  proper  changes,  which  will  appear  later,  in  the  specification 
of  the  symbols,  these  theorems  as  well  as  those  which  follow,  are  of 
great  importance  in  electricity. 

Deductions  from  Green's  Theorem.  —  Sources  and  Sinks 

315.  One  or  two  important  consequences  of  Green's  theorem  it  is 
convenient  to  deduce  here.  Supposing  k  a  constant,  we  get  from  (54) 

.     (58) 

where  the  first  integral  is  taken  throughout  the  space  considered,  and 
the  second  is  taken  over  its  surface,  including  those  parts  of  the  surface 
\\hirli  exclude  regions  of  discontinuity  from  the  first  integral.  This 
equation  is  of  great  service  in  many  parts  of  physics.  It  is  sometimes, 
though  wrongly,  asserted  to  express  Green's  theorem. 

If  both  U  and  V  fulfil  Laplace's  equation  the  h-ft-hand  side  of  (58) 
is  zero,  and  we  have 


f  f  f(Wr  -  W*U)dxdydz  =  {  (v~   -  U 


-ir».  As  an  example  of  the  use  of  this  result  we  shall  put  i/"=»l/r, 
where  r  i-  tin  distance  of  any  point  P from  the  element  <//</W:,  and 
for  Fa  function  0  of  x,  y,  :  which  fulfils  Laplace's  r.juation  and  is  every- 
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where  finite  and  continuous  within  the  region  of  integration.  We  have 
therefore  y2F"=0,  throughout  the  space  considered,  and  also  y'2?7=0 
for  the  same  space  except  just  at  P.  For  U  becomes  infinite  when  ?'=0, 
so  that  if  P  is  within  the  space  considered  we  must  exclude  it  by 
describing  an  infinitely  small  sphere  round  it  and  extending  the  surface 
integral  round  that  sphere.  The  value  of  dU/dn  for  this  sphere  is 
dU/dp  =  —  1/p2,  where  p  is  the  radius;  and  the  surface  is  4nrpz,  so 
that  the  contribution  to  the  surface  integral  is 

f    dU  ,. 


where  <f>P  denotes  the  mean  value  of  <f>  taken  over  the  infinitely  small 
sphere,  centre  P,  that  is,  the  value  of  <£  at  P. 

For  the  rest  of  the  space    considered  the  left-hand  side  of  (58) 
vanishes,  and  we  have 


or 

'*"-     .     .     (59) 
dn 

317.  To  find  a  physical  interpretation  of  this  equation,  imagine 
fluid  to  enter  an  indefinitely  large  space  at  a  point,  and  to  flow 
uniformly  in  all  directions  radially  from  the  point.  Let  the  amount  of 
fluid  introduced  into  the  space  per  unit  of  time  be  in,  then  the  same 
amount  ra  crosses  every  concentric  spherical  surface  in  each  unit  of  time. 
The  rate  of  flow  per  unit  of  area  at  any  place  at  distance  r  from  the 
point  is  therefore  —  m/4-Trr2.  The  function  m/Anr  thus  fulfils  the 
analytical  conditions  for  being  the  velocity-potential  of  the  motion,  and 
we  shall  adopt  it  as  the  value  of  <£  for  the  motion. 

We  call  the  point  from  which  the  fluid  diverges  a  point-source  of 
intensity  m,  and  we  see  that  the  potential  of  such  a  source,  at  distance 
r  from  it,  may  be  taken  as  wi/4?rr. 

Had  we  considered  a  flow  uniformly  converging  radially  to  a  point 
we  should  have  obtained  the  same  numerical  value  of  the  velocity,  but 
with  opposite  sign.  The  potential  for  the  same  amount  of  fluid  m 
carried  inward  per  unit  of  time  across  each  concentric  spherical  surface 
would  in  this  case  be  —  m/4<Trr.  We  call  the  point  of  convergence  a 
sink  of  intensity  m. 

Instead  of  fluid  we  may  have  sources  and  sinks  of  heat  and 
electricity,  and  in  the  latter  connection  we  shall  have  to  consider  the 
subject  fully  later.  We  shall  then  see  that  the  electrodes  by  which  a 
current  enters  and  leaves  a  conducting  body  play  the  parts  of  electric 
source  and  sink  for  the  flow  of  electricity,  the  theory  of  which  is 
precisely  that  of  the  irrotational  flow  of  an  incompressible  fluid. 
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When  <£  is  taken  as  electric  potential,  and  sources  and  sinks  are 
distributions  of  positive  and  negative  electricity,  we  have  corresponding 
theorems  on  the  distribution  of  potential  and  lines  of  force  in  the  electric 
field. 

318.  Now  consider   two    equal   and   opposite  point-sources   A,   B 

5.  72),  at  a  distance  dn  apart,  the  positive  direction  of  dn  being 

taken  from  the  negative  source  at  A  to  the  positive  at  Bt  and  let 


A    C      B 

FIG.  72. 

r,  r  +  dr  be  the  (nearly  equal)  distances  from  these  sources  of  any 
point  Q  in  the  moving  fluid.  Let  also  B  be  the  angle  which  the  bisector 
CQ  of  the  angle  AQB  makes  with  the  positive  direction  of  dn,  that  is 
with  AB.  Since  the  flow  at  any  point  Q  is  compounded  of  a  flow  of 
amount  —  in/far2,  towards  A,  and  another  of  amount  m[±ir(r  +  dr)*, 
from  B,  and  these  have  potentials  —  m/4nrr,  m/4nr(r  +  dr)  at  Q, 
the  velocity-potential  there  is  —  m/^Tr  .  {l/r  —  l/(r  +  dr)},  that  is 
—  mdr  47T/--.  But  dr  =  —dncosff,  and  if  we  write  m  for  nidn/4nr 
the  potential  is  m  cos  0/r2.  We  call  this  a  double  point  source,  or 
il"n),lct  source,  of  intensity  m. 

The  potential  of  such  a  source  at  a  point  at  distance  r  from  the 
e. 'litre  of  the  doublet  can  clearly  be  written  also  in  the  form 

d  (\ 
m  T 


Going  back  now  to  <">'.i),  we  see  that  the  physical  interpretation 
of  the  result  there  state.  1  is  th;it  tin-  ]x»tcnti:il  at  J'  is  tin-  potential  that 
would  be  produced  by  a  distribution  over  the  surface  S  of  simple  point 
sources,  so  that  the  intensity  at  dS  is  —  (d<f>/dn)l4ur  per  unit  of  area, 
and  of  doublet  sources  so  that  at  dS  the  intensity  is  ^/4ir,  where  <j>  is 
tli.'  potential  at  '/N. 

:;i'.'.  The  result  here  ol»tain.«l  is  very  important  in  many  respects. 
The  motion  is  shown  to  be  producible  by  a  surface  distribution  of  sources 
which  can  be  deduced  as  specified  tn.ni  the  geometrical  configuration 

K  -2 
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of  the  bounding  surface  Sl  and  the  values  at  every  element  of  this  sur- 
face of  the  potential,  and  of  its  rate  of  variation  along  the  normal  there. 
The  actual  sources  may  be  very  different  ;  in  fact,  their  nature  may  be 
quite  unknown.  The  result  is  analogous  to  the  replacement,  in  the 
theory  of  light,  of  the  actual  sources  by  what  are  called  secondary  sources. 
a  notion  due  originally  to  Huyghens  and  developed  very  fully  by  Fresnel 
and  his  successors. 

Let  us  suppose,  however,  that  the  potential  at  any  point  in  the 
space  included  by  the  inner  bounding  surfaces  or  situated  without  the 
outer  bounding  surface,  that  is,  throughout  the  rest  of  space,  is  given  by 
a  single-valued  function  <f>'.  For  this  space,  since  P  is  external  to  it,  we 
have  by  (59) 


in  which  the  normal  ri  is  supposed  drawn  inwards  from  S  towards  the 
space  to  which  <£'  applies.  Adding  this  equation  to  (59)  we  obtain, 
since  d/dn  =  —d/dn', 


s 
and  if  <>  =     '  at  the  surface  S 


Thus  the  distributions,  whatever  they  may  be  in  the  space  separated 
from  that  in  which  P  is  situated  by  the  surfaces  S,  may,  so  far  as  the 
motion  of  the  fluid  in  the  region  in  which  P  is  situated  be  concerned, 
be  annulled,  and,  if  S  be  a  surface  of  discontinuity  of  <f>,  the  surface 
distribution  of  simple  and  doublet  sources  specified  by  (59')  substituted, 
or  in  the  other  case,  that  of  continuity  of  potential,  replaced  by  the 
arrangement  of  simple  sources  specified  by  (59").  If  d(f>{dn  =  —  d<j>'/dn', 
that  is,  in  the  case  of  continuity  of  normal  flow  across  S,  the  second 
integral  in  (59')  vanishes,  and  the  distribution  of  sources  is  reduced  to 
the  doublets  alone. 

If  the  surface  S  consist  of  two  parts,  (1)  one  or  more  surfaces  at 
finite  distances  from  P  everywhere,  and  (2)  an  outer  spherical  enclosing 
surface  every  part  of  which  is  at  an  infinite  distance,  the  surface  integrals 
may  be  taken  to  vanish  for  the  latter  part,  since  for  this  outer  surface 
the  second  integral  vanishes  and  the  first  becomes  the  constant,  C,  of 
(50).  Since  we  have  in  any  case  only  to  deal  with  differences  of 
potential,  this  C  may  without  affecting  any  result  be  taken  as  zero. 

For  example  take  Green's  problem  (Art.  201  above).  Let  U  be  such 
a  function  that  it  is  sensibly  equal  to  I/r  in  the  immediate  vicinity  of  P, 
is  equal  to  zero  at  the  internal  bounding  surface  or  surfaces  S,  and  is 
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harmonic  throughout  the  space  for  which  the  volume-integrals  are  taken. 
The  existence  of  such  a  function  is  clear  from  the  electric  analogue.   For 
let  a  unit  charge  be  situated  at  P,  and  S  be  maintained  at  zero  potential. 
The  induced  charge  on  S  will  be  such  as  to  give  a  potential  exact  l\ 
counteracting   the  value,  1/r,  of  the  potential  at  each    element  « 
produced  by  the  unit  charge  at  P  (k  is  here  taken  as  unity).     The  value 
of   r  at    any  point  is,  then,  the  potential   there    due    to  the   indue,  d 
distribution,  together  with  that  due  to  the  induced  charge  at  1'.     This 
is  harmonic  throughout  the  space  external  to  S,  except  just  at  P,  wl 
it  is  1/r.     Thus  let  <£  be  the  arbitrarily  chosen  potential  at  any  point  of 
the  surface  of  S;  since  the  expression  on  the  left  of  (58')  (with  the 
point  P  allowed  for  as  in  Art.  316)  vanishes,  the  corresponding  potential 
at    /'  is 

1  "     dU  , 

-,-dS (60) 


Kinetic  Energy  of  Irrotational  Motion.  —  Expression  as  a  Surface  Integral.  — 
Cases  in  which  Motion  cannot  exist 

We  now  pass  to  a  consideration  of  the  energy  of  the  motion.     By 
us  theorem,  or  indeed  by  direct  integration,  we  can  express  the 
kinetic  energy  by  a  surface  integral.     For  if  the  motion  is  irrotational 
we  have,  by  integration  by  parts,  since  the  non-integrated  term  \ani- 


the  normal  to  the  element  of  surface  ciS  being  supposed  drawn  inwards 
to  the  space  occupied  by  the  fluid,  and  the  surface  integral  being  taken 
over  the  whole  hounding  surface  of  the  space  considered  in  the  volume 
integral. 

Tim-,  if  T  denote  the  kinetic  energy  of  the  fluid, 


Let  the  fluid  extend  to  infinity,  and  the  velocity  tend  to  *•: 

e\,-rv  point  veiy  far  from  the  inner  bounding  suit  l>e  a 

smtac.:    taken    in    the   fluid    so  as    to  endusr  N,  and  l»«-  e\  n  yu  lure  \ ,  iy 
at  from   it.      V. 

f  ^  d  ?  4-  f  ^  dS   —  0 

*. 

and 

/  \n  \  I     (^  -  -       (I  A 

'     \\         **  n 

*, 
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But  if  the  velocity  may  be  taken  as  zero  at  every  point  of  S2  the  second 
term  on  the  right  is 


where  C  is  the  constant  finite  value  of  the  potential  $  at  infinity,  and 
by  (62)  this  can  be  written 


Thus 


T  —      i~l  fA.      r<\    ^fjv  /fi^\ 

JL     =    —    ^j-p  I     I  Q>    —    v  )  ffO-i ( DO ) 

•    }Si  dn 


If  there  is  no  flux  on  the  whole  across  the  outer  boundary,  this 
reduces  to 

*^JO  I£A\ 

i— -  aoj (64) 


which  is  the  result  that  would  be  inferred,  were  it  legitimate  to  do  so 
by  the  preceding  equation  (61),  from  the  fact  that  S^  is  now  the  total 
boundary. 

321.  If  the  liquid  fill  the  whole  space  so  that  Sl  does  not  exist, 
T  =  0,  and  u,v,w  are  by  Green's  theorem  zero  at  every  point.     Irro- 
tational  motion  is  thus  impossible  in  a  liquid  filling  infinite  space  and 
at  rest  at  infinity. 

It  also  follows  from  (61) — what  has  already  been  proved  above, 
Art.  313, — that  irrotational  motion  cannot  exist  within  a  finite,  simply 
connected  space  with  a  boundary  Sl  fixed  at  every  point;  for  the 
velocity  —  d(f>/dn  at  right  angles  to  the  bounding  surface  must  be  zero 
at  every  point,  and  hence  u,  v,  w  must  be  everywhere  zero. 

Multiple  Connection  of  Spaces. — Reduction  of  Connectivity  by 
Diaphragms. — Number  of  Irreconcilable  Circuits 

322.  So  far  we  have  considered  motion  in  simply  connected  spaces 
only  ;  we  have  now  to  consider  spaces  of  multiple  connectivity.     Such 
a  space  is  represented  in  two  dimensions   in    Fig.  73.      A  space    of 
multiple  connectivity  admits  of  the  drawing  of  at  least  one  section  or 
diaphragm  so  as  to  give  a  section  having  a  closed  curve  as  boundary, 
without   dividing   the  space  into  disconnected   parts.      A   surface   for 
which  one  such  diaphragm  can  be  drawn  is  said  to  be  2ply  connected, 
or  to  be  of  connectivity  2.     If  n  —  1  such  diaphragms  can  be  drawn  it 
is  said  to  be  wply  connected,  or  to  be  of  connectivity  n. 

The  space  enclosed  by  an  anchor  ring,  or  the  space  external  to  an 
anchor  ring,  is  an  example  of  a  space  of  connectivity  2.     If  we  suppose 
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an  anchor  rinij  to  have  a  region  such  as  A,  Fig.  73,  attached  to  it, 
it  is  changed  into  a  space  of  connectivity  3 ;  if  two  such  regions  are 
attached,  as  in  Fig.  74,  it  becomes  a  space  of  connectivity  4  ;  and  so  on. 
The  diaphragms  which  in  the  different  cases  reduce  the  connectivity 
to  1  are  shown  by  dotted  lines  in  the  figures. 

:ii'.S.  We   shall   now   prove   that   in    a   space    of  connectivity    n 
it  is  possible  to  draw  n  —  1  independent  and  irreconcilable  irreducible 


73. 

circuits.  This  can  be  proved  in  various  ways.  First  it  is  to  be 
observed  that  if  a  complete  circuit  cannot  be  drawn  so  as  to  cross  one 
particular  diaphragm  without  at  the  same  time  meeting  another 
diaphragm  an  odd  number  of  times,  these  two  diaphragms  divide 
tli.-  space  into  unconnected  parts.  This  is  clear  from  the  fact  that  the 
circuit,  having  been  carried  across  one  diaphragm,  cannot  be  completed 
without  passing  at  least  once  through  the  other ;  that  is,  beyond  the 
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Jii-t  dinjilnagm  is  a  portion  of  the  space  from  which   the  path  cannot 
finery-  int.i  tin-  remainder  without  piercing  the  second  di.-iphragm. 

It  follows  that,  if  tin-  diaphragms  are  so  drawn  as  to  preserve 
connectivity  of  at  least  1  for  all  the  space,  it  is  possible  to  draw  a 
circuit  so  as  to  cross  any  particular  diaphragm  once,  and  any  other 
.-in  even  number  of  times,  of  which  as  many  are  crossings  in  one  direction 
as  in  the  other.  But  this  latter  condition  comes  to  the  same  thing 
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as  prohibiting  the  passage  of  any  other  diaphragm  at  all.  It  is 
therefore  possible,  since  there  are  n  —  1  diaphragms,  to  draw  n  —  1  such 
circuits. 

Also  these  circuits  are  irreconcilable.  For  if  two  of  them  were 
reconcilable — that  is,  if  one  could  be  changed  into  the  other  without 
somewhere  passing  out  of  the  space  considered — then  in  the  process 
either  each  would  have  to  be  altered  so  as  to  pass  through  both 
diaphragms,  or  one  would  be  withdrawn  from  one  diaphragm  and 
made  to  pass  through  the  other.  But,  since  each  passes  through  its 
diaphragm  only  once,  either  alteration  is  impossible  without  taking 
the  circuit  across  the  closed  curve  which,  as  stated  above,  forms  the 
boundary  of  the  section  made  by  a  diaphragm. 

324 .  The  same  thing  may  be  proved  more  shortly  thus.     For  every 
region  added  to  a  multiply  connected  space  necessitating  an  additional 
diaphragm  it  is  clear   that  a  new  circuit  not  reconcilable  with  any 
existing  circuit  can  be  drawn  so  as  to  pass  through  that  diaphragm. 
But  when  there  can  be  drawn  only  one  diaphragm — that  is,  when  the 
connectivity  is  2,  as  in  the  anchor  ring — only  one  independent  circuit  can 
be  drawn ;  hence  the  number  of  independent  irreconcilable  circuits  is 
equal  to  the  number  of  diaphragms — that  is,  one  less  than  the  con- 
nectivity. 

Cyclic  Motion  in  Multiply  Connected  Space.— Cyclic  Constants 

325.  The  circulation  in  a  circuit  crossing  only  one  of  the  diaphragms 
and  crossing  it  once  only,  is  the  same  for  all  such  circuits.     This  is 
easily    seen    from    Fig.    75,    which    represents   part    of    a    multiply 


FIG.  75. 

connected  space.  The  circulation  in  the  path  AEBCFD  indi- 
cated by  the  arrows  is  zero,  since  the  circuit  is  reducible ;  and,  since 
the  parts  JBC,  DA  are  infinitely  nearly  equal  and  opposite,  the  circula- 
tions in  the  remaining  parts  taken  in  the  same  direction  are  equal. 
Let  the  circulation  in  either  be  K  ;  then  K  is  what  is  called  the  cyclic 
constant  of  the  circuit  and  by  (16)  is  equal  to  the  change  of  the  velocity- 
potential  along  the  part  of  the  closed  path  from  B  to  A,  or  along  the 
other  part  of  the  closed  path  from  C  to  D> 
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Let  now  KV  *.,,..  ..<„_!  be  the  cyclic  constants  of  the  n  —  1 
independent  circuits.  an.l  consider  any  compound  circuit  in  the  space 
drawn  so  as  to  pass  through  the  j**,  7.th,  &c.,  diaphragms,  and  let  the  excess 
of  positive  crossings  of  they01  diaphragm  above  negative  crossings  be  />,, 
tin-  corresponding  excess  for  the  A-"1  diaphragm  y,  and  so  on.  Then  the 
circulation  in  the  circuit  is 


PjKj 

To  see  this  we  have  only  to  notice  that  tin-  compound  circuit  is 
11  •(  -oix-ilahle  into  tin-  independent  circuits  of  which  one  passes  />,  times 

thr"ii'.Ji  the  /'"'  diaphragm,  another  cros-o  j>k  times  the  /.''  diaphragm, 
and  so  on. 

Green's  Theorem  in  a  Multiply  Connected  Space 

"•J7.  In  a  multiply  connected  space  Green's  theorem  must  be 
modified  hy  the  reduction  of  the  space  to  simple  connectivity  1>\ 
harriers.  Then  the  surface-integrals  over  the  barriers  must  be  intro- 
duced, and  the  theorem  applied  to  all  the  compartments  each  simply  con- 
nected. «it'  which  the  space  now  consists.  If  the  value  <>t  '  f  on  the  positive 
side  of  a  barrier  exceeds  that  on  the  negative  side  1>\  K  we  have  for  the 

surface  integral  dm-  to  the  two  sides  of  the  diaphragm  teldVfdn  .da-. 
Similarly  it'  K'  he  the  dinVn-ncr  of  the  values  of  V  on  the  two  sides  of 
the  same  harrier  we  get  K  \dUfdn  .  d<r  for  the  corresponding  part  of  tin- 

surface  integral  in  the  companion  expression  of  (58).     The  th- 
then  (A-  being  taken  as  a  constant) 


-  -  (f  r%d*  +'vja 


wh.re   the    first  surface  integral  in  each  expression  on   the  right   is 

nded  over  the  whole  original  bounding  surface  N,  and  the  <>n 
me  taken  over  t  he  harriers.     This  extension  of  Green's  theorem  is  due 

to  L-ird  Kelvin. 

Kinetic  Energy  of  Cyclic  Motion  of  Fluid 

The  kinetic  energy  ..!'  the  fluid  motion  in  a  mult  iply  connected 
spaee  mil-;  iiou  1"  .  \piv*sed.  It  i-  clear  that  the  ciici'_:y  \\  ill  not  be 
atVected  it  \\e  >i  ipDOSe  each  of  t  he  //  —  I  diaphragms  \\<-  ha\c  imagined 
drawn  in  the  fluid  to  m«.\e  at  ,  adi  jM.int  with  the  motion  which  the 
fluid  ha-  at  that  point.  The  diaphragms  will  convert  the  span-  in  which 
the  motion  takes  place  into  a  simpls  connected  space  ;  and  to  ^,-t  the 
whole  energy  it  is  on  I  t  he  motion  i-  -upjjosed  irrotational. 
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to  include  the  two  sides  of  each  diaphragm  in  the  surface  integral.  Thus, 
drawing  normals  from  the  two  surfaces  of  one  of  the  diaphragms  into 
the  moving  fluid,  we  have  for  that  diaphragm  the  contribution  to  the 
surface  integral 


where  the  suffixes  0,  1  refer  to  the  two  sides  of  the  surface.     But,  since 
the  motion  is  the  same  on  both  sides  of  the  surface, 


and  the  integral  is 

»•  - 


-  I 


Now,  as  has  been  seen  above,  <£0  —  fa  is  the  same  for  every  element 
(IS  of  the  surface,  and  is  equal  to  what  we  have  called  the  cyclic  con- 
stant of  the  diaphragm  for  the  state  of  motion  considered.  The  kinetic 
energy  of  the  whole  motion  is  therefore  given  by  the  equation 


Si 

f  <-/<f> 

l*r.}    .     .     (65) 

where  the  first  integral  is  taken  over  the  bounding  surface,  properly  so 
called,  and  the  remaining  integrals  over  the  diaphragms. 

Uniqueness  of  Motion  in  Multiply  Connected  Space 

329.  If  the  cyclic  constants  KV  K2,  .  .  .  .  are  given  we  can  show  that 
the  irrotational  motion  in  a  multiply  connected  space  is  quite  deter- 
minate. For  let  the  space  be  rendered  simply  connected  by  means  of 
diaphragms,  and  let  there  be  two  values  of  the  velocity  potential  <£' .  </>", 
which  give  for  the  difference  of  potential  on  the  two  sides  of  the 
successive  diaphragms  the  values 


Then  we  have 

<£'o  -  <A'i  =  <£"<)  ~  ^1J 

that  is,  the  function  <£'  —  <j>"  has  the  same  value  on  both  sides  of  each 
diaphragm.  Hence,  if  the  velocity-potential  be  made  <j>'  —  (j>"  at  each 
point,  the  value  of 


dy  dz 
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will  be  zero  for  any  closed  curve,  whether  passing  through  a  diaphragm 
«>r  n«it.  \\  ".  •  <  MU  therefore  apply  Green's  theorem  and  so  get  for  each 
point  of  the  space 

,v  _  ,v 

ckr   " 
that  is,  the  two  solutions  are  identical. 

Perforated  Solids  Moving  in  a  Liquid.     Ignoration  of  Coordinates 

330.  When  there  exist  moving  solids  in  the  liquid  and  some  or  all 
of  these  have  perforations  through  which  cyclical  motion  takes  place, 
w.-  have  an  excellent  example  of  the  principle  of  ignoration  of  co-or- 
dinates discussed  in  Arts.  247,  248,  above.  Equations  of  motion  a  in- 
applicable to  this  case  which  are  precisely  analogous  to  the  equations 
ill-  re  established  for  a  gyrostatic  system.  Let  <f>t,  <f>e  denote  the  parts 
of  the  velocity-potential  depending  on  the  motion  of  the  solids  and  the 
<  -yrlical  motion  respectively,  then  the  kinetic  energy  of  the  flui<l 
lift  -nines,  since  in  (65)  we  must  write  <f>g  +  <f>e  for  <f>, 


<*.  4-  *)*?+  *,-'rf  ,-K  .  .  .      (65') 

But  since  <f>t,  0C  are  both  velocity-potentials,  we  have  by  (58) 
d+' 


tin-  fust  integral  on  each  side  being  extended  over  the  surfaces  of  all 
the  solids,  and  the  remaining  integrals  over  both  faces  of  each  dia- 
jihra^in.  It  is  clear  that  all  the  integrals  on  the  left  are  identically 
zero,  since  the  cyclic  constants  of  <f>,  are  all  zero,  and  d<f>e/dn  is  zero  at 
the  surfaces  of  the  solids.  Hence  we  have,  putting  now  *,*',....  for 
the  successive  cyclic  constants,  and  <r,  tr',  .  .  .  for  the  surfaces  of  the 
corresponding  diaphragms,  niiee  suffixes  are  otherwise  required. 


•   -I     '     .  A 

—  (LIT     -T- 

,  *»^^        I        r»  •         .  *wv         i        r»     •         .  **v  1^      •     •     •     •  **• 

an  J  dn  J  an 

Substituting  from  this  last  result  in  (65')  we  get,  since  d<f>efdn  is  zero 
at  the  surfaces  of  the  solids, 

T  =  -  -(A  d^" d V  -  -3  {"^"j 


where  the  2  denotes  summation  of  the  integrals  taken  over  the  dia- 
phragms so  as  to  com.  it  the  channels  into  simply  connected  spaces. 
The  two  terms  on  the  right  can,  as  we  shall  now  show,  be  converted 
respectively  into  a  homogeneous  quadratir  luii<ti«m  of  velocities  suffi- 
cient to  specify  completely  the  motion  of  the  solids,  and  a  homogeneous 
quadratic  function  1C  of  the  cyclic  constants  *,  *' 
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331.  The  velocity-potential  <£„  can  be  expressed  in  the  form 


•where  the  suffixes  do  not  relate  to  the  summations  but  mark  the 
different  solids,  and  each  contains  as  many  terms  as  there  are  velocities 
qa,  or  q'f,,  &c.,  necessary  to  fix  the  motion  of  the  solid  referred  to  (in 
ordinary  coordinates  six,  namely,  the  linear  velocities  of  the  centre  of 
inertia  of  the  solid,  and  the  angular  velocities  of  the  solid  round  three 
rectangular  axes  through  that  point),  and  the  quantities  <f>a,  fa,  .  .  .  . 
are  functions  of  the  ordinary  coordinates,  from  which  the  components 
of  velocity  normal  to  the  surface  at  any  point  are  to  be  calculated. 
Again,  we  can  write 

<f)c    =    KO)    +    K  O)     +    .    .    .    . 

•where  o>,  &>',  .  .  .  .  are  functions  of  the  coordinates  to  be  determined 
from  the  conditions  :  —  that  o>  is  a  cyclic  function  which  diminishes  in 
value  by  unity  for  each  time  its  variation  is  taken  from  point  to  point 
in  the  positive  direction  round  a  closed  curve  passing  once  through  an 
ideal  barrier  across  the  first  channel,  and  returns  to  its  former  value 
when  a  circuit  is  completed  not  cutting  this  barrier,  that  V2&>  =  0  at  all 
points,  dwjdx  =  0,  .  .  .  .  ,  at  infinity,  and  dco/dn  —  0  at  all  points  of  the 
surfaces  of  the  solids.  The  functions  &/,  &>",  ....  fulfil  similar  con- 
ditions for  their  respective  channels. 

The  justification  of  this  specification  of  the  potential  lies  in  the  fact 
that  each  constituent  of  the  motion  is  in  itself  possible,  and  corresponds 
to  an  independent  part  of  the  motion  which  exists  at  the  boundary  of 
the  system,  that  is  the  surfaces  of  the  solids  and  the  barriers  of  the 
channels,  and  that  the  combination  of  these  partial  motions  forms  a 
possible  motion.  If  there  were  two  possible  motions  of  the  fluid  corre- 
sponding to  generalised  velocities  qv  </2,  .  .  .  .  of  the  solids,  and  cyclic 
constants  K,  K,  .  .  .  .  it  could  be  shown  by  reversal  of  one  of  them  that 
the  fluid  would  be  at  rest,  since  the  kinetic  energy  would  be  zero 
(see  Art.  328). 

332.  We  thus  have  for  the  kinetic  energy  of  the  fluid 


T  =  ^anq^  +  a12</i?2  +  ••••+  i«22?22  +  ----  +  I(K>  K)*2  +  (*•  K')KK'  +"  ---- 

f      dfa   .  f      d<j>,  f      dfa 

where  a,,  =  —  pidt-.  —  —  ao,     a,.,  =  -  p|d>.>  —  —  a.S  =  —  old),  —  r-^  cro,  .... 
J    i  an  J       an  J  rt  an 

(by  (58)  since  V2$i  =  0>  V2$2  =  0),  and  so  on,  the  quantities  <j>v  <£2,  .  .  .  . 
being  the  functions  of  the  coordinates  associated  with  velocities  qv  q.-,, 
....  respectively. 

To  include  the  kinetic  energy  of  the  solids  it  is  only  necessary  to 
add  another  homogeneous  function  of  the  velocities  qv  q.2,  ....  This 
gives  for  the  total  kinetic  energy  depending  on  the  solids  a  single 
homogeneous  quadratic  function  but  with  different  coefficients  from 
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those  specified  above.    Denoting  the  quadratic  function  of  the  velocities 

l>y  7',.  that  of  tin-  ATS  l>v  A'  we  have 

T  -  TI  +  A' 

as  at  p.  I'.'l  above. 

:;:;:>.  Now  regarding  pic,  pic  ,  ....  as  components  of  momentum,  l«-t 
X,  X,  .  •  .  .  be  the  corresponding  general  is.  -.1  velocities.  These  will  !>•• 

n  by  equations  of  the  same  form  as  (35)  p.  190  above,  y,,  »ja  ..... 
taking  the  places  of  the  velocities  \jf,  0,  ....  and  (for  uniformity  of 
notation)  Mv  *)f.,,  ....  those  of  M,  .\  .....  Thus  we  get 

2 

*  X  +  "X  +  ....--  A'  -  ^2*  j/j  -  //.,2KJ/.,  -  .... 
P 

ami  therefore  for  the  modified  Lagrangian  function 

L  =  TI  +  pq^Ktft  +  pq^Mz  +  ----  -  A'  -  V    .     (66) 


from  which  the  differential  equations  of  motion  are  to  be  derived  as 
a!  ivady  explained  at  p.  190  above.  Applications  will  be  found  in  tin 
<li>(  ussion  of  General  Electromagnetic  Theory  given  below. 

The  part  of  the  kinetic  energy  which  consists  of  terms  involving  KB 
is  equal  to  the  quadratic  function  1C  together  with  terms  invoh 
products  of  KS  and  velocities  of  coordinates.     Now  all  the  terms  in- 
volving KS  and  no  others,  arise  from  integration  over  the  barriers.    Thus 
ire  have  by  (37)  Chap.  VII. 


Hence  by  the  condition  by  which  (65")  is  derived  from  (65')  above,  and 
the  value  of  AT",  namely,  —  ipS*  I  <^v  '//(  •"'cr. 


Thus 


\Ve  shall  show  that  the  velocity  \  associated  with  any  im>- 
ni.-iitum  pic  is  the  rate  of  flow  of  liquid  across  the  ban  1    i  taking 

the  expression  for  the  kinetic  energy 

} 

ami  remembering  that 
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and  that  V2<0  =  0>  we  have  for  the  value  of  ^  associated  with  a  par- 
ticular K 

f  j     ^  j  a          £d<o  j  ,  Cdta  ..   , 

=  —  lo-j— «o  —  je|5-«<r  —  K|3— a<r  -.... 
J     an  jdn,  jdn 


for  by  (58)  since  KW,  KQJ',  .  .  .  .  ,  are  possible  potentials,  and  <u  changes 
by  unity  for  passage  of  a  path  of  integration  through  the  diaphragm  <r, 
and  o)',  o>",  ....  are  similarly  affected  at  the  diaphragms  a-',  cr",  .  .  .  .  , 
and  each  is  acyclic  for  every  path  of  integration  which  does  not  pass 
through  its  special  diaphragm,  we  have 


fdw      ,       Cdd)' 
]dn  jdn 


But,  also  by  the  conditions  fulfilled  by  the  ws,  dco/dn  is  zero  at  every 
point  of  the  surfaces  of  the  solids.  Thus  we  have 

1 W         Cd  .  Cd<f>c  , 

~  —  =  -  I  —  (KW  +  K  (o   +....)  da-  =  -  \-~  do- 
p  OK  J  an  J  dn 

the  rate  of  flow  of  liquid  across  the  barrier.  It  is  easy  to  show  that  tcp 
is  the  impulsive  pressure  that  would  have  to  be  applied  to  generate 
from  rest  this  part  of  the  cyclical  motion. 

It  is  clear  from  (67)  that  if  the  solids  be  merely  infinitely  thin 
cores  round  which  the  fluid  circulates,  the  terms  of  "^(q^fcM)  vanish  on 
account  of  the  smallness  of  the  surface  of  the  solids,  and  L'  is  the  same 
as  if  there  were  no  cyclic  motion  of  the  fluid,  and  the  potential  energy 
F"  were  increased  by  K.  This  result  leads  to  an  important  theorem  as 
to  the  mutual  forces  between  the  cores  which  will  be  proved  below  (see 
Art.  359). 

335.  The  process  just  explained  of  specifying  the  energy  of  the 
motion  by  one  homogeneous  quadratic  function  of  the  velocities 
specifying  the  motions  of  the  solids,  and  another  of  the  cyclic  constants 
of  the  circulatory  motion  and  thence  forming  the  equations  of  motion 
of  the  solids,  thus  ignoring  the  coordinates  of  the  fluid  particles  them- 
selves, precisely  corresponds  to  the  case  of  motion  of  a  rigid  system 
explained  in  Arts.  247, 248,  above.  The  only  possible  motion  of  the  fluid 
corresponding  to  the  motion  of  the  solids  thus  defined  and  the  cyclic 
motion  specified  by  the  constants  K,  K',  .  .  .  .  is  the  actual  motion.  For 
consider  two  motions  consistent  with  the  motions  of  the  solids  and  the 
motion  of  the  fluid  at  the  diaphragms.  One  of  these  motions  reversed 
would  reduce  the  solids  and  the  fluid  at  their  surfaces  to  rest,  and  the 
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flow  across  the  diaphragms  to  zero.     But  by  (65)  above  this  would 
reduce  the  kinetic  energy  of  the  motion  to  zero,  which  is  inconsisi 
with  the  motion  of  any  part  of  the  fluid.     The  two  motions  must  thus 
be  identical,  that  is  there  are  not  two  possible  motions  fulfilling  tin- 
conditions  stated. 


SECTION  IV.  —  Vortex  Motion 

Vortex  Lines  and  Vortex  Tubes 

33G.  We  have  seen  above  (Art.  283)  that  the  quantities  f  ,  rj,  fare  the 
components  at  time  t  of  the  angular  velocity  of  an  element  of  fluid  round 
axes  parallel  to  the  axes  of  co-ordinates,  and  it  has  been  proved 
that  if  any  closed  circuit  s  be  drawn  in  the  fluid  the  circulation  round 
it  is  equal  to  twice  the  surface  integral  of  (£,  rj,  £  )  taken  over  any  surface 
S  bounded  by  the  circuit.  This  theorem  is  expressed  by  (18),  namely. 

I  (udx  +  vdy  +  wdz)  =  2  f  (l£  +  mrj  +  n£)dS. 

Ji  J8 

337.  A  vortex-line  in  the  fluid  is  a  line  the  direction  of  which  at 
every  point  is  that  of  the  axis  of  resultant  rotation  at  the  point.  If  •!  •  . 
</>/,  </:  he  the  projections  of  an  element  ds  of  any  vortex-line  on  the  axes, 
the  differential  equations  of  the  line  are 


The  region  bounded  by  the  vortex-lines  passing  through  any  closed 
curve  drawn  in  the  fluid  is  called  a  vortex-tube.  If  I,  m,  n  be  t  In- 
direction cosines  of  the  normal  to  the  surface  of  a  vortex-tube  at  any 
point  they  evidently  fulfil  the  relation 

#  +  rmj  +  n£  =  0     ......     (68') 

The  position  and  direction  of  the  vortex-lines  vary  with  the  time  in 
consequence  of  the  motion  of  the  fluid,  and  we  shall  see  presently  tli.it 
we  are  entitled  to  regard  the  vortex-tubes  as  moving  in  tne  fluid  from 
one  place  to  another,  preserving  their  identity,  inasmuch  as  they  are 
always  made  up  of  the  same  portions  of  the  fluid. 

Permanence  of  a  Vortex  Filament 

338.  If  the  closed  circuit  referred  to  above  be  drawn  so  aa  to  em- 
brace any  system  of  vortex-tubes,  and,  while  the  circuit  is  kept  in  a 
ii\.-d  position,  the  surface  be  drawn  so  as  to  cut  across  the  system  at 
different  places,  the  value  of  the  surface  integral  on  the  right  of(ls 
tin-  same  for  every  such  position  of  the  surface.  Consider  now  an 
infinitely  thin  vortex-tube,  or  vortex-Mann  -nt.  and  l«  i  the  circuit  fit 
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close  round  it,  while  the  surface  is  so  drawn  as  to  cut  across  the  tube 
at  right  angles  at  any  desired  place,  while  the  portion  of  the  surface 
connecting  this  cross-section  with  the  circuit  lies  everywhere  close  to 
the  sides  of  the  tube.  The  latter  portion  of  the  surface,  by  (57),  con- 
tributes nothing  to  the  surface  integral,  and  we  see  that  the  integral 
over  the  cross-section  is  the  same  wherever  the  section  is  taken. 

But  if  a)  be  the  resultant  angular  velocity  at  any  cross-section  of 
area  dS  the  surface  integral  is  wdS.  If  o>'  and  d&  be  the  angular  velocity 
and  area  for  any  other  normal  section  of  the  tube,  we  have 

<»dS  =  u'dS'  .     .     .     .     .     .     .     (69) 

that  is,  the  angular  velocities  at  different  cross-sections  are  inversely  as 
the  cross-sectional  areas.  This  theorem  holds  even  when  the  values  of 
£,  r),  £  change  abruptly  so  that  there  is  a  sudden  bend  in  the  vortex- 
filament,  provided  u,  v,  w  are  continuous. 

It  follows  evidently  from  the  theorem  just  proved  that  a  vortex- 
filament  cannot  terminate  within  the  fluid  and  must  therefore  either 
form  a  closed  ring  or  have  its  ends  on  the  surface  of  the  fluid. 

The  constant  product  wdS  of  the  angular  velocity  into  the  cross 
section  of  the  filament  is  called  the  strength  of  the  vortex. 

Vortex  Surface 

339.  Any  surface  drawn  in  the  vertically  moving  fluid,  so  that  no 
vortex-lines  cross  it  is  called  a  vortex-surface.     At  every  point  of  such 
a  surface  the  condition  (68')  is  fulfilled.     Now,  for  any  circuit  drawn  in 
the  fluid  and  moving  with  it,  the  circulation,  by  Lord  Kelvin's  theorem, 
remains  constant,  and  therefore  if  the  circuit  is  drawn  on  a  vortex- 
surface  the  circulation  remains  zero,  as  the  circuit  moves  with  the  fluid. 
Hence,  as  the  fluid  moves,  vortex-surfaces  remain  vortex-surfaces  and 
contain  the  same  particles  of  the  fluid.     Further,  as  the  intersection 
of  two  suoh  surfaces  is  a  vortex-line,  vortex-lines  move  with  the  fluid 
and  contain  the  same  fluid  particles. 

340.  Consider  now  any  case  of  steady  motion  of  a  system  of  vortices. 
Draw  vortex-lines  through  any  stream-line  whose  equations  are 

dx       dy       dz 


these  lines  define  a  vortex-surface.  All  stream-lines  drawn  through 
points  on  such  a  vortex  also  lie  on  the  surface.  For  the  particles  on 
any  vortex- line  at  any  instant  are  there  travelling  along  the  stream-lines, 
and  as  vortex-lines  move  with  the  fluid  they  occupy  in  succession  the 
positions  of  the  series  of  vortex-lines  which  at  any  instant  lie  on  the 
surface. 

By  (29),  since  the  motion  is  steady,  d(f>/dt  =  0,  and  F(t)  reduces  to  a 
constant  of  integration  invariable  along  each  individual  stream-line,  but 
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in  the  general  case  variable  from  one  stream-line  to  another.      H.-n. 

such  a  sin 

I  —  +  Q  +  \gj  =  constant   .....     (70) 

aloii^  any  chosen  stream  I  hie.      We  shall  show  that  this  equation  hold- 
also  along  a  vortex-line,  and  therefore  over  the  whole  surface. 

Since  the  motion  is  steady,  we  have  three  equations  of  the  form 

•  n  cu        3  IP 

M5T  +  VT~  +  w~  =  T~ 
'  .'-•          -  //  or 

in  which    /I'  is  put  for  —  (l(lp/p+  ftj.     Multiplying  these  by  £,»;,£ 

respectively,  and  adding,  we  obtain 

fat          Sv  'i'-\          /    cu          dv  rw\          /    ' 

—  +   V—  +   W  —  \   +  Iff"—  +   t>—  +   W-r-l   +   UM—  + 

fa  '\    dy         dy  './/' 

«  ir       dw      r-ir 
=  £—  +7-5-  +  £-3-- 

ox  '^/  as 

But,  since  ^,  77,  ^  are  proportional  to  </,/-,  ////,  ^/:,  the  components  of 
the  element  <h  of  a  vortex-line,  the  expressions  on  the  left  and  right  of 
this  equation  are  proportional  respectively  to  the  space-rates  of  variation 
of  !//-  and  W  along  such  a  line.  Hence  ig-—  W  is  constant  along  a 
v.  nt«  -x-liiie.  and  the  proposition  is  proved. 

Determination  of  Velocities  for  Oiven  Spin  and  Expansion  of  Fluid 
:iH.   We  shall  now  consider  how  from  the  equations 


?t*       ?»       Sto  _ 
2te  +  ^  +  ^  = 

\\heiv   f.  >/.  f,  ^  are  known  qnantiti.-s,  the  velociti  "  are  to  be 

.determined. 

Fii-st  we  shall  -ho\v  that  if  the  problem  has  a  solution  it  has  only 
one.     For  let  then-  )>••  two  solutions  n',v'tw'\  /  whieh  tullil  th. 

given  equations  ;  then  clearly  u  —u",v  —v",i»  —w'  will  be  velocities  of 
another  possible  state  of  motion  of  the  fluid.     Let  these  be  denoted  by 
*'-,.     But  for  this  motion 

^1  -  ^-0 

ay      a* 

,o 

+  +  °' 
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so  that  the  velocities  uv  vv  u\,  are  derivable  from  a  potential,  and  the 
motion  is  without  divergence.  Let  the  space  in  which  the  fluid  is 
contained  be  simply  connected,  then  the  velocity  at  the  bounding  sur- 
face and  at  right  angles  to  it  must  be  zero ;  that  is,  if  X,  /*,  v  be  the 
direction  cosines  of  the  normal  to  the  surface,  we  must  have  for  each 
possible  motion 

Xu    +  fj.v'  +  vw'  =  0 
Xu"  +  fji.v"  +  vw"  =  0  ; 
that  is, 

dd> 

A«,  +  u.v,  +  vw,  =  -     -  =  0 
an 

if  0  be  the  potential  function  from  which  the  velocities  uv  i\,  wl  are 
derivable.  Thus  the  fluid  has  by  (61)  zero  kinetic  energy,  that  is,  it  is 
everywhere  at  rest.  The  same  thing  will  hold  by  (64)  if  the  fluid  have 
only  certain  internal  bounding  surfaces,  and  extend  thence  to  infinity, 
where  it  is  at  rest. 

342.  The  solution  of  the  problem  of  finding  the   velocities  u,v,w 
may  be  split  into  two  parts:  the  determination  (1)  of  velocities  uvvltwlt 
which  fulfil  the  equations 

dy         'cz  "cz         ex  ex        'by 

C2c       ^y       v^* 
(2)  of  velocities  uz,  v2,  w2  which  fulfil 

9t09       8v9  cu9       cw.-,  cv9       du9 

f)  c  r          Virt   ~  -          v r   r  //»i 

«*  —  "^ —    ~  ^^5     ^T)  —  ~z~  ~~   ^ — j     -^4  —  ^^    "  ^~      •      \c) 
cy        cz  cz         ex  ex        oy 

'ex        dy        cz 

The  velocities  uv  vv  u\  therefore  correspond  to  an  irrotational  motion 
of  expansion  6  ;  u2,  v2,  wz  are  the  velocities  due  to  the  vortices. 

343.  The  first  set  are  derivable  from  a  potential  <f>,  and  this,  from  (&), 
has  the  value  given  by 


where  dts  is  an  element  of  volume  taken  at  a  place  at  which  the 
expansion  is  6',  r  is  the  distance  from  that  element  to  the  point  at  which 
uvvvw1  are  taken,  and  the  integral  is  taken  throughout  all  space  in 
which  &  is  not  zero.  This  may  be  verified  by  direct  differentiation,  or 
the  reader  may  refer  to  the  analogous  theory  developed  above,  Arts. 
46,  47,  48,  76,  193. 
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Auxiliary  Function  called  Vector  Potential.—  "Curling" 
To  find  Up  v*,  7/-2,  write 

ZH    dG          w    m          cG    9f 

?  v*  =  -,-^  "*  =  *;-*;  •  (72) 

so  that  the  solenoidal  condition  is  satisfied. 

Again,  by  (c),  if  J  denote  the  divergence  (dFflx  +  3G/dy  +  dH/dz)  of 
the  quantity  (F,  G,  ff), 


so  that,  if  F,  G,  If  can  be  found  to  satisfy  the  condition 

J=  0 

jxjint,  we  shall  have 

V2/7  +  2£  =  0,     v2<?  +  2,;  =  0,     v'#  +  2C  =  0     .     (74) 
As  we  have  just  seen,  the  last  equations  are  satisfied  if  we  tak. 

"  •  <75> 

\\  lu-re  I',  ij',  g  are  the  values  of  £,  r;,  %  at  any  space-element  dw  of  which 
tin  co-onli  nates  are  x't  y'  #',  and  r  is  the  distance  of  (^ty,^)  from  the 
point  (.'.-,  y,  z)  for  which  u,v,v.'  are  to  be  found.  These  on  differentiation 


d/dx(l/r)  =  —9/3  a;'  (1/r),.  .  .  .  Integrating  by  parts  wo  find  from  this 

J.i     +    +    to  (J7) 


The  surface  integral  vanishes,  since  it  is  taken  over  the  bounding  surface 
of  the  vortex-tubes,  and  there  /£'  -f  imj'  +  nf  =  0;  the  volume  integral 
vanishes,  since,  from  the  definitions  of  f,*;',  $",  dp/faf  +  drfldy'  + 
is  identically  zero. 

The  required  conditions  are  thus  fulfilled,  and  we  have  by  (71) 


(78) 


•  J~         •  ;i 

r>         CF   _  W 

f|  j  %/3          r*  V 

(  (D  vV  ' 

3*        ear       cy 

8 
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344.  The  quantities  F,  G,  H  are  the  components  of  a  directed  quan- 
tity A  (cf.  p.  49  above),  and,  since  they  are  derived  from  equations  (74), 
which  are  identical  with  Poisson's  characteristic  equation  for  electric  or 
magnetic  potential,  by  the  same  process  of  integration  as  that  used  in 
the  latter  case,  they  are  frequently  called  "  components  of  vector-poten- 
tial."    The   electromagnetic  vector-potential  will  be  further  used  and 
discussed  in  the  chapters  on  electromagnetism  which  follow. 

345.  Clerk  Maxwell  suggested  the  term  curling  for  the  operation  by 
which  u.2,  vz,  w2  are  derived  from  F,  G,  H,  and  that  for  shortness  the  con- 
nection (72)  between  (w,,  v2,  w2)  resultant  qz,  and  (F,  G,  H)  resultant  A, 
might  be  indicated  thus  : 

g2  =  curl  A      .......     (79) 

According  to  this  notation  we  have   also   (£,  rj,  £),  resultant  o>,  and 
(u,  v,  w),  resultant  q,  connected  by  the  equation 

2w  =  curl  q     .......     (80) 

The  condition  for  the  existence  of  a  velocity  potential,  that  is,  the 
vanishing  of  f,  rj,  £  may  thus  be  expressed  by  the  equation  (in  which  q 
denotes  the  resultant  of  u,  v,  w) 

curl  q  =  0. 

We  shall  frequently  use  such  expressions  in  what  follows,  in  order 
to  abbreviate  the  equations. 

Velocity  due  to   Long  Straight  Filament.  —  Velocity  due  to   Element  of 

any  Filament 

346.  We  may  now  work  out  two  examples.     First,  let  the  vortex  be 
a  straight  filament  of  strength  m,  lying  along  the  axis  of  x,  and  ex- 
tending from  x  =  —  GO  to  x  =  +00  in  an  unlimited  fluid.     Let  us  find 
for  any  point  distant  a  from  the  filament  the  velocity  due  to  the  vortex. 

From  the  conditions  of  the  problem  G  =  H  =  0,  and  *2,7rF  =  m\dx'/r, 
where  dx'  is  an  element  of  the  length  of  the  filament.  Hence,  by  (72), 

dF  dF 

V2  =  —,       W>0   =   -   —  • 

oz  oy 

Again,  let  z  =  0,  so  that  the  point  lies  in  the  plane  of  x,y,  and  we  have 
r  =  v/  re2  +  «2.     Hence  v2  =  0,  and 

+  00 

m    9    "       dx'  m  1 


m    9  j"       dx'  m  1  -/ai\ 

"  2^  to  J  Va'S-TS  =  2^»  ' 


The  velocity  is  thus  inversely  as  the  distance  a  of  the  point  from  the 
axis,  and  at  right  angles  to  the  plane  determined  by  the  axis  and  the 
point. 

347.  This  result  could  have  been  obtained  at  once  from  the  simplest 


VIM 
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considerations.  In  whatever  direction  the  velocity  at  tin-  point  in 
<|iu->tion  may  be,  it  is  clear  from  the  symmetry  of  the  case  that 
the  direction  of  the  velocity  at  any  point  d  in  the  circle,  radius  a,  drawn 
round  tin-  filament  as  axis,  will  be  got  from  that  at  any  other  point  c  in 
tin.-  same  circle  by  simply  turning  the  whole  system  of  fluid  and  vortex 
round  the  axis  through  the  angle  doc  (Fig.  76).  It  is  easy  to  show 
from  this  that  there  can  be  no  component  at  any  point  in  the  plane 
through  that  point  and  the  axis.  For,  take  a  closed  path  abed  (Fig. 
consisting  of  two  equal  circular  axes,  having  the  filament  as  axis,  and 
two  equal  straight  lines  l<;  </</,both  parallel  to  the  axis.  The  circulation 

O 
A 


Fio.  76. 

I-. Mini  tliis  circuit  is  zero.     The  circulation  along  ab  is  clearly  equal  and 
"I'posite  to  that  along  <•//.     Tin-  circulation,  if  any,  along  be  must  be 
« -  [ual  and  opposite  to  that  along  dn.     But  this  is  impossible 
r:in  be  turned  int..  tin-  positional  by  turning  the  whole  system  round 
tin-  axis  through  the  angle  doc.     This  circulation  is  therefore  zero. 

That  there  is  no  circulation  at  right  angles  to  tin  a\i*  in  tin    j, 
containing  it  and  the  point  in  question  is  clear  also  from  the  fact  that 
the  circulation  in  the  circuit  cfgh  is  zero.    The  velocity  is  therefore  per- 
|»«  ndicular  to  this  plain-. 

Taking  tin-  velocity,  then,  as  <y.  \\«-  have  tor  the  circulation  round  the 
circle  of'radiu-  «  the  value  2-7T'"/.      He; 

w    1 
--"7       '"•      nr     1  -  2^~» 

the  same  result  as  before. 
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348.  From  this  example,  also,  we  get  with  great  ease  an  expression 
for  the  velocity  at  any  point  due  to  an  element  of  a  vortex-filament, 
namely  : 


.        ma 
d(l=  o 


k  27r  («*  +  a2)!  ' 

that  is,  if  P  (Fig.  77)  be  the  point  at  which  the  velocity  is  required, 

A  B 


<ls  the  length  of  the  element  AB,  m  its  strength,  and  3  the  angle  between 
the  line  drawn  from  P  to  the  centre  of  the  element  and  the  element 
itself, 


dq  = 


ds 


(82) 


The  direction  is  at  right  angles  to  the  plane  ABP,  and  is  that  in  which 
the  point  would  be  carried  if  it  were  situated  on  a  rigid  body  rotating 
with  the  vortex  element. 

This  is  precisely  the  expression  given  by  Ampere  for  the  magnetic 
force  due  to  an  element  of  a  conductor  carrying  an  electric  current  of 
amount  m/27r. 

It  must  be  observed  that  other  expressions  might  be  obtained  for 
the  velocity  due  to  an  element,  which  would,  when  integrated  for  a 
complete  vortex-filament,  give  the  same  result  as  that  of  (82).  Any 
term  of  proper  dimensions  which,  integrated  round  a  closed  curve,  would 
give  a  zero  result  might  be  added  to  the  expression  in  (82)  without 
.affecting  the  velocity  distribution  due  to  the  complete  vortex. 

iVelocity  due  to  Closed  Vortex  Filament 

349.  As  another  example,  consider  the  velocity  due  to  an  endless 
vortex-filament  of  any  form  and  of  strength  m.  If  w  be  the  resultant 
angular  velocity,  and  a  the  section  at  any  point,  so  that  oxr  =  in,  and 
ds'  be  an  element  of  length  of  the  filament  there,  an  element  cits  of 
volume  of  the  filament  will  be  <rds'.  Thus  %dw  =  dts .  a>dx'\iW  = 
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ctotli'  =  ntJx.      Similarly   i)</w  =  in<ti/',fylia  =  //<»/:'.     Thus,  we  get  by 
(72)  and  (75),  dropping  the  suffixes, 


.     .     .     (S3) 


w  = 


where  the  integrals  are  taken  round  the  filament. 

In  the  case  of  the   most  general  system  of  vortex-tubes,  putting 
dddy'dz'  for  Jw, 


1  ***\j'j'j'  *."'\ 

— -, £  — -,  —  I  dx  ay  tic      .     .     .     (oo  ) 

with  the  symmetrical  equations  lor  /•  ami  t>:     The  volume  integrals  are 
taken  throughout  all  space  where  £',  rf,  g  are  not 


Velocity  Potential  of  System  of  Vortices 

350.  The  velocity-potential  dm*  to  a  system  of  vortices  can  be  found 
as  follows.     Take,  first,  a  single  endless  vortex-filament.     We  have 


a   line  integral  taken  round    the  filament.      Writing  the  equation  in 
the  form 


we  see  that  it  is  equivalent  to 

m  (\.fiZ     rr\          (   X      r^\ 
M  =  o    \\l\—  -  5^)  +  m(—  -  —  )  +  »IZ5  ~  —- 

I'TrJl   V'.v  Vdi         <x/  nj 


iii  which  tin-  inic^ral  is  tak.-n  ov.-r  any  surfaced  having  the  tilanu-nt  an 
bounding  edge,  and  /,  ///,  n  an;  tin-  direction  cosines  of  the  nonnal  to 
elenn  nt  •/>"  of  that  surface. 
Now  we  have 

81  9  1 

j  =  0,     Y=—,-,    Z  =-—,-. 

,  ,,   r 

Hence 

/.      rr         /  .         _3*\  1  1 

"V5*'*W/r"  c'r' 

ar  _  a^  i    9F  _  y  =  i 

3*'  'V      Sy'  " 

SO  that 

"*         ' 

-,  +  »»—,  +  » 

»  / 
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and  similar  formulas  hold  for  v,  w,  with  the  respective  substitutions 
of  d/dy,  djdz  for  d/dx  after  the  integral  sign.  Hence  the  potential 
from  which  u,  v,  w  are  derived  is  given  by  the  equation 

d_        8        JL\!,/C" 

te'  dy'          dz' )  r 

mfc°S»dS'.  (85) 


where  •&  is  there  the  angle  between  the  line  r  and  the  normal  (/,  m,  n)f 
The  integral  is  the  solid  angle  subtended  by  the  filament  at  the  point  at 
which  nt  v,  w  are  to  be  found.  Clearly  the  potential  is  cyclic,  since  the 
solid  angle  changes  by  4  TT  as  the  point  considered  is  carried  round  from 
being  close  to  the  surface  on  one  side  to  an  infinitely  near  position  on 
the  other  side — that  is,  passes  round  a  closed  circuit  threaded  through 
the  filament. 

The  potential  in  the  most  general  case  is  the  sum  of  the  values 
given  by  (84)  for  the  potentials  of  the  individual  vortex-filaments  into- 
which  the  system  can  be  regarded  as  divided. 

The  velocities  and  velocity-potential  above  found  will,  of  course,  be 
the  actual  velocities  and  potential  in  the  case  in  which  0,  the  expansion, 
is  zero.  Cf.  (71). 

351.  By  the  result  obtained  in  Art.  317  above,  the  value  obtained  for 
<f>  in  (85)  may  be  physically  interpreted  as  the  potential  due  to  a  system 
of  doublet  sources  of  intensity,  each  m/2ir  per  unit  of  area,  distributed 
over  the  surface  with  their  positive  ends  all  turned  towards  the  same 
side  of  the  surface,  and  their  axes  at  right  angles  to  the  surface  at 
every  point.     This  is  obviously  consistent  with  the  physical  facts  of  the 
case.     The  stream-lines  of  the  motion  due  to  the  vortex-filament  are 
stream-lines  threading  through  any  surface  bounded  by  the  filament,, 
and  hence,  wherever  the  surface  may  be  drawn  with  the  filament  as 
edge,  it  seems  physically  possible  that  the  motion  may  be  imitated  by 
supposing  that  fluid  is  given  out  at  a  certain  rate  normally  at  one  side 
of  the  surface  by  each  element,  and  swallowed  up  at  the  same  rate  by 
the  other  side  of  the  element.     The  motion  parallel  to  the  surface  at 
each  point  of  it,  compounded  with  this  normal  flow,  gives  the  actual 
direction  of  motion  along  the  stream-line  crossing  the  element. 

Electromagnetic  Analogy 

352.  All  the  results  above  obtained  with  respect  to  vortex  motion 
have  perfect  analogues  in  electromagnetic  theory,  so  that  the  mathe- 
matical discussion   here   given   will    be  available   when   we    come  to- 
consider  the  magnetic  effects  of  currents.      The  analogy  is  shown  by 
the  following  table,  in  which  corresponding  quantities  are  bracketed. 
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Tin-    analyses    and    results,    with     these    substitutions,  hold     in 

thru! 

;  laments, 
f  Magnetic  force  a,  )8,  y 

jiid  velocity  M,   r.    /<• 

j  K  lee trie  current  p,  q,  r 

^  Angular   v,lo,ity   ,,f    vortex  |      ^  ^  ^ 

j  Electromagnetic  momentum  j 

Auxiliary  functions   u-.-<l  /',  6'.   //  in  both  theoi 

(       for  calculating  u,  v,  w         } 


I  Volume  density  of  magnetism  p 

\pansion  of  fluid  (>  \- 

(  Magnetic  poles 
\  Sources  and  sink- 
|  Linear  current-. 
i   Voru>x-tilaiiients. 

Magnetic  potential. 

Velocity  potential. 
j  Magnetic  shell  having  linear  current  as  bounding  edge. 

Surface  distribution  of  doublet  sources  equivalent  to  vortex-filament  round 
(      edge  of  surface. 

Vortex  Sheets.—  Cyclic  Irrotational  Motion  regarded  as  due  to  Vortex 
Sheets  on  Bounding  Surfaces.     Electromagnetic  Analogy 

•    An    idea    of   very  great   importance    in   the    electro-magnetic 
theories  which  follow  is  that  of  c«rt<  >-*//»-ts.     Over  a  given  sin: 
the  velocity  tangential  to  the  surface  be  discontinuous  from  on. 
the  <»thcr,  while  the  normal  component  is  continuous.     Then,  if  /'.  r,i>\ 

lie  the  velocity-components  on  the  two  sides,  the  continuity 
the  normal  component  is  e\|nv-<.-d  1>\ 

u')  +  m(v  -  v)  +  n(w  -  w)  =  0, 

where  /.  in  ,  ,i  an-  the  directioii-cosiu.-s  of  the  normal.     <  'oii<id.-r  a  circuit 
i  still--  of  two  lines  of  length  </<  drawn  on  opposite  -id.-  of  th. 
-urfae.e  parallel  to  the  direction  of  the  relative  velocity 

{(u  -  w')2  +  (v  -  vT-  -r  (W  -  w')a}*, 

and    two   lines  of  length    »///,  infinitely   short   in   comparison    with 

ami   perpendicular  to  th.-  .-urt'.i.  •••  joining  their  e\ti,-miti.->.     Th. 
la  t  ion  in  this  path  is 


This   may  be   regarded   as  due   to    spin    of    amount   oxfafri,   th. 
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direction  of  which  is  along  the  surface  in  the  direction  at  right  angles 
to  ds.     Hence  we  have 


{(«*-  w')2  +  (*  -  vj  +  (w  ~  W'YV>  (86) 

which  splits  into  three  parts  %dn,  rjdn,  %dn,  so  that 

£dn  =  ^(u  -  u),     -rjdn  —  ^(v  -  v'),     tdn  =  ^(w  -  w'}    (86') 

Here  £,  r],  £(as  well  as  co)  are  quantities  so  great  that  their  products 
by  dn  are  finite  when  dn  is  infinitely  small.  They  are  components  of 
strength  of  the  vortex-sheet  taken  per  unit  distance  in  the  direction  of 
the  relative  velocity. 

The  surface  of  discontinuity  may  thus  be  regarded  as  covered  with 
vortex-filaments,  the  vorticity  of  which  is  given  by  the  above  expres- 
sions, and  which  are  everywhere  perpendicular  to  the  direction  of 
relative  flow.  The  relative  motion  may  therefore  be  regarded  as  due 
to  these  vortices. 

354.  Whenever  we  have  a  boundary  separating  a  region  of  irrota- 
tional  motion  from  one  of  zero  motion  —  as,  for  example,  in  the  case  of  a 
vessel  with  fixed  boundary  in  which  cyclic  motion  is  going  on  —  in  which 
the  condition  of  continuity  of  the  motion  normal  to  the   surface  is 
fulfilled,  that    is,  relatively  to  the  surface  there  is  no  normal  motion 
either  inside  or  outside,  we  may  regard  the  motion  inside  as  due  to  a 
vortex-sheet  covering  the  whole  of  the  surface  separating  the  moving 
fluid  from  the  rest  of  space. 

355.  This  is  perfectly  analogous  to  the  case  of  a  thin  sheet  of  metal 
in  which  flow  currents  of  electricity.      The  tangential  components  of 
magnetic  force  on  the  two  sides  of  the  sheet  are  discontinuous,  and  the 
line  integral  taken  round  a  circuit  composed  of  two  lines  lying  close  to 
the  two  sides  of  the  sheet,  with  short  pieces  perpendicular  to  the  sheet 
joining  them,  is  equal  to  the  current  which  flows  through  the  circuit 
just  as  the  circulation  in  the  hydrodynamic  case  is  equal  to  the  vorticity 
enclosed  by  the  circuit. 

An  important  particular  example  is  a  uniform  solenoidal  distribution 
of  current  in  a  thin  cylindrical  sheet  of  metal  with  lines  of  flow  every- 
where at  right  angles  to  the  generating  lines  of  the  cylinder.  Here,  at 
a  great  distance  from  the  ends,  and  comparatively  close  to  the  outside 
of  the  cylinder,  the  magnetic  force  is  zero,  while  in  the  interior  it  is  of 
finite  and  nearly  uniform  value  and  is  parallel  to  the  generators  of  the 
cylinder.  This  solenoidal  distribution  of  currents  corresponds  to  a  tube 
which  separates  a  uniform  flow  of  fluid  through  it  from  the  space  outside. 

Fluid  circulating  through  an  endless  tube  has  its  analogue  in  an 
endless  solenoid. 

In  all  such  cases  the  tube  may  be  considered  as  a  vortex-sheet  in 
which  the  vortex-filaments  surround  the  tube. 
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Kinetic  Energy  of  System  of  Vortices.— Action  of  Rectilineal  Vortices 

We  now  consider  the  kinetic  energy  due  to  a  system  of  vortices 
in  an  incompressible  fluid.     We  have 

....     (87) 

where  the  integration  is  taken  throughout  the  whole  space  in  which 
the  motion  is  not  zero.     By  (78)  this  becomes 


" 


<87> 


which,  integrated  by  parts,  gives 


-  Z  ff-  *ST  t  f(mw  -  nv)  +  G(nu  -  lu>)  +  H(lv  -  mu)} 
•*  J  ' 


f  f  f 


IIQdccdydz   ....     (88) 


in  which  the  first  integral  is  taken  over  the  surface  of  the  enclosing 
vessel. 

The  first  part  of  the  surface-integral  is  zero  if  the  fluid  is  enclosed 
by  fixed  walls  ;  the  whole  surface-integral  is  zero  if  the  vortices  are 
all  within  a  finite  distance  of  the  origin  of  co-ordinates  and  the  fiui«l 
fills  all  space  and  is  at  rest  at  infinity.  For,  when  quantities  in  the 
surface-integral  which  remain  finite  when  the  surface  is  taken  at 
an  infinite  distance  from  the  vortices  are  omitted,  F  \ 
l/O^2  +  y~  4-  -2)  J"»d  n,  r,  n"  as  l/O^2  +  y*  +  2*)i.  Hence  the  surface 
integral  vanishes.  Inserting  the  values  of  F,  G,  H  in  the  vi.lmn.- 
integral,  we  get  for  an  infinite  liquid  of  density  p 

W*W:'     .     (89) 

It  is  worthy  of  notice  that  the  volume  integral  in  (88)  is  equal  to 
the  sum  of  the  products  obtained  by  multiplying  the  total  rate  of  flow 
of  matter  through  the  circuit  of  each  voru-x-lilamcut  into  tin-  stn-n^th 
«»f  tin:  filament.  This  tln-on-m  tin-  n-adi-r  may  easily  jm-ve  tor  himself. 

If  the  fluid  is  of  finite  extent   the  -urface  integral  in  (88)  must  be 
retained  and  taken  over  tli.    whole  bounding  surface.     It  is  to  be 
that  the  volume  integral  contributes  nothing  to  the  val 
those  parts  of  the  fluid  where  then-  U  v.u-tieity.     Thus  in  the  oa>. 
an    infinite   fluid   the  value  of  T  in  (*7),  whieh    is  an   integral   taken 
throughout  the  whole  mass,  is  reduced  by  (88)  to  an   integral  whieli 
extends  only  to  those  parts  of  the  fluid  where  vortex  motion  exists. 

This  mode  of'ealculatiir4  the  i  nergy  is  th;  !!>-lmholtz 

(Crelle,  Bd.  lv.,  1858,  s.  45)  in  his  famous  memoir  on  vortex  motion,  fr«»m 
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which,  and  Lord  Kelvin's  paper  on  the  same  subject  (Trans.  B.S.K,  vol. 
xxv.,  1869),  most  of  the  results  given  in  this  section  have  been  taken. 
As  we  shall  see  later,  the  expression  given  in  (89)  is,  to  a  constant  factor, 
precisely  that  for  the  energy  of  a  system  of  electric  currents  replacing 
the  vortex-system,  and  having  components  of  current  at  any  point  x,  y,  z 
proportional  to  the  values  of  £,  77,  £  for  the  same  point. 

357.  If,  for  example,  the  vortex-system  reduce  to  two  distinct  endless 
filaments  of  strengths  m  (  =  &nr),  m'  (  =  o>V)  respectively,  the  corre- 
sponding distribution  of  electric  current  is  that  of  distinct  currents 
proportional  to  m,  m'  flowing  in  two  linear  circuits  coincident  with  the 
filaments.  In  this  case  (89)  takes  a  very  simple  form.  .We  may  replace,. 
for  any  point  x,  y,  z  on  either  filament,  dx,  dy,  dz  by  ads  where  ds  is  an 
element  of  length  of  the  filament,  and  similarly  dx'dy'dz  by  cr'ds.  By 
Art.  349  ^dxdydz  =  mdx,...smd  (89)  becomes 


pf       ,ffcOS010  'ffCOS^JJ'  «>ffCOS01o,J   '   J  »  1      /QQ'\ 

T=-f-4  w2  1          —  ds,  ds.,  +  2mm  \  '      —  dsds  +  m2  \          —  ds  -.  ds  <,  >  (  89  ) 
4»l     JJ    r12  JJ    r  JJ    r'12  "} 

where  #12,  0,  0'12  are  the  angles  between  the  positive  directions  of  two- 
elements,  both  on  the  first  filament,  one  on  the  first  filament  and  the 
other  on  the  second,  and  both  on  the  second  filament  respectively,  and 
rlv  f,rlz  the  corresponding  distances  between  the  elements  of  each  pair. 
The  two  integrations  in  the  first  term  are  both  taken  round  the  first 
filament,  the  two  in  the  last  term  are  both  taken  round  the  second 
filament,  and  those  of  the  second  term  are  taken  one  round  the  first 
filament,  and  the  other  round  the  second. 

In  the  general  case  to  which  (89)  applies,  the  whole  system  of  vortices 
might  be  divided  up  into  filaments,  and  dealt  with  by  a  process  similar 
to  that  used  to  establish  (89').  Thus  we  should  obtain 


T=     - 


dsds')\  .     (89") 


where  the  first  term  denotes  the  sum  of  the  values  of  the  expression  in 
the  brackets  taken  for  each  filament,  and  that  of  the  values  of  the 
second  expression  in  brackets  taken  for  every  distinct  pair  of  filaments. 
The  value  of  T  is  thus  a  homogeneous  quadratic  function  of  the 
strengths  of  the  vortex  filaments.  We  shall  see  that  the  electrokinetic 
energy  of  a  system  of  linear  currents  exactly  coinciding  with  the  vortex 
filaments  is  a  homogeneous  quadratic  function  of  the  magnitudes  of  the 
currents,  with  precisely  the  double  integrals  as  coefficients  which  are 
displayed  in  (89"). 

358.  Again,  integrating  (87)  by  parts,  we  get  for  a  fluid  filling  all 
space 


\  I  \(xu  --  \-i/v  --  1-  zw  —  ]dxdydz  .     .     (90) 
JJJ\      ex  cy  dz/ 
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since  the  suiface  integral  vanishes.     By  the  equation  of  continuity  for 
an  incompressible  fluid  this  may  be  written 


cv\)  , 

, 


But,  by  integration  by  parts,  also 

III"  (V  ^  )«'•'••'//•'••       -        ("2  -  *?)dxdydz  =  o, 

with  two  similar  results  for  v,  w.     These  give  by  subtraction  from  the 
expression  on  the  right  of  (91) 

T  =  2pjjj<u(y£  -  zri)  +  v(z£  -  xQ  +  w(xrj  -  y()\dxdydz  (92) 

an  integral,  again,  confined  to  the  vortex  region  of  the  fluid. 

359.  The  fact  that  the   elements  of  the  volume  integrals   in   the 
above  expressions  for  the  kinetic  energy  are  zero  except  where  tht-i 
-pin  of  the  fluid  involves  some  important  consequences.     For  examj'l'  . 
take  the  case  of  a  fluid  in  irrotational  motion  in  a  multiply  conm  < 
space  —  that  is,  circulating  round  cores  or  through  apertures  in  fixed 
-<>lids.     The  motion  nonnal  to  the  bounding  surfaces  of  tin-  soli.i 

-el  is  everywhere  zero,  and  we  may  suppose  the  fluid  to  ext 
throughout  the  rest  of  space  if  the  velocity  there  is  everywhere  / 
Then  we  have  simply  a  case  of  motion  tangentially  discontinnou 
certain  surfaces,  and  it  has  been   shown   that  such  a  motion  can  be 
regarded  as  produced  by  a  vortex-sheet  extended  over  those  sun 
Hence  the  kinetic  energy  in  all  such  cases  can  be  calculated  by 
or  (92)  properly  modified  to  suit  the  very  great  spin  which  must  be 
regarded  as  existing  within  a  very  thin  sheet  of  the  fluid  at  the  surface. 

It  is  clear  from  the  expressions  for  the  relative  velocity  in  Art 
that  the  case  in  which  the  solids  immersed  in  the  fluid  are  infinitely 
thin  cores,  round  which  the  fluid  circulates  in  irrotational  motion,  the 
strength  of  the  vortex  sheet  directed  along  the  surface  of  any  con-  in 
the  direction  at  right  angles  to  that  of  the  relative  motion  of  the  fluid. 

|ii.il  to  pK  where  *  is  the  cyclic  constant  for  the  core.  For  the  line 
integral  of  the  relative  velocity  round  the  core  is  the  strength  of  th.- 

•  •X,  and  this  is  also  K. 

The  electric  analogue  is  a  corresponding  distribution  of  currents  along 
the  cores,  and  the  force-systems  between  the  cores  an-  the  saint-  in 
amount  as  those  between  the  conductors  replacing  the  cores  in  that 
distribution.  The  forces  are  however  opposite  in  sign  in  th.  two  cases, 
M  will  be  explained  in  the  dynamical  theory  of  currents  given  below. 

360.  We  shall  now  consider  briefly  the  action  of  vortices  on  one 
another  taking  only  the  case  of  parallel  rectilineal  vortices  in  an  infinite 
mrompressible  fluid.     The  motion  ..f  the   fluid  due  to  such  a  system 
will  be  the  same  for  all  values  of  s,  and  \\.   mny  therefore  treat  the 
motion  as  two-dimensional.     Consider  then  .my  such  system  of  vortices 
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having  their  axes  all  parallel  to  the  axis  of  z.  Let  at  any  point  (x,  y) 
the  angular  velocity  in  the  vortex-motion  be  £  and  the  components 
of  velocity  there  be  u,  v.  These  must  be  component  velocities  with 
which  the  vortex-filament  is  changing  in  position  there,  inasmuch 
as  vortex-filaments,  as  we  have  seen,  move  with  the  fluid. 

It  is  clear  that  as  any  vortex-tube  moves  its  cross-section  remains 
unchanged.  For  the  tube  remains  always  composed  of  the  same 
particles  of  fluid,  the  height  parallel  to  z  of  any  portion  of  it  remains 
constant,  and,  the  fluid  being  incompressible,  the  volume  must  remain 
constant.  Hence  the  cross-section  remains  constant. 

But,  by  Lord  Kelvin's  theorem,  Art.  290  above,  \£dxdy  must 

constant  for  any  tube  whatever.  We  may  write  this  as  A£m,  where  £„, 
is  the  mean  value  of  %  over  the  cross-section  of  area  A.  Since  A 
remains  constant,  gm  must  also  remain  constant.  This  holds  for  a  tube, 
however  small  in  dimensions  of  cross-section,  taken  in  the  system  ;  hence 
£,  the  angular  velocity  of  any  point  in  the  system,  remains  constant. 
We  can  now  prove  that  for  the  whole  system  the  equations 


reman 


[  utdS  =  0,     r«gtf  =0     .....     (93) 


hold,  when  the  integrals  are  extended  over  all  parts  of  the  plane  of  z,  y 
where  there  are  vortices.    The  first  integral  may  be  written  in  the  form 


cv 


Integrating  by  parts  we  obtain 

f  /dv   du\.     f       «,     ((  cu    8w\ 

I  u\  -  --  —  idxay  =  I  (uvay  —  u-dx)  —  110-  --  u^—  \dxdy. 

J    \ca;       cy  /  y  J  \    ex          cy  } 

The  line  integral  is  to  be  taken  round  a  curve  encircling  the  whole 
system  of  vortices.  If  the  vortices  be  all  within  a  finite  distance  from 
the  origin,  and  the  curve  of  integration  is  taken  everywhere  at  an 
infinite  distance,  the  integral,  as  will  be  seen  by  considerations  similar 
to  those  stated  in  Art.  355  above,  must  vanish.  But  by  the  equation 
of  continuity  the  remaining  part  becomes 

l(w—  +  u—  -\dxdy  =  i   (M2  +  vz)dx, 
J\    dy          cy/  -J 

a  line  integral  which  also  clearly  vanishes  when  taken  round  a  curve  at 
an  infinite  distance  from  the  vortex  system.  Hence  we  have  (93). 

Since  any  element  %dS  does  not  vary  with  the  time,  we  have,  inte- 
grating with  respect  to  the  time, 


=  c,     jw  =  c  .....  (94) 
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where   C,  C"  are  constants.     Take  now  mean    \:i  „, y0  for  the 

system,  siu-h  that 

f  f  f  r 

.     .     .     (95) 

the  values  of  &0,  y0  remain  unchanged  as  the  system  of  vortices  moves 
with  the  fluid.  Hence  the  point  s0,y0,  which  may  be  called  the  centre 
of  the  system  of  vortices  for  the  plane  x,y,  remains  unaltered  in 
position.  The  straight  line  parallel  to  c,  through  the  point  #0,y0,  which 
we  call  the  axis  of  the  system,  remains  fixed  in  space. 

It  is  to  be  remarked  that  a-0,  ?/0  are  the  co-ordinates  of  the  centre 
of  inertia  of  a  thin  stratum  of  matter  imagined  spread  over  the  plane 
i/  so  that  the  density  at  each  point  is  proportional  to  the  value  of 
f  there. 

361.  We  can  now  calculate  the  motion  of  the  axis  of  any  vortex-tube. 
To  do  this,  it  is  only  necessary  to  consider  the  motion  due  to  the  other 
vortices,  for  we  have  seen  that  the  distribution  of  velocity  due  to  an\ 
particular  tube  cannot  affect  the  motion  of  that  tube.  The  velocity 
at  any  point  x,y  due  to  any  filament,  the  co-ordinates  of  which  are 
x',  y  and  cross-section  a-'  at  distance  r  =  *f(x  -  .//)2  +  (y  —  y')-  from 
x,  y  is,  as  we  have  seen  above,  fV/W.  This,  if  6  be  the  angl 
mak-  •>  with  the  axis  of  x,  has  components 

dv,  =  -  ,     dv  —  — 

IT      r  TT      r    ' 

that  i- 

<X  y  -  y      i      £<r'  x  -  x 

du  —  -  -      ; — ,     dv  =: — . 

IT       r-  IT       r- 

Taking  a-'  as  an  element  dS  of  cross-sectional  area  of  a  vortex-tuh.-. 
we  get,  integrating  over  the  cross-section  of  the  whole  system. 


TT  r-  IT  j        r* 

Thus,  if  wi-  write 


-  jVlogref-S"  ......     (96) 


fy 

-  -  TL,      V  -  - 

% 


have 


Of  coui-sc  it  is  iic.-.ll,  >>  t.i  iuti-<..li:c.-  iiit..^  tin-  \  alue  of  f  belonging 
to  any  part  of  a  vortex-tul>«    f..r  tin-  calculation  of  the  motion  of  : 
"f  which  ifr  is  to  In-  i 

The  function  -ty  is  the   stivam-fiu  n-1    fultils    (In-   ilitVi-rrntial 

«•  (nation 


r 


C  (98) 
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from  which,  according  to  the  theory  given  above,  the  solution  might 
have  been  derived.  Of  this  equation  (94)  is  the  solution  appropriate 
to  this  case. 

When  the  fluid  does  not  extend  to  infinity  in  all  directions,  but  is 
bounded  by  a  surface  parallel  to  the  axis  of  z  we  must  add  to  this 
solution  a  complementary  function  ^TO,  so  that 


(98') 


This  function  must  be  so  chosen  as  to  enable  the  boundary  conditions 
to  be  satisfied,  and  to  satisfy  the  equation 


It  represents  the  stream -function  due  to  the  vortex-sheet  which, 
according  to  Art.  352  above 'may  be  supposed  to  exist  on  the  surface,  and 
is  such  as  to  reduce  the  velocity  to  zero  for  every  point  external  to  the 
surface.  Equation  (98)  is  thus,  by  (98'),  satisfied  at  every  point  inside 
and  outside  the  boundary. 

362.  We  shall  now  consider  one  or  two  particular  cases.  Suppose  that 
there  are  two  infinitely  thin  rectilineal  vortices  A,  B,  of  strengths  mv  m^, 
at  a  distance  r  apart  in  an  unlimited  fluid.  Taking  the  axis  of  x  along,  r, 
and  the  origin  at  A,  we  have,  for  the  velocity  of  B,  vl  =  mjirr,  and,  for 
the  velocity  of  A,  v.2  =  —  m^irr.  The  velocities  are  thus  inversely  as  the 

B 


fo) 


FIG.  78. 


strengths  of  the  vortex-filaments,  and  the  pair  of  filaments  (not  the 
fluid  around  them)  move  as  if  they  were  rigidly  connected  with  an  axis 
A  parallel  to  z,  and  in  the  plane  of  the  vortices,  at  a  distance  from  the 
origin  m^rj(m,  +  m2).  If  the  vortices  are  of  the  same  sign  this  axis 
lies  between  the  vortices  at  G  ;  if  the  vortices  are  of  opposite  signs  it 
lies  on  the  line  AS  produced  beyond  the  stronger  vortex,  and 
at  a  distance  given  by  the  same  formula,  account  being  taken  of 
the  signs  of  the  values  of  mv  w2.  If  m^  =  —  mz,  G  is  at  infinity,  and 
the  pair  of  vortex-  filaments  move  with  constant  velocity  WI/(TT  .  AB) 
at  right  angles  to  the  line  AB  joining  them. 

The  stream  -lines  due  to  a  pair  of  vortex-filaments  are  given  by  the 
equation 

»»!  log  ra  +  ra2  log  r2  =  C, 

where  rv  rz  are  the  distances  of  the  filaments  from  any  point  the 
motion  at  which  is  under  consideration.  Different  stream-lines  are 
•obtained  by  giving  different  values  to  the  constant  C. 


VIII 
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'••am-lines  of  a  pair  ot'ecjual  ami  opposite  vortex-filai. 
1>\   the  equation  log  /',  —  log  y.,  =  constant.  Of 


4.0 


(100) 


ami  a iv  two  sets  of  circlrs  .>un-oumlin-  A.H  respectively,  as  shown  in 

7!'. 

The   strai^lit    line   running   up   tin-  centre  of   tin-  diagram   may   be 
rded  a-  the  limiting  eircle  common  to  the  two    |  •-       ^ince  tin-re  is 


FI-.  79. 

no  motion  across  the  plane  of  which  this  straight  line  is  the  trac« 
tin-  j)lane  of  .-•,//,  no  change  in  the  motion  of  tin-  fluid  would  be  pro- 
duced on  cither  >ide  by  replacing  it,  after  the  motion  has  been  set  up, 
by  an  infinitely  thin  fixed  sheet  of  matt,  i    ruttim.   off  communication 

...  n  the  portions  of  the  flniil  on  the  two  sides.     Thus  the  motion  of 
:ngle  rectilineal  vortex  which    is  parallel    to  ami  at  a  distam-e  <l  fnm. 
a  fixed  infinite   plane  wall  is  )ii  'l-rril. 

Again,  since   there  is  no  flow  across  the  cylinder  bounded  by  any 

le  of  either  set,  we  max  suppose  the  suilacc  of  that  cylinder  replaced 

i  material  wall  cutting  off  all  conununicatioii  between  the  fluid  on 

i  the  fluid  on    the  other  >ide  of   the  -.iii-face.      Then  cleaiK. 

if  we  have  a  filament    of  -t  i.  ir_t  h  M    at   .1,  or  on,-  of  strength   —  in  at  If, 

that  filament  must  move  always  at   riijit   angles  to  the  line  dra\\n  from 

if  normal  to  the   eylinder.  and    ea< -h  ]>oint  of  it  will   then  lore  describe  a 

le  round  the  a\i>  of  the  e\  lin.i 

It  will  be  observed,  however,  that  thi-  solution,  in  the  ea-«-  in  \shich 
the  external  filament  is,  >  :  !x)se8  a  Certain  circulation,  that  •  In- 

to the  filament  //,  in  a  ciivuit  round  the  outside  of  the  c\linder  hut 

A.     The  amount  of  thi<   is —  •_'///.      If  a   \ort.-\-tilameir 
+   m   !»•  plae.^1   along  the   axis  of  the   cylinder,  and    we  add    it- 
\\here  to  that  of  —  n<  .n  /;  th.-  . -in  ulati-.i;  the 
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cylinder  will  be  zero,  and  the  section  of  the  cylinder  by  the  plane  of  x,  y 
will  remain  a  stream-line.  The  velocity  of  the  filament  at  A  will  be 
—  m/7r.(l/AI>  —  I/CM)  at  right  angles  to  AB.  But  by  the  equation 
of  the  circular  section  of  the  cylinder 


where  c  is  the  radius,  and  therefore  we  have 


The  velocity  of  the  filament  A  becomes  therefore 


If  the  solution  is  to  provide  for  a  specified  circulation  K  in  the  circuit 
referred  to,  the  term  K  .  CA/^TT  must  be  added  to  the  velocity  of  A 
just  found. 

Since  the  radius  c  is  the  geometric  mean  of  the  distances  CA,  CB 
of  the  filaments  from  the  axis,  the  filament  B  is  called  the  image  of  the 
filament  A  in  the  cylinder. 

364.  It  is  an  easy  deduction  from  the  preceding  theory  (for  example 
from  the  theorem  stated  in  the  third  paragraph  of  Art.  356),  and  it  is 
of  great  importance  in  the  electromagnetic  analogue,  that  the  kinetic 
energy  T  (taken  for  unit  length  parallel  to  z)  of  a  system  of  rectilineal 
vortices  is  given  by 

j.,  log  7*19  d<r-^  d(r.£       •     •     •     •     (101) 

where  £v  ^  are  the  angular  velocities  at  filaments  of  infinitely  small 
cross-section  d<rl;  do~2  at  a  distance  r12  apart,  and  the  integration  is  so 
taken  as  to  include  once  every  distinct  pair  of  elements  in  the  system. 
It  is  to  be  observed,  however,  that  in  order  that  T  may  be  finite  the 

integral  I  £d<r  taken  over  all  the  filaments  must  be  zero,  and  the  value 

of  f  must  be  everywhere  finite. 

If  for  a  set  of  isolated  parallel  rectilineal  vortices  of  strength 
m1,  m2,  ....  situated  at  the  points  xv  yv  xz,  yz,  .  .  .  .  ,  for  which  the  con- 
dition 2m  =  0  is  not  necessarily  fulfilled,  we  write 

P  =  -  2m,  m,  log  rw 

7T 

where  r12  is  the  distance  of  xv  y1  from  xz,  yz  and  the  summation  is  taken 
so  as  to  include  every  distinct  pair  just  once,  we  obtain  by  (96)  and  (97) 


. 


(102) 
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which  are  clearly  equivalent  tn 

^      • 

2,»rr  =    -2_, 

where  r,  6  are  the  polar  co-ordinates  of  any  filament,  and  //<  its  strength. 
I'.ut,  since  P  is  independent  of  the  choice  of  axes,  turning  them  round 
through  any  angle  does  not  alter  /' :  that  is,  2,dP/d0  =  0,  and  the  last 

1 

where  0  is  a  constant. 

Finally,  from  (102)  we  obtain 

/'         8J 


«.r.  which  is  the  same  thing, 


•  r 

The  expression  on  the  right  is  proportional  to  the  change  in  Pwhiolr 
would  l»e  produced  by  altering  all  the  i"s  by  amounts  proportional  to> 
their  actual  values,  that  is  producing  a  new  configuration  of  the  vortex- 
tilaments  geometrically  similar  to  the  former  one.  This  change  is 
equivalent  to  altering  all  the  distances  r12 by  amounts  propor- 
tional to  their  values.  Hence  ~S,rdP/dr  =  2>/<j//<.,  IT.  ami  we  have 

-o/j  1    -     , 

2.inr*v  ==  —i,in,in... 

7T 

This   theory   of  a  set   of   isolated   rectilineal   vortices   is  due   to 
Kirchhoff  (3fr <//"><//.,  20ste  Vorles.,  §  3). 


i    •_» 


CHAPTER  IX 

ELEMENTARY  FACTS  AND  THEORY  OF  ELECTROMAGNETISM 

Magnetic  Fields  of  Currents.    Electromagnetic  Forces 

365.  We  have  in  Chapter  VI.  considered  the  flow  of  electricity  in 
conductors,  and  stated  the  laws  of  distribution  of  a  steady  current  in 
a  network  of  wires.     As  a  preliminary  to  the   discussion  of  general 
electromagnetic  theory,  it  is  convenient  now  to  deal  with  the  magnetic 
effects  of  currents,  that  is  with  the  ordinary  dynamical  actions  between 
currents   and   magnets,   and   of  currents  on  one   another.     We    shall 
proceed  in  the  order  of  discovery,  and  first  describe  these  effects  from 
the  point  of  view  in  which  they  present  themselves,  that  is  as  apparent 
.actions  at  a  distance,  and  endeavour  to  show  in  later  chapters  how  they 
may  be   regarded   as   actions   taking   place   in   a  medium  filling  the 
field. 

Orsted's  Experiment 

366.  The  fundamental  experiment  of  this  part  of  electromagnetism 
is  that  made  in  1820  by  Orsted  in  Copenhagen.     Fig.  80  shows  the 

arrangement  of  apparatus  com- 
>_  monly  employed  for  its  repe- 
tition in  illustrated  courses  of 
lectures.     A  wire  is  stretched 
horizontally     in     the     mag- 
netic meridian,  and  above  it 
or  below  it  is  placed  a  mag- 
netic     needle      which     rests 
FlG-  80-  parallel  to  the  wire,  provided 

no  current  flows  in  the  latter. 

When,  however,  a  current  is  made  to  flow  the  needle  is  deflected 
through  an  angle  round  its  axis  of  suspension,  and  takes  up  a 
position  of  equilibrium  intermediate  between  its  original  position  and 
that  at  right  angles  to  the  wire.  It  is  in  fact  acted  on  by  a  deflecting 
•couple  due  to  the  current,  and  finally  rests  in  stable  equilibrium  Avhen 
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the  nttoring OOOpte due  t«.  terrestrial  magnetism  balance-  tin-  disturbing 

couple. 

If  \\itln.ut  alteration  of  the  current  tin-  conductor  he  tunn-d  •  end 
for  end,"  the  needle  i-  turned  round  in  the  opposite  direction.  Thi- 
clearly  shows  that  tin-  so-called  current  has  diivctional  qualit\ .  what- 
ever the  real  nature  of  the  phenomenon  niav  he. 

Again,  if  the  win-  without  reversal  of  direction  relatively  to  the 
current  is  transferred  from  aho\e  tin-  needle  to  below  it,  the 'direct  ion 
of  turning  is  also  iv\er-ed.  Thus  if  tin-  win-  run.  sav.  from  -oiith  \,, 
north  al>o\,-  th,  u.-i-dl.-  and  Iwck  from  north  to  south  below  it,  and  a 
rum-lit  In-  madi-  to  How  in  tin-  wir<-,  tin-  t\\o  ].art-  jn-odurc  .-tVi-i-ts  on 
tin-  iiccdlf  which  coii>|)in-  to  drtlrct  it  in 
th.-  sain,'  dirt'ction.  H.-ix-f  In  winding  the 
uiiv  a  lar^i-  nundx-r  of  tinit-s  in  tin-  plan.' 
of  tin-  magnetic  meridian.  >o  a-  t<»  make 
1  surrounding  the  in-i-dh-,  it  i>  jio«.>il>l.- 
to  ..btain  a  gn-atly  «-rdianced  effect,  and  a 
f.-.-l)l,-  curr.-nt  Mouin^  in  the  circuit  ma\ 
1>«  mad.-  to  produce  a  large  deflection  of 
a  magnetic  needle  properly  suspended. 

li  turn  of  wire  exerts  a  couple  on  tin-  needle,  and  tin-  resultant 
couple  i-  tin-  -uiu  of  all  the  couples  exerted  by  tin-  simple  turn-  «\ 
\\ire.  Fig.  81  shows  such  an  arrangement  of  wire,  and  is  in  fact  a 
picture  of  anow  obsolete  form  of-  galvanic  multiplier"  or  galvanometer. 

'!'••  -pe.-ify  the  direction  in  which  the  needle  is  turned  \\e  ha\e 

I'ecify  that  in  which  the  curn-nt   is  considered  to  How  in  the  \\ 
Imagine  the   wire  stretched   north   and  south  above  the  surf;i 
talile.  and  let  a  magnet  resting  on  tin-  taMe,  with  it-  length  east  and 
ireet,  and   its  north-pointing  end  turned   towards   the   vertical  plan, 
through  the  \\ire,  be  brought   up  towards  it   from  tin-  west   side  of  that 
plane.      In  e,,n-ec|uence  of  the  alteration  of  the   magnetic  field    iii   tin- 
vicinity  of  the  wire  a  current  will  l»e  produced  which  is  taken  as  Ho\\  - 
in.Ur  from  smith  to  nortl,  \\\  the  wire.      If  the  wire   lie  below  tin-  table  tin- 
current  will  flow  in  tin-  opposite  direct  ion,  and  this  may  IK-  \eritied  by 
noting  that  tin-  deflections  of  a  needle  produced  by  the  currents  in  tin- 
ii  opposite  directions. 

The  direction   here  t..r  tin-  current  agrees  with   tin-  < 

\eiition  based  on  the  us,'  of  a  voltaic  cell.  and.  for  the  reason  indic.r 
in  Art.  216, generally  adopted.     A  simple  form  of  \oltaic  cell  c,,n-i-t- 

plat,-   of  x.inc  amalgamated    with    nn-rciin  and   a   pl.f 
placed  side  by  side,  luit    not    direct h   in   contact,  in   ;i    \c88cl  containing 
dilute  sulphuric   acid.      When   tin-   plates  arc   c,,miect,-d   ,  \i,  in;ill\    b\ 
a   wire,  a  current    Hows    in    tin-  cin-uit    thus    made   up,  th-    dn.ction 
of  which  is  assumed  as  being  from  tin-  copper  plate  to  tin-  /inc  p' 
along  tin-  wire.     If  then  the  current   in  tin-  wn,    -ti,-tdn-d  in  the  south 
and  BOlih direction  above  tin-  needle  lin-ed   by  connecting  tin- 

copper  plate   ,,f-in-h   a  cell    to   tin-  south   end    of  ti 


278  MAGNETISM  AND  ELECTRICITY  CHAP. 

plate  to  the  north  end  the  deflection  would  be  in  the  same  direction  as 
when  the  current  is  produced  by  moving  a  magnet  along  the  table  toAvards 
the  wire  (supposed  above  the  table)  in  the  manner  already  described. 

The  direction  in  which  the  current  is  supposed  to  flow  being  thus 
fixed,  we  can  specify  that  in  which  the  magnet  turns  round  under  the 
action  of  the  current.  Supposing  the  wire  to  run  north  and  south 
above  the  needle  and  the  current  to  flow  from  south  to  north,  the  north- 
pointing  end  of  the  needle  will  move  towards  the  west,  the  other  end 
towards  the  east.  This  rule  may  very  easily  be  remembered  by  the 
following  mnemonic  device :  Hold  the  right  hand  with  fingers  pointing 
along  the  wire  in  the  direction  in  which  the  current  flows,  and  with  the 
palm  turned  towards  the  needle.  The  north  seeking  end  of  the  needle 
will  turn  towards  the  outstretched  thumb.  Or,  remembering  that  tin 
northern  regions  of  the  earth  have  magnetism  of  the  opposite  kind  to 
that  of  the  north-pointing  end  of  a  needle,  we  may  keep  the  rule  in 
mind  by  remembering  that  the  terrestrial  magnet  may  be  regarded 
as  turned  into  position  across  the  plane  of  the  equator  by  currents 
circulating  round  the  equator  in  the  direction  of  the  sun's  apparent 
motion. 

Ampere's  Theorem  of  Equivalence  of  a  Current  and  a  Magnetic  Shell 

367  The  explanation  of  Orsted's  experiment  is  an  important 
application  of  the  general  electrodynamic  theory  of  Ampere,  contained 
in  the  famous  memoir1  which  is  justly  regarded  as  the  Principia  of 
•electromagnetism.  The  fundamental  theorem  of  Ampere's  memoir,  so 
far  as  this  part  of  the  subject  is  concerned,  is  contained  in  the  following 
.•statement :  Every  linear  conductor  carrying  a  current  is  equivalent  to  a 
simple  magnetic  shell,  the  bounding  edge  of  which  coincides  iintk  the  con- 
ductor, and  the  moment  of  which  per  unit  of  area,  that  is  the  strength  of 
the  shell,  is  proportional  to  the  strength  of  the  current.  Thus  in  Ampere's 
view  a  current,  whatever  the  form  of  the  circuit  in  which  it  flows,  is 
equivalent  to  a  certain  distribution  of  magnetism,  that  is  to  say,  it 
produces  a  magnetic  field  affecting  magnets  placed  in  it  just  as  the 
field  of  a  certain  actual  system  of  magnets  would.  Indeed,  as  we  shall 
see,  he  put  forward  the  theory  that  an  actual  magnet  is  nothing  else 
than  a  congeries  of  electric  circuits  of  molecular  dimensions  carrying 
currents  of  electricity,  and  that  the  difference  between  a  magnetized 
and  a  nonmagnetized  body  consisted  in  a  similar  orientation  of  these 
molecular  circuits  conferred  on  them  in  the  case  of  the  former  body  by 
the  act  of  magnetization. 

The  direction  of  magnetization  of  Ampere's  equivalent  shell  may  be 
specified  as  follows.  Let  an  observer  stand  on  the  shell  near  its  edge, 
and  face  so  that  the  surface  of  the  shell  is  on  his  left  hand,  the  edge  on 
his  right.  Then,  if  he  is  looking  in  the  direction  in  which  the  current 
is  flowing  the  face  on  which  he  stands  will  be  that  covered  with 

1  Theorie  des  phenomena*  electrodynamiqiies,  Memoires  de  1'Institut,  IV.,  1823. 
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northern  magni  M-m.  that  i-  i  :u   of  tin-  op)»osite  kind  to  that  of 

the  earth'-  northern  n-gimi-.  It' hi-  i<  looking  in  th.-  ,.pp.,-ite  direction 
to  that  in  which  tin-  current  i-  Ho\\ing.  t|,,.  fa,.(.  ,,f  tj,,.  -hfll  ,,i,  which 
In-  -land-  i-  that  co\eivd  \\ith  -out hem  magnet i-m.  This  result  inav 

.    be    remembered    by    thf    rule    already    given     by    lin-aiis    of    th,- 

_;netixation   iif  the  earth   regarded  as   produced   by  currents  Hou 
from  east  to  w«--t  round  tin-  eijnator. 

-.   Thf   theorem    nf  Ampeiv   stated   ab<i\.-   i-   founded  mi  .-xjM-ri- 
nients    proving   the  truth   of  tin-   full.. \\  ing  more  elementary   theorem, 
which  we  shall  n«>\\  e,.n>i«lfr:    Tin.  magnetic  field  j>,-<»li>ccd  by  the  cur 
in  a  i>l"  '  circuit  is  the  sam<  nt  nil  points,  the  distances  of  which 

fron  />"/•(   of  the  conductor  are  great  i/  //•////    every 

'fin"  as   that  produced   by  «.   ,s-///"//    ///«///».'  ;-/ 

.   within  //<>•  fin-fit,  i'-ith  its  ccnti-i-  in,  xnd  its  axi*  at  fight  »< 
tn  th>:  j>l"i/>'  of  the  circuit,  and  having  a  magnetic  //<"//'•  nt  ^ru^..,-tinnal 
to  the  current  flouring,  and  to  the  area  of  the  circuit. 

Tin-   following  is   an    exjM-riiin nt    by  which  this  theoivin    ma, 
\fiit'n  «l.      A  circular  circuit  is  niountf<l  in  a  v.-rtical   ]»lane  on  a  >liiling 
\shi.-li   can   be  moved  .along  u   hori/ontul   slide.     Tin-  circur 
;is  to  be  in  the  magnetic  meridian, and  tin-  slidf  i-*  th 
in  tin-  east  and  west  magnetic  direction.     A   iif  dl«-  is  n<>\\  ^,-t   up 
\\itli  it^  ci-  ntre  on  the  <a>t  and  west  (magnetic)  line  through  the  cen  t  ri- 
ot'the  circuit,  and  i<  pn.vidi-d  with  a  point«T  nmving  nmnd  a  circular 
scale  so  as  to  show  angles  ol'dt-hVctimi  din-ctly.  i.r  has  rigidly  attaclu-d 
to  it  a   mirror  by  which  a  ray  of  light   from  a   lamp  i>   ivhVctfd  to  a 
scale,  and  which  then-by  nifa-ur«-s  tlie  detli-ct ion  of  tin-  n.-fdlf.      When 
a  constant  curn-nt  is  sent    round   tin-  circuit  (by  nn-ans  .,f  \\iri--   from   .1 
l>att«-rv  at  sunn-  distance  and  twisted  together  to  jin-M-nt    this  part   •>! 
(In-   cin-uit    from   producing  any  direct   effect  mi   the  needle)  and   tin- 
i  ion  of  the  circuit   is  changed   along  tin-  >lidf.  di-tlfctimis  of  th«- 
iifi-dle  are  produced  which  show  that  the  magm-tic  torn-  at   tin-  centp- 

•he  iiffdle  are  \.-ry  m-arly  in  tin-  iii\«-rsf  ratio  of  the  cubes  of  tin- 
di^tarif-  -t 'the  ci- ntre  of  the  nei-dlf  frmn  tin-  ceiitn-  of  the  coil,  when 
these  distance  an-  gn-at  in  comparisnii  with  the  dinifiiMonv  ,,t  th<- 
circular  conductor.  Now  \s.-  ha\f  -«  •  n  abo\f.  p.  2\  thai  ihi- 

tly  the  n-sult  that  would  hav.-  bi-.-n  pr.Mluci.l  by  placing  a  -mall 
magnet  with  it-  c, •ntn-  nt  the  «-«-ntre  of  the  circuit,  and  it-  length 
at  right  angles  to  its  plain  . 

It  the  circuit  nimintfd  i-  not  circular  thf  HUM  p-ult  will   be  found 
t.)  hold  whatfM-r  bf   tin-   form.  pro\id.-«l  tin-  .  uM  and  wt-st  line  through 
the  emit  iv  of  thf   needle  passes  through   the   plane  of  the  condi; 
within    or   n.-ar   tin-   circuit,  and   tin-  distances  an-  measured  from  the 
].l.»n.-  of  thf  circuit  to  thf  centre  of  the  iif.  dl.-.     A  small  mugnet  placed 
.(long  thi>  line  with  it-  cmitiv  in  tin-  plain-  of  th,    circuit  would  \ 
deflection-   of  tin-    needle    following    the    -june    law    ,.(  .n    with 

•  li-taiiee.      By  pix>JX)rly  choosing  the  mom,  nt    of  tin-  magnet  tli 
tions  of  the  magnet  and  circu it   may  !>«•  made  identical     I  m- 
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the  magnet  and  using  it  along  with  the  circuit,  the  two  being  displaced 
together,  it  can  be  shown  that  if  there  is  an  exact  balance  of  effects  at 
any  distance,  there  is  balance  at  all  distances,  provided  of  course  the 
current  is  not  altered  from  one  experiment  to  another. 

To  complete  the  demonstration  it  is  only  necessary  to  notice  that  if 
the  area  of  the  circuit  is  altered  in  any  given  ratio  the  force  at  the 
centre  of  the  needle  is  changed  in  the  same  ratio,  and,  further,  to  test 
whether  a  magnet  and  a  current  which  produce  the  same  magnetic 
force  at  distant  points  upon  an  east  and  west  line  passing  through  the 
circuit,  as  described  above,  also  produce  the  same  magnetic  effect  at  all 
other  distant  points.  Experiments  to  prove  these  facts  can  obviously  be 
arranged  with  great  ease,  and  it  is  not  necessary  here  to  enter  into- 
details  regarding  them. 

Definition  of  Unit  Current.    Proof  of  Ampere's  Theorem 

369.  It  is  now  possible  to  define  the  measure  of  a  current  by  means 
of  its  magnetic  action.  We  take  the  numerical  measure  of  a  current 
as  proportional  to  the  intensity  of  the  magnetic  field  produced  by  it  at 
a  given  point.  This  mode  of  numerically  reckoning  current,  as  we  shall 
find  later,  gives  results  consistent  with  those  obtained  from  other 
methods  which  are  sometimes  used. 

We  define  unit  current  as  that  current  which  flowing  in  a  circuit  of 
unit  area  can  be  replaced  by  a  magnet  of  unit  magnetic  moment 
without  altering  the  magnetic  field  produced  at  a  distance  from  the 
circuit.  Unit  magnetic  moment  has  already  been  defined,  and  in  the 
C.G.S.  system  is  the  moment  of  a  doublet  composed  of  two  opposite 
point-charges  of  magnetism,  each  1  C.G.S.  unit,  placed  at  a  distance 
of  one  centimetre  apart.  Thus,  when  the  area  of  the  circuit  is  one 
square  centimetre,  and  it  is  replaceable  as  regards  magnetic  action  by 
such  a  doublet,  the  current  flowing  is  1  C.G.S.  unit. 

It  is  important  to  observe  that  the  magnet  equivalent  at  distant 
points  to  the  plane  circuit  may  be  supposed  replaced  by  a  very  large 
number  of  equal  small  magnets  uniformly  distributed  over  the  area  en- 
closed by  the  circuit,  with  their  centres  in  and  their  lengths  at  right 
angles  to  its  plane.  The  same  field  as  before  will  be  produced  if  the  total 
magnetic  moment  is  the  same  as  before  :  for,  as  has  been  seen,  the  force 
which  a  magnet  produces  at  distant  points  is  not  affected  by  the  position 
of  the  magnet  within  the  circuit  provided  its  direction  is  always  the  same. 
But  the  process  of  distribution  of  a  large  number  of  small  magnets 
converts  the  equivalent  magnet  into  an  approximation  to  a  uniform 
magnetic  shell,  the  strength  of  which  (that  is  its  magnetic  moment  per 
unit  area)  is  simply  the  measure  of  the  current,  and  the  larger  the 
number  of  small  magnets  the  closer  is  this  approximation. 

370.  We  can  now  prove  Ampere's  proposition  stated  above,  that 
any  linear  circuit  carrying  a  current  is  equivalent  in  external  action  to- 
a  magnetic  shell,  the  edge  of  which  coincides  with  the  circuit.  Let 


IX 


AND    TUKOHV    OF    ELKi  Tin  »M.\«  JN1-T1SM 


FIG.  82. 


a  current  ,,f  7  unit-  flow  in  the  ciivmt.  r,-pp -etit.-d  l>v  BAC  in  Fi_:   82 
A-  shown   in    Fitf.  M>,  \vi-   may  -upp,.-e  the  circuit   r,,n\,-rt, ••!   1,\    , 
conductor-   into  a  network  without   any  displacement   of  th.-   bound 
and    we    may   suppose    that     n.und    each 
iue-h    a    current     7     al-o     flows     in     the 
-am.'    direction    a-    that    flowing    in    the 

original  conductor.    Th---e  me-h  current- 

.|ual  ami   opposite  current-,  that  is 

'invnt.in  each  conduct nr  common 
to  two  nie-lie-.  ami  tin-  s\-tem  reduces 
at  onci-  to  tin-  current  supposed  to  flow 
in  th»-  boundary  and  that  aloin-.  Thus 
we  may  -uppo-,-  the  action  of  the  tatter 
cunvnt  the  -am,-  a-  that  of  the  s\  >tem  of 

nielli   current-    imagined.      Hut    e;ich  of  the    in«-h.-   may  be    take). 
-mall  that    it    may  be  regarded,  with  a-   little  error  as  we  please,  as  a 
-mall  plane  circuit  :  and  each  of  these  small  circuits  is  by  the  |»reliminar\ 
theoivni  replaceable  by  a  -mall  magnet,  or  by  a  magnetic  shell  of  Strength 
ei|U:il  to  the  current.      Hut    thi-   replacing  of  each   of  the   im-h, -  1, 

-llell     Would    (.rive    a    shell    of   -tlVH^th    7    bollllded    1»V   tile    Circuit.         Hellc, 
the   theorem. 

It  i-  to  lie  observed  that  any  point  at  which  the  action  of  the  finite 
shell  i-  con-jd.T.-d  need  only  be  at  a  distance  from  any  part  of  the 
equivalent  -hell  ^ivat  in  comparison  with  the  dimen-j,,n-  of  a  nn-h. 
hence  the  limitation  a-  to  di-tam-e  imposed  in  the  preliminary  theorem 
doe-  not  here  apply.  It  is  only  iiece— ary  to  take  intoaccoiint  the  finite 
thickne—  ,if  the  wire,  and  t  heivfore  consider  magnet  ic  act  ion  at  jx.int- 
li-tan<-e  <.t ' -everal  diameters  of  the  wire  from  the  boundary 

It  is  also  to  be  carefully  ob-er\ed  that  provided  the  Ixmndary  of  the 
shell,  that  i-  the  circuit,  be  undisturbed,  the  me-he-  may  be  -up|K)sed 

to   have    all\     po-itioll     We     plea-e.    ill   other   Words    the   shell    i-  defined   nllly 

by  it-  boundary. 

Theorem  of  Work  done  in  carrying  a  Unit  Pole  round  Closed  Path 
in  Field  of  Current 

871.  1-Yoin  the  the,, rein  «,f  the  magnetic  shell  \\e  can  at  one,-  derive 
a  theorem  of  th-  •  and  iiu|M.rtance  in  elect  rodynai, 

I.  a  unit  magnetic  p.i|e  be  carried  in  a  c|o-ed  path  from  any  point  /' 
in  the  field  -if  a  circuit  back  a-jain  t-.  the  -ame  |.oint.  The  work  don,- 
against  or  by  magnetic  t.  •  P.  it  the  path  d<-  -  not  pa«s  through 

d   1-777  '*  'l  does. 

To     pp.\e     the-'     -tatements     let      the      e-|ui\a|e||t      llia^IK'tic     shell     be 

ec.n-tructed    iii    such    a    p-.-ition   a-    not    to    inter-ect    th--    closed    p. 
Then  it  i-  clear  that   if  work  i-  done  ii;  g  tin-  pole  from  the  jH.int 

/'  t-.  another  <t>  ,.n  th«-  ]>at h.  ju-t  a-  much  work  will  lw  gained  in  , 
the  pole  from  V  '"  /' alon^  th--  remainder  of  j|,e   path.      Thu-  the  v, 
i-  /.-P.. 


282 


MAGNETISM  AND  ELECTRICITY 


CHAP. 


Again  let  the  shell  be  imagined  constructed  so  as  to  be  infinitely 
near  to  the  starting  point  P,  and  let  the  pole  be  earned  round  from  P 
to  another  point  Q  infinitely  near  to  P,  but  on  the  opposite  side  of  the 
shell.  Now  we  have  seen  at  p.  32  that  the  work  gainedj  or  spent  in  so 
doing  is  4-7T  times  the  strength  of  the  shell,  or  47T7.  But  although  the 
shell  was  supposed  fixed  when  the  pole  was  carried  round  from  P  to  Q, 
and  the  forces  at  each  point  were  the  same  as  those  given  by  the 
current,  it  is  obviously  not  necessary  to  suppose  the  shell  in  the  same 
position  when  the  pole  is  earned  through  the  remaining  short  distnn<-< 
QP  required  to  complete  the  closed  path.  We  therefore  now  suppose 
the  shell  in  a  position  clear  of  the  element  OP  of  the  path :  and  it  is 
plain  that  since  the  forces  are  finite  and  the  element  QP  is  infinitely 
short,  the  work  done  over  QP  is  zero.  Hence  the  work  done  in  carrying 
the  pole  round  the  circuit  is  4>7ry. 

372.  If  the  path  be  laced  round  the  circuit  any  number  of  times,  n,  the 
work  done  in  carrying  the  pole  round  the  circuit  is  47^7.     For  let  the 

full  line  in  Fig.  83  represent  the  path, 
and  let  the  different  spires  of  the  path 
Q,  S,  U,  W,  be  connected  by  the  dotted 
path  P,  R,  T,  V.  Let  the  pole  be  sup- 
posed first  carried  round  the  closed  path 
PQEP,  next  round  the  path  RSTR,  then 
round  TUVT,  and  so  on,  the  final  path 
traversed  being  PRT .  .  .  P.  By  this 
process  47ry  work  is  done  (or  gained)  in 
eveiy  closed  path  PQRP,RSTR,  &c.,  and 
the  paths  PR,  R  T,&LC.,  added  are  each  traversed  twice  in  opposite  direc- 
tions, so  that  the  work  done  in  them  is  zero.  Hence  the  work  done  on 
the  whole  is  simply  that  done  in  the  path  PQRS ...P  which  was  given. 
In  the  same  way  it  can  be  shown  that  if  the  circuit  pass  any  number 
of  times  n  through  the  closed  path  the  w  ork  done  in  carrying  a  unit 
pole  round  the  path  is  again  477^7.  For, 
take  the  simple  case  of  Fig.  84,  in  which  the 
circuit  passes  twice  through  the  path.  Let 
the  path  be  converted  into  two  separate  paths, 
each  enclosing  the  circuit  once,  by  drawing 
the  line  SQ.  The  work  done  in  carrying  the 
pole  round  SRQ  is  4777,  and  that  done  in 
carrying  it  round  QPSQ  has  the  same  value 
and  sign.  But  in  these  two  displacements  of 
the  pole  the  path  SQ  is  traversed  twice, 
in  opposite  directions,  and  hence  the  work 
done  in  it  is  zero.  The  work  really  done  is  therefore  that  in  the 
path  RQPSR,  and  is  2  X  47ry. 

In  a  precisely  similar  manner  it  can  be  proved  that  for  any  number 
n  of  passages  of  the  circuit  through  the  path  the  work  done  is  477-717. 
Any  complex  case  made  up  of  interlacing  of  the  path  round  the 


FIG.  83. 


FIG.  84. 
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circuit  :uul  the  circuit  through  the  ]«ith  can  be  dealt  with  bv  « -ombming 
flu-  results  i. ft  In-  two  kinds  of  interlacing  tak.-n  separately. 

Effect  of  Medium  occupying  the  Field 

So  far  wt-  have  said  nothing  ,,f  tin-  effect  «.t'  the  iii<-«|ium  sur- 
rounding the  circuit,  and  the  theorems  stated  have  been  given  \\ithout 
any  limitation  imposed  by  the  medium  or  media  occupying  the  Held. 
The  theorem  of  work  done  in  any  ]Kith  in  the  Held  just  di-cu— . d  holds 
in  all  caaee  without  modification,  inasmuch  as  the  magnetic  intensit\ 
<iiot  the  magnetic  induction)  does  not  vary  with  the  nature  of  the 
medium  occupying  the  field,  provided  that  medium  is  not  different  in 
different  parts.  This  follows  from  the  fact,  verified  by  experim 
that  the  mutual  action  between  a  current  flowing  in  a  conductor  and  a 
distribution  of  magnetism  is  independent  of  the  nature  of  the  medium 
surrounding  them.  This  theorem,  however,  does  not  hold  for  t\\o 
distributions  of  magnetism. 

In  fact,  the  magnetic  force  is  simply  to  be  calculated  from  the 
magnetic  shell  of  strength  7  already  defined,  and  that  multiplied  by 
the  inductivity  /*  of  the  medium,  gives  the  induction  at  the  point  con- 
sidered. If  the  medium  is  not  the  same  throughout  the  field,  as  when 
it  consists  ]>artly  of  iron  partly  of  air,  the  magnetization  of  the  diff-: 
parts  must  be  taken  into  account  in  assigning  the  value  of  the  magnetic 
force  at  any  point. 

The  theorem,  however,  that  the  work  done  in  carrying  a  unit  jntle  round 
a  circuit  in  which  a  current  is  flowing  is  4^7,  holds  in  all  cases,  for  the 
reason  that  the  line  integral  of  the  magnetic  force  depending  on  t  he  niag- 
neti/ai ion  of  the  medium  is  zero  for  any  closed  curve,  since  the  potential 
of  that  magnetization  is  single  valued  so  long  at  least  as  molecular 
circuits,  if  these  exist,  are  not  threaded  by  the  line  of  integration.  In  tin 
displacement  of  magnets  such  lines  of  integration  have  to  be  considered 

It  will  be  noticed  that  in  either  case  the  quantity  of  magnetism  ,,t 
tin-  shell  replacing  a  current  is  not  definite,  but  depends.  ,.\,.n  if  the 
thickness  of  the  shell  is  assigned,  on  the  position  chosen  for  the  shell. 
For  a  given  chosen  thickness  and  position  the  quantity  of  magnetism 
varies  with  the  medium,  since  the  magnetic  induction  is  different  in  the 
different  cases.  The  advantage  and  .-,.11-1-1,  ncy  of  thus  regarding  the 

action  of  a  circuit  will  become   re  apparent   when   we  consider  the 

energetics  of  current -carrying  circuits. 

I  -  well  here,  however,  to  remark  that  if  a  given  actual  magnetic 
shell  and  a  circuit  are  equivalent  in  one  medium,  1 1  '.-nt 

in  another  of  different    magnetic   induct  i\  ity.      The   medium  \\  it  hin  the 
circuit  is  magnetized  by  the  current  and  produc< 
point,  and   this  \aiie-   \\heii    the   medium  la  changed.     The   magii 
system  on  the  other  hand  being  conijmHed  of  steel  or  some  other  solid 
magnet  i/ed  substance  does  not  admit  of  change  of  the  medium  within 
it  as  in  the  other  case,  and  the  m  ;-n  in   the  space  occupied  by 

it  is  the  vame  \\hatever  the  medium  surrounding  it  m.i\   be, 
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Experiments  Confirmatory  of  Ampere's  Theory 

374.  Experiments  made  by  Biot  and  Savart  show  that  the  magnetic 
force  produced  by  the  current  in  a  long  straight  conductor  at  points  at 
distances  from  the  conductor  small  in  comparison  with  its  length  and 
not  near  the  ends,  varies  inversely  as  the  distance  of  the  point  con- 
sidered from  the  conductor.  Its  direction  is  at  right  angles  to  the 
plane  through  the  conductor  and  the  point  considered.  In  fact  the 
lines  of  force  round  the  conductor,  except  near  the  ends,  where  they  are 
affected  by  the  connecting  wires,  are  circles  having  the  conductor  for 
their  common  axis. 

One  set  of  Biot  and  Savart's  experiments  was  made  with  a  vertical 
conductor  A  B,  near  which  was  suspended  by  a  cocoon  fibre  a  small 
needle   as  shown  in   Fig.  85.      The  earth's  force 
was  neutralised  at  the  needle  as  nearly  as  possible 
by  a  properly  placed  compensating  magnet. 

The  needle  was  found  to  rest  in  the  position 
shown  in  Fig.  85,  so  that  lines  drawn  from  the 
conductor  to  its  extremities  made  equal  angles 
with  its  length.  This  proved  that  the  forces  on 
its  poles  were,  as  shown  in  the  figure,  also  equally 
inclined  to  the  length  of  the  magnet,  so  that  the 
resultant  force  on  the  needle  was  at  right  angles 
to  its  length. 

Experiments  were  made  at  different  distances, 
and  the  forces  at  the  different  places  compared  by 
oscillating  the  needle.  The  results  gave  for  the 
forces  at  different  distances  values  inversely  pro- 
portional to  the  distances. 

Experiments  were  also  made  by  stretching  a  wire  horizontally  at 
right  angles  to  the  magnetic  meridian,  and  placing  at  different  dis- 
tances above  and  below  it  a  horizontally  suspended  needle.  They  then 
observed  the  period  of  oscillation  (1)  when  the  needle  was  under  the 
earth's  force  alone,  (2)  when  a  current  was  made  to  flow  in  the  con- 
ductor. If  T,  T,  denote  the  periods  observed  in  the  respective  cases,  K 
the  moment  of  inertia  of  the  magnet,  and  M  its  magnetic  moment,  it  is 
easy  to  show  that  the  intensity  of  the  field  due  to  the  current  is  given 
by  the  expression  ^T^KfM.  (l/T''2  —  l/T'2).  For  since  the  magnetic  force 
is  at  every  point  at  right  angles  to  the  plane  through  the  conductor  and 
the  point,  the  force  due  to  the  current  and  the  horizontal  force  of  the 
earth  are  in  the  same  direction.  Let  If  denote  the  earth's  horizontal 
force,  HI  that  due  to  the  wire,  we  have 

(H  +  ffJ/H  =  T*jT'z,     or     ffl  =  HT2(l/T'z  -  l/Tz). 
But   by    the    theory  of  simple  harmonic  motion  4>7r2/T'2  =  MH/K',  or 
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HT*=47r-A'  M.  and  -ub-tituting  this  \alii.-  of  II T-  in  the  formula  for  // 
we  obtain  the  expression  -tated. 

The  iv-iilt-  of  tin-  experiment-  -h..\\ed  clearly  that  the  force  \ari.-d 
in  the  manner  stated,  namely  im.-r-.-ly  as  the  distance  of  the  point 
from  the  straight  conductor. 

in.-  law  is  shown  very  elegantly  by  an  experiment  din- 
to  Cl.-rk  Ma\\s.-ll.  The  conductor  is  placed  in  a  \ertical  po-ition. 
and  a  light  carriage  of  non-magnet i<-  material  i-  -u-peinl.-d  so  as  to 
be  free  to  turn  round  the  conductor  a-  an  axis.  A  magnet  i-  then 
phu-ed  mi  the  carriage  in  any  position.  It  is  found  that  there  is  no 
moment  tending  to  turn  the  carriage  round  the  conductor,  ho\\. 
great  the  current  flowing  in  the  wire.  This  proves  that  the  turning 
moments  din-  to  the  two  different  kind-  of  magnetism  an  e.jiial  and 

opposite. 

For  -uppose  that  the  magnet  i-  a  uniformly  magnet  i/ed  thin  bar. 

and  the  i ductor  a  thin  wire,  -.•  that  there  may  be  no  doubt  as  to  the 

distance  ,,f  the  points  considered  from  the  conductor.  Let  the  f. 

rt.d  on  the  extremities  of  the  bar  at  right  angles  to  the  planes 
through  them  and  tin-  wire  be  F^  /',.  and  the  distance-  of  the  pole-fr«.m 
the  conductor  be  >-,.  /•,.  Then  sine.-  there  i-  n<.  turning  moment 

and  therefore 

I         r, 
f       *l 

that  is  the  forces  have  opposite  sign-,  and  are 
inversely  as  the  distance  from  the  axis.  The 
actual  magnet  maybe  supposed  made  up  of  such 
thin  uniformly  magnetized  bars,  and  the  current 
of  filamentary  conductors,  so  that  the  theorem  will 
by  superpo-ition  of  effects  hold  in  this  case  also. 


Theorem  of  Biot  and  Savart 


376.   Fig.  7  -hows  the  line-  of  force  as  displayed 

by   iron   filings   -prinkled  on  a  card  through   which 

light    \\irei-   pa— «  d    iiormalK.       Krj    Mi-li..\\x 

the  relation  between  tin-  direction  of  tin-  cm: 

and  the  magnetic  force.    The  current  ha-  th«-  .1 

lion  A  J>,  while  the  magnetic  !•  i<  •     /'  il  t.m-.-ntial 

to  the  circle  passing  through  P  the  point  con-id-  i<  ••! 

and  having  the  \\in-  ;is  axis.  80. 

•in  the  result   «.btam.-d  above  as  to  the  work 

don.-  in  carrying  a  polo  in   a  do-.-d   path    round   a   conductor   m   \\:. 
a  current  i- flowing.  \\«-  ,  an  .  a-ily  find  the  numerical  \alue  of  tin-  force  at 
any  di-tance.      Calling  7  the  CHIT- nt .  /'the  f-.p  e  at  di-tance  ,-.  th«  n 
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have  for  the  work  done  in  carrying  a  unit  pole  round  the  circle  of 
radiug  r 

lirrF  =  47ry, 
or 


Magnetic  Potential  of  a  Current 

377.  But  the  result  may  be  obtained  otherwise  as  follows : — Con- 
sider the  magnetic  shell  replacing  an  infinitely  long  straight  conductor. 
It  is  geometrically  defined  only  by  its  edge,  that  is  by  the  conductor, 
and  therefore  we  may  take 

it      in     any     position      we     C  A E B 

,  j  i  ' *  ^ — ' 3 

please  and  as  a  plane  sur- 
face. Let  the  conductor, 
Fig.  87,  be  at  right  angles 
to  the  plane  of  the  paper,  so 
that  A  is  its  projection,  AB 
that  of  the  shell,  P  the  posi- 
tion of  the  magnetic  pole, 
CP(  =  a)  the  distance  of  the  !' 
pole  from  the  plane  of  the  FlG-  87- 

shell,  AC  (  =  b)  the  distance 

of  C  from  A.     We  shall  calculate  first  the  potential  of  the  shell  at  P, 
supposing  the  positive  side  of  the  shell  turned  towards  that  point. 

The  solid  angle  subtended  at  P  by  the  shell  is  the  area  of  the  lune 
cut  out  of  a  sphere  of  unit  radius  drawn  from  P  as  centre  by  planes 
drawn  through  P  and  the  edges  of  the  shell.  The  first  edge  is  at  A, 
the  second  is  at  an  infinite  distance  on  the  right  in  the  diagram.  Hence 
the  angle  between  these  planes  is  ir/2  —  APC,  or  7r/2  —  tan~lb/a.  But  the 
area  of  a  lune  cut  out  by  planes  inclined  at  an  angle  6  is  20,  since  that 
between  planes  inclined  at  2?r  is  4-7T;  Hence  the  solid  angle  sub- 
tended by  the  shell  is  TT  —  2  tan~lb/a,  and  the  potential  fi  of  the  shell  is 
J(TT  —  2  tan~lbja\ 

The  components  of  the  magnetic  force  at  P  are  —dQ/da,  —  dfl/db 
in  the  directions  OP,  AC.  These  respectively  give  a  resultant  the 
numerical  value  of  which  is 


or  putting  r  for  (a2  +  &2)^  the  force  is  27/7*. 

The  direction  of  the  force  is  in  the  plane  of  the  paper  and  at  right 
angles  to  PA,  and  towards  that  side  of  the  plane  through  P  and  the 
conductor  on  which  C  lies.  For 

-  80/?a  =  -  2y6/(a2  +  62),    -  ofi/c6  =  2ya/(a2  +  62), 
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and    ill--    equation    of   the    plan.'    tli.-    project ion    (.t'  which    i-    /'.I.    i- 
1., •  —  «//  =  0,  it'  X  \>    taken   from    /'  in   the  direction  PC.     The 
direction  co>ines  Of  a  normal  to  this  plane  an-  respectively  proportional 
to  —  //  and  ",  as  are  also  the  component    force-,  parallel  to  ,/•  and  //.     It 

•  mid  by  t -xpei -fluent  that  the  direction  which  the  current  muM  have 
in  order  that  a  positive  or  north-seeking  pole  should  move  a-  her,- 
-pecitied  is  troin  above  downwards  through  the  paper,  which  agrees  with 
the  rule  already  ;_;i\en. 

It  is  to  be  oWrved  that  the  magnetic  pot.-ntial  of  the  current  in 
the  conductor  i>.  it'  we  put  x  for  CP  and  //  tor  AC, 


y(c  - 


(2) 


\\here  ('  i-  a  coiiMant.     The  potential  is  thus  multiple  valued,  changing 
in  fact  by  4777,  'donga  closed  path  passing  round  the  conductor.      A- 
however.  \\e  have  to  deal  only  in  practice  with  the  difference  of  potential 
between  two   points,  the  ambiguity  of  value    of  the   potential    i-  of  no 

consequence. 

Theorem  of  Work  done  in  Field  of  Current 

878.  From  the  fact,  whether  experimentally  proved  or  deduced 
theoretically  from  other  facts,  that  the  fore,-  a!  a  distance  /•  from  a 
conductor  carrying  a  current  is  ly  /•  and  ha>  the  direction 
-pecitied.  \\e  can  easily  prove  the  theoivm  «t'  work  done  in  carrying  a 
unit  pole  round  a  closed  path  of  any  form.  Let 
TUV\\'  V •_•  58,  be  a  circle  surrounding  the  c«m- 
ductor  (_'.  Then  i-learlythe  work  dmie  in  the  circle 
i-  4777.  Let  now  the  given  closed  path  PQRSP, 
which  may  or  may  not  lie  in  a  plane,  be  connected 
with  the  circle  by  VS,  and  QT.  Thus  we  obtain 
two  cloved  path>,  neither  of  which  passes  round 
the  conductor,  namely  SKQTUrS,  M'tryv//'N. 

I.  thi-e  be  described  by  a  unit  pole  in  the 
order  h.-re  -tated.  The  work  done  on  the  whole 
i»  x.ero.  Knt  clearlv  tin-  \\ork  don,-  is  that 

.  nded  in  the  path-'  '/'IT  II'.  N/.'V/'X.  \\hi.-h  are  tntvened  in  --pp 
direct  ioiiv.      The    work   done    in    the  tirM    jv   numerically  47T7.  hence  so- 

I-    that    ill    the   -ecolld. 

Mi-  we  have  .-on-idere.l  a  Mrai^'ht  conductor,  but  it  it  i-  cur\e,| 
the  theorem  can  Mill  be  pr,,\,-d  \<-r\  , -a-il\.  l^-t  the  conductor  lx- 
infinitely  thin,  and  ha\.-  tinite  cur.atuie.  Then  taking  a  closed 
circular  path  intinite|\  near  it.ue  ^-e  that  the  p,,),-  \\  ill  be  acte<l  on 
only  by  the  portion  of  the  conductor  \\hiHi  i-  near  it  a-  compared  with 
th.  the  circuit. and  this  m  nsidcred  as  a  loog  8tni 

conductor.  1'or  the  circular  path  tin-  \\ork  i-  47ry.  AH  before  by  con- 
necting ,(,,.  circ-ular  path  t«.  ,,ne  of  another  form  the  w-.rk  done  in 
carry  in  IT  :»  unit  pole  round  the  latter  m.i\  !».-  M'IOUH  t..  IK?  4irf. 
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If  the  conductor  is  not  a  thin  filament,  let  it  be  imagined  divided 
up  into  a  large  number  of  thin  conductors  coinciding  with  the  lines  of 
How  along  the  conductor.  Then  for  each  of  these  the  work  done  in 
•carrying  a  unit  pole  round  it  is  477-87,  if  $7  be  the  current  in  the  fila- 
ment, since  the  proof  given  above  applies.  Hence  for  a  closed  path 
•embracing  the  whole  current  the  work  done  is  4^7. 


Equations  of  Currents 

379.  The  theorem  just  discussed  can  be  put  into  a  form  which  is  of 
.-great  service  in  the  higher  parts  of  electromagnetic  theory,  where 
frequently  we  have  to  consider  currents  flowing  in  extended  masses  of 
matter,  and  it  is  convenient  to  resolve  the  current  flowing  across  unit 
area  at  any  point  into  components  parallel  to  the  axes  of  x,  y,  z.  Let 
the  current  per  unit  area  be  denoted  by  q,  and  the  cosines  of  the  direc- 
tion of  flow  by  I,  in,  n  ;  then  we  call  Iq,  mq,  nq,  the  components  of 
•current  parallel  to  the  axes  and  denote  them  by  u,  v,  w.  Hence  the 
•current  in  any  direction  of  which  the  cosines  are  X,  fi,  v  is  \u  +  f*v  +  vw. 
With  this  notation  the  theorem  may  be  written 

C  /     C3C  ??/  C&  \ 

w  +  pv  +  vw)dS  =  l(a—  +  ft-=£  +  v  —  \ds     .      (3)     ^J 

where  a,  ft,  7  are  the  components  of  magnetic  force,  ds  an  element  the 
path  traversed  by  the  pole,  dS  an  element  of  surface  enclosed  by  the 
path. 

By  precisely  the  same  process  as  that  followed  at  p.  49  above,  we 
•can  prove  that 

.  /8v        C/3\  /Co.        cy\          /cB        2a\ 

47r(X«  +  pv  +  vw)  =  XI  -^  -.7*)  4  /4—  -  5*}  +  file         "I 

\cy        o*/          \cz       ox/         \cx       cy} 


4?r  \dy 
1   /3a 


therefore 

u  = 


1)1 <4) 

1   fcB       3a\ 

w   -~  T~  (  ~ r~  I  / 

4?r  \cx       cy/^ 

•equations  which  we  shall  find  of  great  importance  in  what  follows. 

According  to  the  notation  of  Art.  345,  this  theorem  is  expressed 
by  saying  that,  to  the  factor  1/4-Tr,  the  current  is  the  curl  of  the 
magnetic  force.  The  x,  y,  z  components  of  the  curl  of  any  directed 
•quantity  H  of  which  the  components  are  a,f3,y,  are  the  quantities  in 
the  brackets  of  (4).  These  equations  will,  in  what  follows,  be  fre- 
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quently   replaced    by  tin-  single  equation,  in  which   7   represents  the 
resultant  current  per  unit  I 

I-/  -  curl  H     .......     (4') 

For  a  full  discussion  of  curling  and  related  processes,  see  Hcavisidi  -'s 
:iid  his  Treatise  (mEUdromagnetitmtfram  which  several 
i  jilt  -  \vliich  follow  are  taken. 

Equation-  (  4  )  and  (4')  are  forms  of  what  has  been  called  by  Heaviside 
the  first  circuital  equation.  It  will  be  discussed  fully  in  the  next  and 
later  chapters  in  connection  with  another,  and  complementary  circuital 
equation;  but  the  theorem  of  work,  in  the  simple  form  in  which  it  is 
Mated  in  Arts.  378,  379  above,  can  be  used  to  give  some  interesting 
results  as  [..  arrangements  of  currents  and  their  related  magnetic  field-. 

Applications  of  Theorem  of  Work  in  Closed  Path.     Solenoidal  Current. 
Cylindrical  Distribution  of  Currents  Parallel  to  Axis 

380.  For  example,  let  it  be  required  to  find  the  current  system 
which  shall  produce  a  uniform  magnetic  field  of  intensity  H  throughout 
the  ithin  a  cylindrical  surface,  with   zero  force    outside   that 

ranee,     Let  a  unit  pole  be  carried  round 
the  rl.iseil  path  ABC  D,  Fig.  89,  the  sides  A  .............  .B 

of  which    are   parallel  to  the   generating  grr  •--£ 

lines  of  the   cylindrical   space,   A  1>  ju-t  89. 

outside.   t'J)  just   inside  the  space,  while 

the  end-  /;  C,  I'  -I.  are  at  right  angle-  to  the  sides.  The  work  done  in 
carrying  a  pole  round  the  path  is  simply  H.CD.  But  this  mu-t  1>\ 
the  symmetry  of  the  arrangement  be  4?r  times  the  current  passing 
through  the  ;m  -a  A  C,  in  a  direction  at  right  angles  to  the  area.  Since 
the  current  is  proportional  to  CD,  the  length  of  each  side  of  the  path, 
the  current  per  unit  length  of  the  path  must  be  constant.  Lot  it  !>•• 
7'.  then  we  1 

H 


that    is  a  current    of  amount  H/4?r  per  unit    of  length  of  the  cylinder 
must  flow  round  it-  surface  at  e\ery  point    in  a  direction   normal  to  the 

rating  lin>--. 

:M     A-    another   example    consider    a    tubular    -pact-   between   two 
coaxial  right  cylindrical  -urlae.'-.  in  which   the  magnetic  foi 
where    in    th«-   direction    ,,f   th,.   circle   coaxial    with    th.     c\  Under-    ami 

through  the  point    in  question,  \vhil.-  the  force  is  zero  oir 
and  iii-id.'  tin-  Let    the   inten-ity  of  the   force   be   in\. 

the  di-tan.-,.  of  tin-  point  con-id--iv«l  fr-.m  the  axi-.  and  be  without 
\ariation  from  point  to  point  in  the  direction  parallel  to  the  axi- 
Draw.  a-  -hown  in  Fig.  !»().  a  dosed  path  A  /•'  C  /'.  the  sides  of  which 

U 
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ABCD  are,  the  former  outside,  the  latter  inside,  the  tubular  space, 
and  along  circles  coaxial  with  the  tube,  while  the  ends  of  the  path  are 
radial.  Thus  if  H  be  the  intensity  along  C  D,  we  have  for  the  work 
done  round  the  closed  path  ABCD  the  value  H.  CD,  and  a  current 
must  flow  along  the  outside  of  the  tube  parallel  to 
its  axis  of  amount  H/4?r  per  unit  of  length  of  its 
circumference. 

By  considering  a  similar  closed  path  at  the 
inside  of  the  tube  it  is  easy  to  show  that  there 
must  be  a  current  also  along  the  inside  of  the 
tube,  but  in  the  opposite  direction,  and  of  amount 
H7*2/47T7'1  where  rv  r2,  are  the  radii  of  the  inner  and 
outer  tubes  respectively. 
FIG.  90.  Thus  the  total  current  flowing  along  the  out- 

side of  the  tubular  space  is  iH?*2,  and  that  along 
the  inside  (HrJ4«T1)2»rrl,  that  is  also  iHr2.  Hence  the  total  currents 
are  equal  but  in  opposite  directions.  Equal  and  opposite  currents, 
therefore,  flowing  along  coaxial  thin  tubes  produce  no  force  external  to 
the  outer  tube  or  internal  to  the  inner  tube,  but  only  in  the  space 
between  the  tubes. 

To  verify  that  the  solution  is  correct,  we  have  only  to  take  the 
closed  path  round  the  outside  of  the  outer  tube  in  a  coaxial  circle.  By 
symmetry  if  there  is  magnetic  force  at  one  point  of  the  path  there 
must  be  a  force  at  every  other  point  directed  relatively  to  the  element 
of  the  path  in  the  same  way  at  each  point.  But  the  line  integral 
round  the  path  is  zero,-  since  there  is  no  current  on  the  whole  through 
the  path.  Hence  the  tangential  component  at  every  point  of  the  path 
must  be  zero,  and  as  each  current  separately  produces  a  tangential 
force,  the  forces  due  to  the  two  currents  annul  one  another. 

This  result  also  affords  a  proof  of  the  theorem  that  the  magnetic 
field  produced  by  any  distribution  of  currents  symmetrical  about  a 
straight  line  parallel  to  which  also  the  currents  flow,  is  identical  for  all 
points  external  to  the  system  of  currents,  with  the  field  produced  by  an 
equal  current  flowing  along  the  axis. 

It  should  be  noticed  here  that,  no  matter  how  thick  the  tubes  are, 
there  is  no  force  at  any  point  external  to  the  space  between  them, 
or  within  the  inner  tube,  provided  the  total  currents  are  equal  and 
opposite  and  symmetrically  distributed  about  the  axis.  If  the  dis- 
tribution be  not  thus  symmetrical,  the  line  integral  for  any  external 
closed  path  is  zero,  but  not  so  the  force  at  every  external  point. 

In  a  similar  way  it  can  be  proved  that  there  is  no  magnetic  force 
within  the  hollow  space  in  the  interior  of  a  conductor,  formed  by  a  solid 
tube  bounded  by  two  coaxial  right  circular  cylindrical  surfaces,  and 
carrying  a  distribution  of  currents  symmetrical  about  the  axis  of  the 
cylinders,  and  flowing  parallel  to  that  direction. 
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Examples  of  the  Theorem  of  Equivalence  of  a  Circuit  and  a 
Magnetic  Shell 

:;^.  We  shall  use  this  theorem  later  in  many  calculations  regardin:; 
the  magnetic  fields  of  coils  of  different  kinds,  but  before  leaving  it  for 
tin-  present  we  shall  give  one  very  Dimple  application  of  it,  namely: 

To  ti lid  the  potential  and  force  at  a  point  1'  on  tin-  a.\i>  of  a  current 
flowing  in  a  thin  circular  conductor  of  radius  r. 

To  solve  this  problem  we  have  only  to  calculate  the  solid  angle 
subtended  at  the  latter  point  by  the  circle  and  then  rind  the  rate  of 
\ariation  of  this  angle  along  the  axis,  since  oh\ioii-ly  1»\  symmetry 
there  is  no  force  at  nght  angles  to  the  a\k 

The  area  of  a  plane  ring  of  breadth  dx,  and  radius  x  concentric 
with  the  circle  is  27r.«//  :  and  the  area  of  each  element  of  this 
projected  at  right  angles  to  the  line  drawn  from  P  to  the  element 
is  the  product  of  the  area  by  afiJcP+a?,  where  a  is  the  distance  of  P 
from  the  centre.  Hence  the  solid  angle  subtended  by  the  rin_ 
:>7r".r</'  <"'+<).  The  total  solid  angle  is  therefore 


<«-  +  **);      "V 

0 

wh-  

6  =  cos"1  (a/  \/a*~+~r*)  : 

and,  if  7  be  the  current,  the  potential  at  P  i- 

n  =  2irx(l  -  coaO) (5) 

H.-nce  for  the  force  we  have 

[B  -         —  —  -  o  (R\ 

'  yT^~    ~  y?i§  da~    '^(a-  +  r 

Elementary  Theory  of  Tangent  Galvanometer 

Suppose    now     the     plane    of    the    circle    to    he    that    of    the 
magnetic   meridian,   and   a    iieedl--   \--r\    -h-.rt    in    c-.mpan-on   with    th- 
radius    /•  to  be  placed  with    it-    c.-ntr--  at    /'.any   point    -.n    th--  axis  of 
the  circle. 

Th.-  magnetic  intensity  ju-t  calculated  will  k'ive  e.jual  and  opjKwite 
forces  parallel  t-.  th--  axii  "ii  t  li.-  .-xti,  miti--  -.f  th--  n----dle.  which  under 
the-  nut  tl,(.  din-ctiv.-  forces  due  t-i  the  earth'-  n  ndd 

will    tak--   up   a    jt-.-ition    ot    d- flection    from    the    magnetic    meridian. 
Let  <f>  lx>  the  an^le  »(  d.-fl.-ct i-m.    and    M   th--    mayi: 
the   needli-.  tli-'ii  t li-    deflecting  ruujili-   i-  '2iryMt*co84/(n*  +  i*)i  and    tin- 
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directive  couple  due  to  the  earth  is  HMs'm  <f>.     Hence  for  equilibrium 
we  must  have  equality  of  these  couples,  which  gives 

(a2  +  r2>//t 
2irr- 

The  arrangement  just  described  is  that  of  an  ordinary  tangent 
galvanometer  with  eccentric  needle.  If  there  are  n  turns  of  wire 
arranged  in  a  thin  coil  so  that  the  dimensions  of  cross-section  may 
be  neglected,  the  equation  becomes 


If  «  =  o,  so  that  the  centre  of  the  needle  is  at  the  centre  of  the  coil, 
the  last  equation  becomes 


The  multiplier  of  H  tan  0  in  these  equations  for  7  is  called  the 
constant  of  the  galvanometer.  The  value  of  this  multiplier  requires 
correction  in  general  for  the  cross-section  of  the  coil,  and  sometimes 
also  for  the  length  of  the  needle.  These  corrections,  as  well  as  the 
mode  of  using  such  instruments,  will  be  fully  discussed  when  we 
deal  with  the  subject  of  galvanometry  and  the  measurement  of 
currents  generally. 


Energy  of  Current-Carrying  Circuit 

384.  We  shall  now  calculate  the  energy  of  a  circuit  carrying  a 
current  in  a  magnetic  field.  This  will  consist  of  two  parts,  one 
independent  of  the  previously  existing  field,  the  other  represented 
by  the  work  which  has  been  done  in  establishing  the  current  in 
presence  of  the  field. 

Let  the  components  of  magnetic  force  of  the  previously  existing 
field  at  any  point  be  a,  /8,  7,  and  its  inductivity  /j.  (supposed  at  present 
independent  of  the  magnetic  state  of  the  field),  and  let  the  circuit 
produce  a  field  intensity  a,  $',  7',  where  the  intensity  previously  exist- 
ing was  a,  /3,7-  By  the  specification  of  magnetic  energy  given  in 
Art.  56  above,  the  energy  in  the  medium  is  given  by  the  equation 


(a  +  a')*  +  (ft  +  0')2  +  (y  +  y')2jcte       .     (10) 
where    dw   is   an    element    of   volume,    and    the    integral    is    taken 
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throughout  the  whole  Held.     This   l»ivaks  up  into  three  integral- 
rhat 


-  -  L(oa' 


(11) 


Mutual  Energy  of  Two  Current-Carrying  Circuits 

5.   The  first  of  these  is  the  magnetic  energy  of  the  field  previously 

-•ing,  the  s,.,-ond  that  of  the  circuit   introduced  supp.  -'»ng 

alone,  and  the  third  that  due  to  the  introduction  of  the  circuit  into 

piv.  ioiisly  ,-xisting  field.      It   is  this   la»t    expression   \\e   wish  here  to 

consider,  and   to  change  into  another  form   which    will   !>»•    useful    in 

discussion^  r.  -nrding  the  actions  of  magnetic  fields  on 

The  integral  can  D6  written  in  the  form 

1  f 
—  uHH'costfrfcr 


where  H,  H'  are  the  previously  existing  and  the  induced  i 
respectively,  and  6  is  the  angle  between  their  dn 

\    -W    We    have 

=!H'<" "•-•' 

where  y  is  the  current  in  the  circuit,  </x  an  element  of  a  line  of  t 
where  the}  intensity  is  H',  and  the  integral  is  taken  round  a  lii, 

due  to  the  current,  which,  as  we  ha\e  seen,  threads  through  the 
circuit.  Further,  the  total  induction  through  the  circuit  due  to  the 
previously  existing  field  is  the  integral 

I /A  (/a  +  w/J  +  nyi 

in  which /,  7/1,  7i  denote  direction-cosines  of  the  normal  to  the  sin  ' 
element  '/>',  ami  which  has  a  constant  value  for  all  surfaces  ha\ 
the  circuit  for  bounding  edge,  since  the  magnetic  induction  fulfils  the 

noidal  condition.      11. -nee.   multiplying  both    sides  of  (12)  by  t 
integral,  and  dividing  l>y  4?r.  \\e  ..litain 

y  L(la  +  mp  +  ny)dS  -  J-  L(la  +  w£  +  ny)dS  x  JEW*. 

s  be  so  drawn  as  to  be  successive  etqaipotentia] 

surfaces  for  the  intensity  due  to  the  circuit, that  is,  (»r  th«-  inien-ny  H'. 
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Each  of  these  has  the  circuit  for  bounding  edge,  and  the  first  integral 
on  the  right  of  the  last  equation  has  the  same  value  for  each,  that 
is,  the  value  which  it  has  for  any  surface  having  the  circuit  for  bounding 
edge. 

Hence  we  can  evaluate  the  right-hand  side  of  the  last  equation  by 
multiplying  the  (constant)  value  of  the  first  integral  for  each  equi- 
potential surface  by  the  value  of  "R'ds  for  the  step  from  one  equi- 
potential surface  to  the  next  (since  for  a  given  pair  of  successive 
equipotential  surfaces  fL'ds  has  the  same  value),  and  so  on  throughout 
the  whole  field.  But  plainly,  since  la-}-  m^  +  n^  =  fLcos6,  this  gives 
simply  the  integral 

LHET  cos  e  <fa 

where  dw,  as  here  considered,  is  an  element  of  volume,  bounded  by  a 
tube  of  force  between  two  successive  equipotential  surfaces ;  but  may, 
of  course,  be  any  element,  since  a  volume  integral  cannot  depend  on  the 
manner  in  which  the  elements  are  taken.  Thus  we  get  for  the  mutual 
energy  Tcf  of  the  circuit  and  field 

Tcf  =  --  LHH'  cos  0  d&  =  y\  ^(la  +  m/3  +  ny)dS    .     (13) 

that  is,  the  mutual  energy  is  equal  to  the  product  of  the  current  into 
the  surface  integral  of  magnetic  induction  through  any  surface  which 
has  the  circuit  for  bounding  edge.  This  theorem  is  of  enormous  import- 
ance in  electrodynamics.  The  proof  here  given  is  not  that  usually- 
adopted,  which  treats  the  circuit  as  a  distribution  of  magnetism  acted 
on  by  the  previously  existing  distribution :  but  it  seems  preferable  to 
arrive  at  the  theorem  from  the  expression  for  the  energy  of  the  whole 
medium  occupying  the  field. 


Electrokinetic  Energy 

386.  The  magnetic  energy  we  are  here  considering  is  energy  de- 
pending on  the  state  of  the  field  at  any  instant ;  and  it  is  not  necessarily 
equal  to  the  energy  which  has,  up  to  that  time,  been  thrown  into  the 
field  from  a  battery  or  other  source.  That  there  is  energy  depending 
on  the  state  of  the  field  as  distinguished  from  the  total  amount  which 
has  been  furnished  by  the  source  is  clear  from  the  dissipation  of  energy 
in  hysteresis ;  but  we  shall  return  to  this  subject  later.  According  to 
the  conclusion  adopted  above  as  to  the  nature  of  magnetic  energy  we 
regard  it  as  kinetic  or,  as  we  call  it,  electrokinetic  energy,  and  hence  in 
a  system  not  subject  to  dissipative  forces  we  must  so  choose  the  sign  of 
the  energy  that  the  mutual  forces  of  the  system  will  tend  to  cause  the 
amount  of  energy  to  increase.  Thus  a  circuit  being  brought  into  a  field 
must  tend  in  virtue  of  the  forces  exerted  upon  it  by  the  field  to  move 
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so  as  to  increase  its  electrokinetic  energy,  that  is,  we  must  so  choose  the 

<>t  tin-  .-urface  integral  of  magnetic  induction  that  in  any  actual 
case  tin-  mutual  forces  may  tend  to  its  increase.  Thus  it'  7V,  denote  the 
mutual  energy  of  the  circuit  and  field,  and  <!-fy  anv  small  change  of 
position  or  configuration  of  the  circuit,  and  ¥  the  force  producing  it,  the 

work  done  by  this  force  is  ^IVxJr.     Thu- 


-  dTt/, 

or 


if  JIT  denote  the  magnetic  induction  through  the  circuit  and  y  be  main- 

tained constant  in  the  change. 


Electromagnetic  Force  on  Element  of  Circuit.    Most  General 
Specification  of  Current 

387.  The  force  ¥  which  thus  tends  to  increase  Tff  by  increasing 
the  magnetic  induction  through  the  circuit  is  called  the  electromagnetic 
force  on  the  circuit.  The  circuit,  if  free  to  move  as  a  rigid  whole,  will 
change  it-  position  in  obedience  to  this  force  so  as  to  increase  N,  and 
whether  fixed  in  position  as  a  whole  or  not,  will  tend  to  increase  it- 
as  to  include  a  larger  total  induction. 

Tlie  resultant  of  electromagnetic  force  on  each  element  of  a  circuit 
can  only  be  in  the  direction  at  right  angles  at  once  to  the  magnetic 
force  and  to  the  element,  because  the  element,  if  free  to  move  in  thai 
direction;  would  increase  the  magnetic  induction  through  the  circuit  at 
the  rate.  Thus  there  is  no  electromagnetic  force  in  the 

direction  of  the  magnetic  force  on  an  element,  since  a  displacement 
in  that  direction  would  not  alter  the  electrokinetic  energy  of  tin 
circuit. 

The  direction  (,f  the  force,  ¥,  on  an  element  of  the  circuit  and  the 

-ponding  directions  of  the  current  and  the  mag- 
netic   induction  at  the  element   are  shown  in  Fig.  91, 
in  which  >/s  \-  suppo-ee!  perpendicular  to  the  plane  of 
/•'  and   Mr.       The   \aliie  of  .V  i-  to  he  taken  po-iti\e  or 
negative  according  as    the   direction  of  the    magnetic 
induction  through  the  circuit  agrees    with  (as  he; 
M  is  opposite  to  that    in  which  a  right-handed  -cnu          > 
move-  when  the  handle  i-  turned  round  in  the  direction      * 
in  which  the  cm-rent   f|o\\-. 

I       ^.-neral.   ho\\e\er.    the    elements  of    the   circuit 
are  inclined  to  the  direction  of  the  magnetic  induction.  Dl. 

I.  '    the   angle    between    the    direction  of  the  current 
in   an  element  of  the   circuit  and    the  po-iti\e  direction  of  the  induc- 
tion be  tf.  and  let  the  element  l»e  displaced  through  a  distance  <lty  in  a 
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direction  at  once  normal  to  itself  and  to  the  direction  of  the  magnetic 
induction.  The  element  may  be  supposed  moved  out  along  guiding 
wires  placed  in  this  direction  at  its  extremities.  Let  ds  be  its  length. 
The  change  in  JV  is  the  product  of  the  induction  B  at 
the  element  into  the  component  of  the  length  of  the 
element  in  a  plane  at  right  angles  to  B  into  the  dis- 
placement ;  that  is,  dN  =  "BsinOds .  d-^r.  Hence 


and 


dTcf  =  yB  sin  6ds  . 
*  =  yB  sin  Bds 


(15) 
(16) 


FIG.  92. 


This  formula  is  applicable  also  in  certain  cases,  when 
apparently  no  progressive  change  takes  place  in  the  in- 
duction through  the  circuit,  as,  for  example,  in  the  case 
of  the  Barlow  wheel  described  below  (Art.  402).  The 
action  on  the  element  of  the  circuit  in  every  case  is 
due  to  the  magnetic  induction  there  existing,  and  the 
element  experiences  a  force  causing  it  to  cut  across  the  lines  of  in- 
duction, and  of  the  amount  given  by  equation  (16). 

If  the  direction  cosines  of  ds  be  I,  m,  n,  we  have,  using  the  com- 
ponents a,  &,  c  of  B.  the  equation 

{(me  -  nb)z  +  (na  -  lc)z  +  (Ib  -  ma)*}$ 

-  —  —  -J-, 

o 

and  therefore  for  (16)  the  alternative  form 

*  =  7{(mc  -  nb)z  +  (na  -  Icf  +  (Ib  - 


sm0  = 


.     (17) 


Substituting  in  this  for  the  values  lyfa-,  7/17/0-,  ny/o-  u,v,w,  the  com- 
ponents of  the  current  in  the  directions  of  the  axes  taken  per  unit  of 
the  area  a-  of  the  cross-section  of  the  conductor  we  find 

V  =  {(vc  -  wb)2  +  (wa  -  ucf  +  (ub  -  vaffids  .  <r. 

From  this,  supposing  ds  in  the  direction  of  y,  so  that  u  =  w  =  0,  and 
B  in  the  plane  of  yz  so  that  a  =  0,  we  get 

*  =  (vc  -  wb)a-.ds   ......     (Ifi') 

that  is  vc  —  wb  is  the  electromagnetic  force  per  unit  of  volume  on  the 
conductor  in  the  direction  of  x.  Denoting  the  components  per  unit 
volume  in  the  directions  of  the  axes  by  X,  Y,  Z,  we  find 

X  =  vc   —  wb  "j 

Y  =  wa  -  uc  >  .......     (18) 

Z  =  ub   -  va  ' 

which  are  called  the  equations  of  electromagnetic  force. 

It  is  to  be  particularly  observed  that  u,  v,  w  are  here  the  components 
of  the  total  current  flowing   from  whatever   cause,   and   include   the 
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current-  ilu,.  i,,  variation  of  electric  di-placem«  -in  .  anil  al-o  the  so-called 

convection  currents  produced  by  the  motion  <.t'  charged   bodies.     Cur- 

rent-  due   t«>   tin-    two    last-mentioned  can-  -   liavi-    n..t    y.-t    li.-.-n   C..M- 

!•••<!,  lint  they  an-  importance  in  the   general    theory   ..t'  the 

tromagnetic  field,  and  will  In-  fully  di-eu—  .-d  in  that  connection. 

Mutual  Energy  of  a  Current  and  Magnetic  Distribution 

An  appan-nt  difficulty  in  connection  with  the  subject  of  the 
mutual  energy  of  a  circuit  ami  a  magnetic  di-t  ributioii  ari>»--«  hfi-c.  It 
i<  not  the  case  that  when  a  <-iivuit  carrying  a  current  in  a  magnetic 
tield  i>  interrupted  >«•  that  tin-  cm-rent  i^  annulled,  thei-e  i-  any  \\ork 
<lone  in  tlu-  circuit  or  in  any  other  way  which  it  i>  po^ible  for  us  to 
•onv-|ion<liiiL(  to  an  annulment  of  the  mutual  elect  n  (kinetic 

i-^y  Tfl.     The  mechanical  value  .if  the  current  it-elf  a<  thu-  te-t.-.l 
i-  found  to  1).-  .juite  indci»endent  of  the  existence  ..f  jiennauent  ma^iiei- 
in  its  vicinity.     The  «-x]irev>i,,n   for  the  electrokiiU'ti.-  en,  -r^y.  how. 
enaldes   us   to   calculate   the   f,  nves  on   the  circuit:  and  it  must    \\»- 
c,-ncludcd   that   the  energy,  though   not  rendered    availaldi-  when    tin- 
circuit  is  broken,  does  not  exist.     Tin-  -uhjc-ct  will  bo  further  di>cu—  -I 
in  a  later  chapter. 

389.  The  expression  for  the  force  on  an  element  of  a  current-car 
conductor  in  a  magnetic   tield   may  be  ajtplicd    to    tind    the-    tun 
moment   of  a   thin  uniformly  magnet  ix.e.l   bar  ma^n.-i    on   a   conductor. 
Such   a   magnet,   we   have   seen,    may   be   regarded   as   made   up  of  two 
eaual    and    opp.,>ite    point-charge-    of    ma-netUm    at    it-    extremiti.--. 
Choose  an  element  ds  of  the  conductor  and  draw   lines  to  it  from  the 
extremiti.-  of  the   magnet.     Let  these  lines  make  with   the  po-iti\e 
direction  of  the  a\i>  of  the  magnet  angles  6V  0.y,  and  with  the  element 

!>  -  ^>j,  </>.,.  First  we  shall  suppose  that  all  these  angles  an-  in  one 
plane,  and  that  the  positive  pole  corre-j>..nds  to  the  angle  #,.  The  t 

:ted   on   the.  clement    by  the   tield    of  the   po-iti\e  pole   i-  by  tin- 

•  !'  —  ion  found  above  nyiiulx  sin0j  /y  (wheiv  m  is  the  pold-atroQgth 
and  /•  the  distance  of  the  pole  from  t  lie  element  ).  and  is  in  the  direction  of 
the  normal  to  the  plane  through  the  element  and  the  magnet.  Th.  pro- 
duct of  this  into  the  perpendicular  distu  nee  of  the  element  from  the  a\i-  of 
the  magnet,  that  is.  into  /^-infl,,  is  the  moment  turning  the  element  round 
the  magnet.  H.-nc.-  the  total  turning  moment  due  to  the  two  i 

",  sin  A.       -in  (i  -in 


But  we  know  by  geometry  that 

d$l 
r*~llt   =  sl"*''     r-  ds   = 

the  moment  on  the  element  is  therefore 
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Integrating  along  the  conductor  we  find  for  the  turning  moment 
round  the  magnet  exerted  on  the  whole  conductor  the  value 

fji.ym(cos  0'2  -  cos  6\  -  cos  0.,  +  cos  flj), 

where  0V  6\  denote  the  angles  which  lines  drawn  from  the  positive  pole 
to  the  beginning  and  end  of  the  conductor  make  with  the  axis  of  the 
magnet,  #2,  0'2,  the  corresponding  angles  for  lines  drawn  from  the  negative 
pole.  The  turning  moment,  therefore,  depends  only  on  the  positions 
of  the  extremities  of  the  conductor,  and  vanishes  if  the  conductor  forms 
a  closed  circuit. 

-  If  any  element  ds  is  not  in  a  plane  passing  through  the  axis  of  the 
magnet  it  can  be  resolved  into  two  components,  one  parallel  to  the  axis, 
the  other  at  right  angles  to  the  axis.  (The  justification  for  this  state- 
ment will  be  given  later.)  The  electromagnetic  force  in  the  latter 
component  passes  through  the  axis,  and  therefore  has  no  moment  round 
it.  The  force  on  the  other  component  has  the  value  already  given. 

The  force  on  each  element  having  been  thus  calculated,  all  the 
components  of  the  conductor  which  are  in  planes  through  the  axis  may 
be  transferred  to  one  such  plane  by  a  rotation  round  the  axis,  and  will 
give  a  continuous  curve  in  that  plane,  the  values  of  0V  09, 0\,  0'2,  for  the 
extremities  of  which  will  be  the  same  as  for  the  actual  conductor. 

It  is  clear  from  the  above  investigation  that  the  turning  moment 
round  a  given  axis  exerted  on  a  given  conductor  in  the  field  of  a  single 
point-charge  depends  only  on  the  positions  of  the  ends  of  the  conductor, 
provided  the  axis  passes  through  the  pole.  Hence  the  moment  round 
any  straight  linear  distribution  of  magnetism  whatever,  the  field  due  to 
which  produces  the  forces  on  the  elements  of  the  conductor,  depends 
only  on  the  positions  of  the  ends  of  the  conductor,  and  is  zero  if  the 
conductor  forms  a  closed  circuit.  This  will  also  hold  whether  the  linear 
distribution  be  straight  or  not,  provided  the  magnetisation  be  uniform. 
If  the  magnetic  filament  is  not  straight,  the  axis  to  be  considered  will 
be  the  line  joining  the  extremities  of  the  filament. 

390.  The  above  analysis,  combined  with  the  form  of  the  lines  of 
force  of  a  uniformly  magnetized  thin  bar  magnet,  as  given  by  (2),  p.  13 
above,  leads  to  the  following  interesting  result  for  the  action  of  the 
field  of  a  uniformly  magnetized  thin  bar  magnet  on  a  conductor. 
Let  the  lines  of  force  of  such  a  magnet  (for  which  see  Fig.  14,  p.  15)  be 
supposed  rotated,  round  the  axis  of  the  magnet.  They  will  sweep  out 
coaxial  surfaces.  The  turning  moment  on  a  conductor  carrying  a  current 
of  given  amount  is  the  same  whatever  be  the  arrangement  of  the  con- 
ductor, provided  it  terminate  on  the  same  two  surfaces,  and  the  moment 
per  unit  current  is  measured  by  the  difference  of  the  parameters  of  the 
surfaces,  and  is  therefore  zero  when  the  ends  of  the  conductor  lie  on  the 
same  surface. 
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Reaction  of  a  Current-Element  on  a  Magnetic  System. 

M!'l.    llaxiiiL,'  thu-  calculated   tin-  force  mi  an   clement  of  i\  circuit 

:*ed    by    a    magnetic   field,    and    ghen    some     illu-trations    of  the 
ii  arrived  at,   \ve   shall  conclude  this   part   «.t'  the   subject   b\ 

-iderin^  the  reaction  of  the  element  on  a  magnet  ie  >\>t.  m. 

The  force  exerted  on  an  element  of  a  circuit  in  which  then-  i- 
a  current  7,  at  a  place  where  the  induction  i>  B.  is  liy  the  •  -xpiv—  .jim 
adopted  above  B~/  sin  0</*.  Now  we  may  suppo-e  the  induction  pi,,- 
duced  by  a  single  unit  pole  properly  placed.  The  reaction  on  the  field 

ted  «/  (lie  •'/>  ,//,)it.  is  BY*//;  6<ls  in  the  opposite  direction,  and  th> 
fore  the  action  on  the  pole  is  a  parallel  force  By*M0tff,  together  with  a 
couple  of  moment  Byrt'it  #'/.•*,  where  ri-  the  distance  of  the  element  from 
the  pole.     The  total  couple  due  to  the  whole  circuit  if  closed  is  zero 
we  have  seen,  and  so  the  action  on  the  pole  may  be  calculated  by  finding 
-ultant  of  the  forces  "BysinOd*  supposed  acting  at  the  pole. 

Thus  we  obtain  as  the  intensity  of  the  Held  pnxluced  at  the  pole  by 
the  current  in  the  element  the  varaeBiyttft&b.     But  if  H  be  the  !•• 
produced  at  the  element  by  the  pole,  \\e  know  that  B  =  /*H:  and  if  /• 
be  the  distance  of  the  jx>le  from  the  element,  and  the  Held  be  i-otropic. 
we  have  47r/--B  =  47r,  or  B=  I//-2,  H=  1  'pr,  so  that 

sin  6ds 

By  sin  Otis  =  y—     — 
»•- 

•on  on  the  right  -haml  side  i>  the  intensity  of  field  pro- 
duci-d   by   the   element   </*  at    the    point    where   the  pole    is   Mipp< 
situated,   and   the   resultant    inten-ity    is   to   be   obtained   by   pr- 
Mimmatioii  of  the  forces  due  to  the  several  element-.     The  direction  of 
this  elementary  force  i-  at  right  angles  to  the  plane  through  the  element 
and  the  point  considered. 

The  direction  may  be  thus  specified  as  to  sign.  Let  the  right  hand 
!•••  held  open  with  the  palm  down,  and  the  thumb  pointing  downward-. 
Let  then  the  element  be  represented  by  the  thumb  of  the  right  hand,  and 
the  current  be  suppo-ed  to  tlow  in  the  direction  in  which  it  point-,  and 
the  point  considered  l)e  at  the  extremity  of  the  loivtinunr.  then  the  Held 
intensity  would  tend  to  move  a  north  pole  there  toward-  the  next  finger. 

Magnetic  Intensity  of  Straight  Current  Imbedded  in  Infinite  Conducting 

Medium. 


>m  the  formula  given  above  we  ni.i\  oakmlata  ih-- 

intensity  due  to  a  current  in  a  straight  conductor  enclosed  within  a 
uniform  medium  extending  indefinitely  far  in  all  direction-.  The  cur- 
rent in  the  wire  is  the  same  at  e\,-ry  point,  and  the  return  circuit  is 
provided  by  the  surrounding  medium.  \\V  shall  sii  iiat  the 

current  di  \ep4e-  radiall\  and  with  eipial  intensity  in  all  direction- 
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the  end  at  which  it  enters  the  medium,  and  converges  radially  from  the 
medium  at  the  end  at  which  it  enters  the  wire.  The  resultant  lines  of 
flow  in  this  case  correspond  exactly  in  form  and  distribution  with 
the  lines  of  force  of  a  thin  uniformly  magnetized  bar  magnet,  and  may 
therefore  be  regarded  as  produced  by  two  equal  and  opposite  point- 
charges  of  magnetism  at  the  extremities  of  the  bar.  (Art.  26  above.) 

393.  It  will  be  convenient  to  consider  separately  the  two  radial 
distributions  of  current  rather  than  the  resultant  current  at  any  point. 
It  is  clear  that  the  intensity  of  radial  flow  at  any  point,  that  is,  the 
flow  across  unit  area  at  any  point  of  a  spherical  surface  described  from 
the  extremity  of  the  wire,  from  which  the  flow  takes  place  as  centre,  is 
inversely  proportional-*to  the  square  of  the  radius  of  that  surface.  Thus 
if  7  be  the  current  flowing  from  the  wire  to  the  medium  at  B  (Fig.  93), 
the  outward  radial  current  at  distance  1\  from  the  end  of  the  wire  will 
be  7/47T?*!2,  and  similarly  at  distance  r2  from  the  other  end  the  inward 
radial  flow  will  be  y/4nrr2*.  The  rectangular  components  of  outward 
flow  at  a  point  (x,  y,  z)  on  the  surface  of  the  sphere  of  radius  rv  if  the 
centre  of  this  sphere,  that  is  B,  be  taken  as  origin,  will  be  therefore 
given  by, 

(ttj  Vt  „,)  =  _!_  (X>  «,»)..         .     .     (19) 

***£ 

and  similar  expressions  will  hold  for  the  inward  flow. 

We  can  calculate  the  magnetic  intensity  at  any  point  P  by  direct 
application  of  the  formula  given  in  Art.  391.  First  of  all  we  consider  the 
straight  wire.  Let  ds  be  an  element  of  its  length,  r  the  distance  of  P 
from  ds,  and  6  the  angle  the  line  joining  ds  with  P  makes  with  AB. 
The  intensity  due  to  the  straight  conductor  will  be  the  integral 

fsin  Ods 

\     r2 

taken  from  A  to  B.    But  clearly,  by  Fig.  93,  sin  0=h(r,  where  li  is  the  dis- 


\L 


ds 
FIG.  93. 


tance  of  P  from  the  line  A  B,  and  therefore  cos  d=(  —  h/')3')drjd0  =  —  dr/ds 
by  the  figure.     Hence  ds  =  r2dB/fi,  and  the  integral  becomes 


e., 


f  sin  Odd       y 
yj  — ^—  •  =  ^(cosflj  -  cos02)     ....      (20) 
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Magnetic  Action  of  Radial  Current  in  Infinite  Medium 

X"\v  imagine  the  radial  currrnt  from  the  wire  to  How  in  e<jiial 
narrow   conical  conductors  (Fig.  !>4),  ha\  in^  their  apices  at    tin-  end  of 
tin-  win-   from    which   tlit-   current    How-,  and   tilling    tin-   whole    -p 
( '!« -arl\ •  l'_v  -\  linn. 'try  the  force  produced  at  P  by  the  current    in  oi, 
the-e  will    l>e   neutralised   1»\    tin-   ton-.-    produced    l»y    the   current    in 


another  in  the  same  plane  through,  but  at  an  equal  distance  on  the 
oppo-.ii  ••  ride,  a-  -hown  in  tin-  diagram.  Hence  the  intensity  at  /'  due 
to  the  radial  current  tVoni  1>  is  xero. 

This  result  and  method  for  straight  conductors  will  be  useful  later 
when  we  coiisidi-r  so-called  unclosed  circuit-,  as  f,,r  exainjde  the  wire 
connecting  the  spheres  of  a  Hertzian  vibrator. 


Vector-Potential  of  Current 

The  quantity  7«i8  Sin  4  /'-  is,  by  the  specification  ^i\en  in  A' 
al)o\.-,  the  vector-potential  of  a  magnetic  element    of  moment  -/</>,  at 

•  int  /'  distant  r  from  tin-  element  in  adirection  whicli  make-an  ai 
8  with  tin-  positive  direction  of  the  magnetic  axis  of  the  element  (Fig.  95). 
The  \.-ctor-potential  of  the  current,  howev.-r.  i-,  that  which  «,rive>  l>\ 
e.juati-.n-  (7.",  i  p.  .">(>  al>..ve.  the  component*,  of  magnetic  induction, 
('on-id. -ran  element  </.s  of  the  .-ircuit  in  which  the  current  Ho\\in^  \*  y. 
I.  '  ion  (viij)po-,  d  -mail)  of  the  conductor  he  a.  and 

the  /  and  // components  of  the  current   in   the  plane  of  ,- air  -hat 

<>-  =  0.     Then  put- 

F  -  u.trdt  -»      G  =  utrd$  -» 

r  r 

-hall  -how  that   the.-e  are  the  .mjtoiient-  of  vector-potential 

;i--  point  /'.    In  order  to  pr,,\e  thi-  \\e  ha\e  to  show  that  a  =  6  =  0, and 
that 

w    a/T 

ex 
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The  first  statement  is  obviously  true,  since  H=Q  and  r  does  not 
contain  z. 

To  prove  the  second,  we  perform  the  differentiations,  and  find 

cG      r)F      uo-ds  . 

-  --  3-  =  l~-(uy  -  KB). 

dx        cy          1-3 

But   if  $  be  the  angle  which  the  line  r  makes  with  x  we  have 
2//r  =  sin  <£>,  x/r  =  cos  <j>,  also  u  =  7  cos  (6  +  $)lo-,v  =  7  sin  (6  +  <£)/o-.    Hence 

-  --  —  =  —  -  -  'cos  (0  +  d>)  sin  d>  -  sin  (0  +  <j>)  cos  <£} 
80;       cy          r£    a 


But  this  by  the  conventions  as  to  the  axes  with  respect  to  which  F,  G,  H 
are  taken,  states  that  fiyds  sin  0/r2  is  the  magnetic  induction  in  the 
negative  direction  of  the  axis  of  z.  This  agrees 
with  the  result  as  to  the  direction  of  magnetic 
force  due  to  a  current  stated  in  the  mnemonic 
rule  in  Art  391. 

Of  course  any  quantities  %,  ty,  say,  may  be 
added  to  F  and  G  respectively  if  they  fulfil  the 
condition 


FIG.  95. 

and  are  of  proper   dimensions.     For  example, 

if  U  be  a  function   of  the   co-ordinates  y,  x,  the   values   i/r  =  d  U/dy, 
X  =  dU/dx  would  fulfil  the  condition. 

396.  More  generally,  when  the  current  is  distributed  through  any 
space  t«y,  the  three  components  of  vector-potential  of  the  current  are 
given  by  integrals  taken  throughout  the  whole  space  w,  namely 


=n(-d&,     ^-/il-tfer,     ff^pt-dB    .     .     (21) 


if  fi  has  the  same  value  throughout  the  medium.  Should,  however,  the 
medium  be  different  in  different  parts,  the  values  of  F,  G,  If  will  require 
modification  by  the  addition  of  certain  integrals  taken  over  the  sepa- 
rating surfaces  of  the  different  parts  of  the  field. 

It  will  be  noticed  that  the  expressions  here  given  for  the  vector- 
potential  are  identical  in  form  with  those  which  we  should  write  down 
for  the  ordinary  scalar-potential  of  matter  of  density  u,  v,  or  w.  The 
vector-potential  is,  however,  a  directed  quantity  (hence  its  name),  which 
has  x,  y,  z  components,  produced  respectively  by  the  x,  y,  z  components 
n,  v,  w  of  the  current.  The  expressions  for  these  components  will  be 
modified  in  Chapter  XI.  for  the  case  of  propagation  in  the  electro- 
magnetic field. 
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397.  In  order  to  calculate  the  magnetic  intensity  we  have  to  properlv 
differentiate  the  integral*  in  c2\  ).  Thi>  may  !»••  (|.m<-  as  f,.llu\v>  :  The 
integrals,  it  is  to  be  noticed,  are  here  regarded  as  taken  throughout  all 
-par,.,  since  elements  of  spice  \\heiv  there  i-  /,-ro  cunv: 
contribute  nothing  to  the  gam.  Hence  to  tind,  tor  .-xamjile.  the  value 
<>i'  F  at  a  point  (.'•,  ?/  +  <ty,  z )  we  may  >iiji|»..-,-  the  whole  di>tril>uti..n  ,,t 
currents  displaced  through  a  distance  dy  in  the  direction  of;/  negati\e. 
That  will  bring  the  current  system  into  the  same  position  relatively  to 
(x,  y,  z)  that  it  really  occupies  with  respect  to  (x,  y  +  dy,  z).  But  by 
this  process  F  ber..mrs  F+dF/dy.  dy,  and  /'  changes  nt  nil  /«//,//$  to 
u + du/dy .  dy.  T h u s  we  get 


_^  =  /1__r</nr (22) 

in  I  ,•    ,   1 1 


the  integral  being  taken  throughout  all  space  as 
Thu-  we  obtain 

3H  f  1  /cw 


fl  /cw       dv 

a  =  —    -   —  =  H\-  IT  --   T- 
8y        fa       ^jr  \cy        <•? 

1'         II  fl  /ru        3iD 

b  =  —  -  —  =  n  -(—  -  — 

'•c          jr  \cz        (X 


!'          fl  / 
—  -  —  =  p-\-\-  --  —  ]drs 

•  !/        ^Jr  \<x        <y/ 


•     •     (23) 


As  an  example  we  apply  these  equations  to  find  the  nia^in  tic  in- 
duction produced  by  the  system  of  radial  currents  imagined  in  Art. 
If  r  be  the  distance  of  the  point  P,  at  which  the  magnetic  induction  i- 
to  be  found,  from  the  element  dw  of  the  current  system,  we  have 


'/          3 


'i  7i 

and  similarly  a  and  b  are  zero.     Thn-    the   result    already   obtained    is 

verified 

It  is  well  worth  noticing  that  equations  (23)  gi  M  the  oom- 

ponent-  of  \ei -tor-potential  of  the  quantity  of  which 

ftt          i  W         <V          OUi 

cy       is      cz        ex      fa 


are  the  x,y, :  components  respect i\«l\        \\      -hall    -..metiMie-.  d<  i 
these  for  convenience  by  f,  rj,  f.  and  \\ :  mi 

.     ' 
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Thus,  as  expressed  shortly  by  the  use  of  the  term  curl,  the  magnetic 
induction  at  any  point  is  the  vector-potential  of  the  curl  of  the  current. 

Magnetic  Intensity  for  (1)  Case  of  Straight  Vertical  Conductor  with  One 

End  on  Surface  of  Earth,  (2)  for  Plane  Current  Sheet  with  Lines  of 

Flow  Circles  Round  Point  in  it,  and  Current  Inversely  as 

Square  of  Radius  of  Circle 

398.  The  fact  noticed  at  the  end  of  the  last  article  enables  us  to 
solve  the  problem  of  finding  the  magnetic  intensity  at  any  point  when  a 
straight  conductor,  carrying  a  current  7,  has  one  end  placed  in  contact 
with  the  indefinitely  extended  plane  boundary  of  an  otherwise  infinite 
mass  of  conducting  material. 

Here  the  current  is  again  radial  and  at  any  point  at  distance  i\ 
from  the  point  of  contact  is  J/^TTT-^  across  unit  of  area  of  the  hemi- 
spherical surface  of  radius  i\  drawn  in  the  conducting  material  with  the 
point  of  contact  as  centre.  The  components  are  therefore  given  by 


v>  w   = 


and  are  each  double  of  the  components  in  the  former  case,  and  the 
currents  within  the  mass  give  zero  vector-potential  as  before.  The  dis- 
continuity at  the  plane  surface,  where  the  components  of  current  change 
from  the  value  here  given  to  zero,  must  however  be  taken  into  account. 
Thus  if  we  take  the  axis  of  x  along  any  radius  on  the  surface  and  that 
of  y,  also  in  the  surface,  at  right  angles  to  that  radius,  we  have 


if  a  be  the  distance  of  the  point  for  which  77  is  calculated  from  the  point 
of  contact,  and  dS  is  the  area  of  an  element  of  the  surface  at  that  point. 

We  should  obtain  the  same  value  for  any  radius,  and  therefore  77  is 
directed  at  every  point  tangentially  to  a  circle  having  its  centre  at  the 
point  of  contact,  and  has  the  same  value  at  every  point  of  that  circle. 
It  only  remains  to  find  by  integration  over  the  plane  or  otherwise,  the 
potential  of  the  quantity  thus  calculated  at  the  point  where  the 
magnetic  force  is  to  be  found. 

399.  Without  direct  integration  the  magnetic  intensity  can  be  found 
by  the  following  ingenious  method  due  to  Oliver  Heaviside.1  Suppose  two 
radial  currents  to  flow,  one  in  all  directions  from  the  point  of  contact  £, 
and  of  density  y/4nrr^,  at  all  points  distant  rt  from  the  radiant  point, 
and  another  of  the  same  density  everywhere  as  the  first,  but  flowing 
towards  the  radiant  point  outside,  and  from  the  radiant  point  within 
the  conducting  body.  The  current  outside  is  thus  zero,  that  inside  the 
conducting  body  is  radial  and  of  density  l/2?rr12,  which  is  the  case 
supposed.  The  first  current  gives  no  magnetic  intensity  anywhere.  The 
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,netic  force  da.-  to  the  second  (which  may  be  regarded  as  circuital) 

!•«•   calculated   l»v  the  onlin;iry  t heoivm,  thus;   Let  the  point  / 
which  the  force  is  to  be  found  be  anywhere  within  the  conducting  body 
at  a  distance  /(l  from  the  normal  drawn  to  the  plane  surface  through 
tin- point  of  contact.     Describe  a  circle  round  this  normal  as  axis,  ami 
calculate  the  current  flowing  through  it.     The 
within    this   circle   on   the   sphere   with 
centre  at  tin-  radiant  point,  on  which  the  circle 
i>    ^Trr^l  —cos  <f>),  when-  <f>  is  the  angle 
between   the  axis  of  this  circle  and  the  line 
BP  (see  Fig.  96).     The  current  through    the 
circle  is  then-tor.-  7<  1  —  cos<£)/2.     If  ft  be  the 
magnetic   intensity  its  line  integral,  since  it  i> 
tangential    to    the    circle    here    considered,   i> 
27T/I/9,  and  this  must  be  equal  to  47ry(l  —  cos^)/2.  B 

He!. 

0- £(1  -cos*)      ...     (26) 

1 

If  the  point  be  outside  the  conducting  mass  / 

and  <j>  be  measured  from  the  former  direction  /'..--- 

of  the  normal,  the  equation  i-  /_'.'_ I...*.1 


To  this  must  be  properly  added,  of 
the  magnetic  intensity  due  to  the  straight  wire  as  given  in  (20),  and 
that  due  to  the  currents  radial  or  otherwise  flowing  to  the  further 
tivmity  of  the  straight  wire.     If  the  wire   is  not  normal  to  the  plane 
Mirface  the  resultant  force  must  be  found  in  the  ordinary  way. 

The  problem  just  discussed  is  that  of  a  wire  communicating  with 
the  surface  of  the  earth,  and  the  solution  gives  the  magnetic  intensity 
at  any  point  in  this  case,  on  the  supposition  "f  uniform  conductivity. 
It  is  of  importance  to  notice  that  if  we  regard  the  distribution  of  17 
above  -pe.-iticd  ,-i>  a  cu  rreiit  ->heet  .  we  see  t  hat  the  magnetic  intensity 
produced  l.y  it  is  the  curl  of  the  ••xpr.-s.-ion  in  (  iM)  or  (  'Jti').  This,  a 
\.!\  little  coii-idenition  will  show,  is  radial  from  J!  (  Fig.  96)  below  the 
surface,  and  towards  /;  al»o\e,  and  of  amount  7/7*  at  distance  r  from  B. 


Experimental  Illustrations  of  Electromagnetic  Action 

400.  The  actions  ..f  curivnt-  on  magnets  and  of  IIM-H--'-  -n  currents 
can  l>e  illustrated  by  a  variety  «i  simple  apparatus.  A  common  t'..rm 
is  that  shown  in  :  a  Maud  i-  mounted  a  horizontal  circular 

coil.     Along  the  vertical  axis  of  tin-  coil  passes  a  metal  stem  on  tin- 
upper  end  of  which  isa  mercun  «up     In  \\\\*.  is  placed  a  point  attached  to 

X 
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FIG.  97. 


the  middle  of  a  horizontal  wire  uniting  two  vertical  pieces  which  dip  into 

a  horizontal  circular  trough  just  above  the  coil,  and  containing  mercury. 

A  current  is  passed  up  the  central  stem  to  the  mercury  cup  where 

it  divides  and  passes  by  the  two  side  rectangles  to  the  circular  trough. 

A  current  sent  through  the  horizontal  coil 
produces  a  magnetic  field  equivalent  to  that 
which  would  exist  if  a  complex  magnetic 
shell  replaced  the  coil.  The  lines  of  force 
curve  round  from  one  face  of  the  coil  to 
the  other,  and  the  sides  of  the  pivoted 

(^^^^^-i-^-lk  M-\  rectangle  tend  to  cut  across  them.  Since 
^J^S^^S^Ii^L^J  the  currents  are  both  outwards  from  the 
centre  in  the  two  horizontal  upper  parts  of 
the  frame,  and  both  downwards  in  the  side 
pieces,  the  wires  to  an  observer  looking  to 
either  side  must  appear  to  move  towards 
the  same  hand,  the  right  or  the  left.  Thus 
the  frame  is  set  into  rotation. 

With  a  sufficiently  strong  current  in  the 
wire  rectangle  the  current  in  the  coil  m&y 
be  dispensed  with,  and  the  wire  will  rotate 
under  the  influence  of  the  earth's  force  alone.  The  current  in  the 
two  horizontal  upper  parts  of  the  wire  frame  is  in  opposite  directions, 
and  these  parts  therefore  cut  across  the  earth's  vertical  lines  of  force 
also  in  opposite  directions.  The  vertical  sides  of  the  wire  rectangle 
tend  to  move  both  in  the  same  direction. 

The   earth's  force  may  be  assisted  by  placing  a  bar  magnet  along 
the  stem  with  its  north  pole  upwards.     If  the  magnet  have  its  south 
pole  up  and  be  powerful  enough  to  more 
than  counteract  the  earth's  field  the  rota- 
tion will  be  in  the  opposite  direction. 

If  a  shorter  stem  with  mercury  cup 
•be  substituted  for  that  used  with  the  wire 
frame,  and  the  pair  of  magnets,  united  by 
a  cross  bar  and  provided  with  a  vertical 
axle  by  which  they  can  be  pivoted  in  the 
mercury  cup,  is  put  in  the  place  of  the 
wire  frame,  as  shown  in  Fig.  98,  and  a 
current  is  then  sent  along  the  central 
stem  to  the  cup  and  thence  to  the  cir- 
cular trough  by  a  connecting  wire,  the 
pair  of  magnets  will  rotate  on  the  vertical 
axle.  The  vertical  current  in  the  central 

stem  gives  a  circular  line  of  force  which  moves  the  similarly  directed 
poles,  S,  S',  of  the  magnets  both  round  in  the  same  direction.  The 
opposite  poles  at  the  upper  ends  tend  to  go  round  the  other  way; 
but  as  the  field  of  the  current  at  the  lower  ends  is  relatively  stronger, 


FIG.  98. 


FIG.  99. 
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Fio.   100. 


the  pair  of  magnets  rotates  in  the  direction  in  which  the  X  pole-  are 
moved. 

A  single  magnet  pivoted  as  indicated  in  Fig.  99  will  behave  in  the 
>ame  uay.  <  )b\  i.msly  it  may  be  regarded  as  a  bundle  of  thin  magnets, 
or  rather  a-  a  combination  of  many  sets  of  pairs  like  that  last  con- 
sidered. 

4(»l.  Fig.  100  shows  the  rotation  of  a  magnet  round  a  current  and  of 
a  current  round  a  magnet.  The  magnet 
NS  on  the  left  is  attached  at  the 
bottom  of  a  jar  of  mercury  to  a  piece 
of  copper  by  which  a  current  is  carried 
to  the  mercury.  The  current  passes  to 
the  vertical  wire  shown  dipping  into 
the  mercury  and  thence  round  to  the 
other  side,  where  by  a  wire  attached 
at  its  upper  end  by  a  flexible  joint  it 
passes  to  a  wide-mouthed  vessel  con- 
taining mercury,  in  the  middle  of 
which  stands  a  vertical  magnet.  The 
action  requires  no  explanation.  The 
flexible  joint  at  the  lower  end  of  the 

magnet  swimming  in  the  mercury  on  the  left  allows  it  to  play  round 
the  current,  while  in  a  similar  way  the  wire  on  the  right  plays  round 

the  magnet,  both,  to  an  observer 
looking  from  above,  in  the  clockwire 
direction.  This  apparatus  is  due  to 
Faraday. 

402.  The  apparatus  shown  in 
Fig.  101  is  what  is  known  as  Barlnw's 
wheel.  A  wheel  of  sheet  copper  is 
pivoted  on  a  horizontal  axis  so  that 
its  plan--  i-  vertical,  and  its  lower 
edge  i-.  made  to  dip  in  the  mercury 
contained  in  a  trough  below  as  shown 

in  the  diagram.  A  h-.r-.-li-.e  magnet  is  placed  -..  that  the  lower  part 
of  the  wheel  is  between  it-  pole-,,  and  the  lines  of  force  pass  across  the 
wheel  ju.-t  above  the  part  dipping  into  the  mercury.  A  current  ia 
sent  as  -ho\\n  from  the  rim  of  the  wheel  up  the  lower  part  to  n- 
centre.  and  if  the  magnet  have  the  pole-  placed  as  marked  the  rotation 
is  in  the  direction  of  the  arr-.\\. 

Expression    of  the  Electrokinetic  Energy  of  any  System  by  mean*  of 
the  Vector  Potential 

Tin-  expression  for  the  elect  i-okinetic  energy  can  be  put  into 
the  form  .of  a  line  integral  by  means  of  the  v .  .-tor-potential.  Let  at 
any  point  F,  Cf,  H  be  the  component.,  of  tin-  quantity  due  to  the 

\    _' 
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currents  in  other  circuits,  and  any  magnetic  distribution  which  may 
exist  in  the  field.  Then  substituting  the  values  of  a,  b,  c  in  terms 
of  these  components,  we  obtain  instead  of  (13) 


, 

—  -  —  )  +  ?i(-          -IKW   (27) 
fo        fo/          \a»       8y/J 

But  by  the  process  given  in  Art.  79  above,  the  surface  integral  on 
the  right  can,  in  the  case  of  a  linear  circuit,  be  shown  to  be  equivalent 
to  the  line  integral. 


taken  round  the  circuit.     Hence 

>  4:  +* 

If  the  circuit  is  non-linear  the  equation  is 

Tcf  =  ((Fu  +  Gv  +  Hw}d®  .....     (29) 

where  dw  is  an  element  of  volume,  and  the  integral  is  taken  through- 
out all  the  space  in  which  the  current  (components  u,  v,  w)  flows. 

If  F,  G,  H  are  due  to  the  currents  in  other  circuits  only,  their  values 
are  given  by  (21).  In  particular,  if  the  magnetic  intensities  are  due  to 
the  currents  in  one  other  circuit,  this  equation  can  be  put  into  a  simple 
and  easily  remembered  form.  Let  7'  be  the  current  in  the  second 
circuit,  ds'  an  element  of  the  circuit,  then  obviously  by  the  definitions 
of  the  current-components,  equations  (21)  may  be  written 

,fldx  .fidy'j,  >{}dzj 

F  =  W    -  •  -r-,  ds  ,     G  =  py   -  ~  ds  ,     H  =  /xy    -  —  ds  , 
jr  as  jr  ds  jr  ds 

which  give  instead  of  (29)  for  the  two  circuits 


.  f  f 
JJ 


l  /dx  dx        dy  du'       dz  dz'     , 
-i-r  ^  +  -f  -fi  +  T  T-J*  ds 
f  \M  rf*        ^*  <M       da 


cos  e  , 

—  ds  ds (30) 

f 

where   cose   is   the  angle   between    the   two   elements   ds,ds'  of  the 
circuits. 

If  there  be  any  number  n  of  circuits,  the  total  mutual  energy  of 
the  system  will  obviously  be  given  by  summing  the  values  of  Tcf  for 
all  the  different  pairs  of  circuits  in  the  system,  or  putting  Tcf  now  for 
this  total  mutual  energy 

n 
—^  dads' (31) 
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By  regarding  the  cunvnt  in  any  Dingle  circuit  as  built  up  of  small 
inc-i  each  brought  into    tin-    field   of  the   previously   existing 

current  in  the  same  circuit,  we  see  that  the  self-energy  of  the  circuit  is 

given  l>y  th.-  equation 

"fcose  f 

dsdti (32) 


r-Jrffj 


wh.  ;  aii-  any  two  elements  of  the  same  circuit,  r  their  di>taner 

apart,  and  e  the  angle  between  them. 

The  total  energy  of  any  system  of  circuits  can  now  be  written 
down.  Let  ylty*,  ....  7,,  be  the  currents,  then  clearly  for  the  electro- 
kinetic  energy  we  have  an  equation  of  the  form 


T  =  iAv!2 

.......      (33) 


when-    the   (quantities  Lv  7)2,  .....  I/,.  „_!/,.,  .....  have   the    values 
indicated  by 


=  p.}    —  - 


.     .     (34) 


wh-  :  V,  denote  two  different  elements  of  the  circuit,  which  is 

ctistinguuhea  by  the  surtix./.  •  -leim-nts  of  the  different  circuits 

marked  by  i  andy,  e  the  angle,  and  r  the  distance  between  the  elements 
in  each  case.  The  double  integral  on  the  right  is  F.  E.  Neumann's 
expression  for  what  he  called  "  the  potential  of  a  circuit  on  itself." 

Self  and  Mutual  Inductance 

404.  The  quantity  Lj  is  the  total  magnetic  induction  through  the 
circuit  di-tin^iiislied  by  the  suffix  j  produced  by  each  unit  of  its  own 
current:  M  \-  the  induction  through  the  same  circuit  produced  by 
each  unit  of  the  current  7,-  in  the  current  distinguished  by  the  Mill! 
or,  which  is  the  same,  the  total  magnetic  induction  through  the  circuit 
of  suffix  i  pn>duc«d  by  each  unit  of  the  cimvnt  7,.  Tin  v  ha\«  been 
called  coefficients  of  induction  from  this  fact,  the  /.-  being  ooeffioii 
of  self-induction,  the  3/s  coefficients  of  mutual  induction.  But  the 
name  iin/nrtance  suggest  ei  I  l-\  H«-avi>idr  i-  |>i<-tt  -rable  :  In-ncc  \\.-.-hall 
call  the  /,*  si  It-  inductances,  the  3/s  mutual  inductances.  We  shall  use 
thr  single  word  inductance  when  tlx-r-'  i>  no  doubt  as  to  \\hat  is  meant. 

Eational  Current  Elements.     Mutual  Energy  of  Two  Current  Elements 

4<>.").  Tin-  i|Ur-tioii  of  the  action  between  two  current  rlement*  j,,m- 
and   simpli-  lia>  given   rise  to  an  enormous  amount   ol  n.  «|uit«- 

di-|»ro|.ortionate  to  thr  importance  of  the  question.  For  it  is  impos- 
sible to  drri\r  from  thron-mx  which  aiv  critainly  true  for 
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circuits  expressions  which  apply  without  any  ambiguity  to  elements 
which  are  supposed  to  be  unclosed. 

The  addition  of  terms  which  integrated  round  the  circuits  give  a 
zero  result  is  always  allowable  and  leads  to  no  confusion ;  but  when 
parts  of  circuits  are  considered,  the  existence  of  such  terms  renders  the 
problem  indeterminate. 

Further,  it  is  not  the  case  that  discrete  current  elements  acting  by 
themselves  exist ;  there  can  be  no  doubt,  on  the  other  hand,  that  all 
circuits  are  closed.  As  already  indicated  in  the  theory  here  given, 
a  current  flowing  in  an  apparently  unclosed  conductor  is  really  flowing 
in  a  circuit  completed  through  the  surrounding  insulating  medium  or 
dielectric,  in  which  a  flux  takes  place  corresponding  to,  but  different 
in  nature  from,  the  current  in  the  conductor.  This  is  the  displacement 
current  of  Maxwell,  and  the  hypothesis  of  its  existence,  and  the  conse- 
quences which  flow  from  that  hypothesis,  are  the  main  peculiarities 
of  Maxwell's  electromagnetic  theory.  Many  of  these  consequences,  as 
we  shall  see,  have  been  verified  by  experiment. 

The  displacement  current  is  assumed  to  produce  magnetic  effects 
according  to  the  same  laws  as  apply  in  the  case  of  an  ordinary  con- 
duction current ;  or,  to  speak  more  accurately,  the  measure  of  the 
displacement  current  is  so  assigned  that  the  reckoning  of  current  is 
the  same  both  for  conduction  and  displacement.  Thus,  taking  the 
magnetic  force  at  any  point  in  a  dielectric  medium,  the  line  integral 
of  the  magnetic  force  round  a  closed  path  drawn  in  the  field  is  equal  to 
4-7T  times  the  current  flowing  through  the  closed  path.  For  example, 
taking  the  case  discussed  above,  (p.  300),  let  the  radial  currents  to  and 
from  the  wire  there  described  be  displacement  currents.  We  saw  that 
neither  system  of  radial  currents  produced  any  magnetic  intensity,  while 
the  straight  wire  did.  The  line  integral  of  the  latter  magnetic  intensity 
round  any  closed  path  is  then  the  measure  of  the  radial  current  flowing 
across  any  surface  enclosed  by  the  path  as  bounding  edge. 

In  fact,  in  this  theory  a  current  in  a  wire  A  B  is  to  be  regarded  as 
part  of  a  complete  circuital  current  consisting  of  the  current  in  the 
wire,  an  outward  radial  displacement-current  from  B,  and  an  inward 
radial  displacement-current  to  A.  This  radiality  of  the  displacement- 
currents  is  a  consequence  of  the  supposed  isotropy  and  (practically) 
infinite  extent  of  the  surrounding  dielectric. 

It  has  been  proved  above  that  ordinary  radial  conduction  currents 
produce  no  magnetic  induction  at  any  point,  and  by  the  assumption 
made  above  as  to  displacement-currents  the  same  proposition  holds 
also  for  them. 

406.  Suppose,  then,  that  we  are  given  two  current  elements,  carry- 
ing currents  71;72,  which  are  rendered  circuital  by  radial  displacement- 
currents  in  the  manner  indicated  in  Fig.  102.  Let  dsl  be  the  length  of 
the  element  at  A  carrying  yv  ds2  the  length  of  that  at  B  carrying  jz, 
(the  positive  directions  of  the  elements  being  taken  as  those  in  which 
the  currents  flow)  0V  9Z  the  angles  which  dsv  ds.2  make  with  the  line 
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AJj',i\iu\  r  the  distance  AB  of  the  centre  of  one  element  from  the 
centre  of  the  other.  The  total  electrokinetic  energy  of  the  system  can 
be  calculated  without  ambiguity  l>y  finding  the  magnetic  force  at  each 
I  "int  of  the  medium,  squaring  and  multiplying  liy  /i/8ir,  and  taking  the 
lexult  as  the  elect rokinetic  energy  per  unit  of  volume  at  the  point  con- 
-ideivd.  This  quantity  then  integrated  throughout  the  whole  field  would 
the  total  energy  required.  From  the  fonn  of  the  expression  thus 
obtained  the  mutual  energy  of  the  elements  could  be  at  once  inferred. 

But  this  process,  though  perfectly  straightforward  and  possible, 
would  lead  to  certain  integrals  which  it  would  be  tedious  to  evaluate. 
In  preference  we  make  use  of  the  theorem  established  above,  that  the 
mutual  elect  mkinetic  energy  of  two  circuits  is  equal  to  the  line  integral 

si/ 
si/ 


Fio.  102. 

r..und  either  circuit  of  the  vector-potential  due  to  the  other,  multiplied 
1'V  the  current  in  the  first;  or,  in  the  case  of  non-linear  currents,  to 
the  sum  of  such  line  integrals  for  every  narrow  tube  of  flow  into  which 
the  current  system  can  be  divided,  which  is  the  theorem  expressed  in 
equation  (29). 

Now  the  vector-potential  at  any  point  of  the  circuit  of  B  may 
be  divided  into  two  parts:  (1)  the  part  due  to  the  element  A  itself; 
(2)  the  vector-potential  due  to  the  radial  system  of  currents  of  A. 
Part  (1)  gives  two  portions  of  the  required  integral,  (a)  that  obtained 
by  integrating  over  the  element  B,  (b)  that  found  by  integrating  over 
the  iadi.il  .in  rents  of  B.  The  latter  vanishes  by  the  symmetry  of  the 
radial  eunvnN.  Again,  part  (2)  of  the  vector-potential  gives  a  portion 
(c)  of  the  integral  depending  mi  th>-  element  B,  and  another  (d)  de- 
pending on  the  radial  currents.  The  latter  also  vanishes  for  the  same 
is  before.  Hence  the  problem  is  reduced  to  the  determination 
of  (a  )  and  (c). 

Tin-   value   of  (a)  is   easily  obtained.      The    rector-potential    of 
7, '/*,  at    /!  is  7/fy/r,  and  is  in  the  direction  of  rf«r     The  component 
along  f/x.  is  yjtfcjCOS  e/r  if  e  denote  the   angle   l»et\\eeii    the  elemoi 
thi-  j>art  of  the  en- 


To  find  the  remaining  part  (r)  of  the  energy  \\«-  have  t,>  find  the 
veetor-potential  at    //'of  the  radial  sy-tem  of  currents  completing  the 
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circuit  of  A.  Taking  the  radial  currents  flowing  from  A  first,  we  see 
easily  that  we  may  regard  only  the  component  of  the  current  along 
r,  since  the  other  components,  which  are  at  right  angles  to  this 
direction,  can  by  symmetry  produce  no  vector-potential  at  B. 

407.  Consider,  then,  an  outward  current  through  a  sphere  of  radius 
a  drawn  from  the  centre  A  of  the  element  as  centre,  and  supposed 
flowing  radially  from  that  point.  Taking  A  as  the  origin  of  co- 
ordinates and  the  axis  of  x  along  A  B,  we  have  for  the  ^-component 
of  current  at  any  point  on  that  sphere  71ar/47r«3 ;  or,  if  B  be  the  angle 
which  the  radius  drawn  to  the  point  P  on  the  sphere  considered  makes 
with  the  axis  of  x,  the  current  is  71cos  0/4>7raz.  The  component  of 
current  has  this  value  at  all  points  on  a  small  circle  of  radius  a  sin  6 
described  round  A  B  as  axis.  Hence  the  flow  through  a  narrow  zone 
of  breadth  adO,  of  which  this  circle  is  the  middle  line,  is  2-rrazsin0d0. 
7Tcos#/47ra2,  or  ^y-^smO  cosOcW. 

Taking,  then,  the  current  elements  standing  on  this  zone,  and  con- 
tained between  the  two  spherical  surfaces  of  radii  a  and  a  +  da,  we 
have  for  the  vector-potential  which  they  produce  at  B  the  value 
%y.sm0cos0d0da/fja2  +  r2  —  2arcos0,  and  its  direction  is  that  of  A  B.  To 
calculate  the  total  vector-potential  we  have  only  to  integrate  this 
expression  with  respect  to  0  from  0  =  0,  to  0  =  ir,  and  from  a  =  0,  to 
a=  oc. 

Integrating  by  parts  we  easily  find  the  equation 


sin  0  cos  0  dO  cos  0 


v/a2  +  r2  -  2ar  cos  0  +  —-5-0  (a2  +  r2  -  2ar  cos  i 


/  ~9~, 9 O ~~a  fit-      V  »    T  I"  —  ^«V  UUS  (7  f  .,     o    o 

J  va2  +  r2  -  2ar  cos  ^       rtr  3a2r2 

In  taking  this  integral  between  the  limits  0  and  TT,  we  must  give  it 
in  two  forms,  one  on  the  supposition  that  ?•>«,  the  other  on  the 
supposition  that  r<a.  Thus,  if  a<r 

IT 

f         sin  0  cos  0  d0  (a  +  r)3       a  +  r       (r  -  a)3       r  -  a       2  a 


\/a2  +  r2  -  2arcos0 
o 

and  if  «>?• 

f         sin0cos0<20          _  (a  +  r)3       a  +  r       (a  -  r)3       a  -  r  _  2  r 


_ 
a2  +  r2  -  2ar  cos  0         3aV  ar  3aV2  ar          3  a2 


In  integrating  with  respect  to  a-  we  must  use  the  first  expression 
for  the  space  within  the  sphere  of  radius  r,  and  the  second  for  all  space 
external  to  that  sphere.  But 


2faJ         2f°r   ,         1       2 

o    ~«da  +  -\  -da  =  -  +  -  =  1. 

3j  f  3J  a2  33 
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The  vector-potential  at  B  in  the  ease  rappottd   is  then-ton-  simply 
A'/;,  in   the  direction  AB.     The  component    in  the  direction  of  // 
thus   A"/!*//'  </.-•...  >ince  cos62  =  dr/dSp     This   is  due  to  a  radial  cun 

•in;,'  from  the  centre  of  the  element  at  A.  But  what  we  really 
have  is  an  outward  radial  system  at  the  positive  end  of  d^,  and 
an  in  wait!  radial  system  at  the  other  end.  The  vector-potential  due 
to  the  former  i>  therefore 

'dr  •/'-'/• 


and  that  due  to  the  latter  is 


so  that  the  total  vector-potential  is 


The  part  (c)  of  the  energy  is  therefore 

d*r 


and  the  total  mutual  electrokinetic  energy  of  the  current  elements 
su]i|M)sed  made  circuital  by  radial  displacement  currents  is  given  by 

d*r 

(35) 


This  result  was  first  stated  by  Oliver  Heaviside  in  the  Electrician  for 
December  28,  1888,  where  it  is  given  without  proof.1 
408.  It  can  be  shown  by  geometry  that 

./-'/• 

r  .       -  =  -  sin  0,  sin  0.,  cos  n, 
as1  ds., 

when  the  differentiations  are  taken  as  here  at  opposite  ends  of  the  line 
AB.     Hence  (35)  becomes 


/  ,  m      lr'^cosc  -  ^&in6lB\n0.2coBr))dfldtt  .     .     (36) 

where  /;  is  the  angle  between  the  plane  of  r  and  dsv  and  the  piano  of  r 
and  dsr  If  lltwv  nvl.,.  n<  ...  //._,,  denote  the  direction  cosines  of  (hvdst,  and 
we  put  cos^1  =  /1,cos^2  =  /i,  the  equation  takes  the  form 


•     •     .     (37) 

since 

cos  c  —  oo«  $i  cos  6.,  +  sin  Ol  sin  02  cos  17  -  l^  +  mvmt  +  n^. 

1  See  also  Heavtode's  Electrical  Paptrt,  vol.  iL  articles  xlviii.  and  xlix.  pp.  501,  502, 
also  arti'-lc  1..  p.  500. 
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It  is  to  be  noticed  that  the  formula  of  (35)  for  the  mutual  energy  of 
two  elements  reduces  to  the  expression  given  by  the  equation 

(:  ds., (38) 


if  the  circuits  are  closed,  as  in  this  case  the  second  term  for  the  action 
of  the  elements  in  the  summation  from  element  to  element  obviously 
gives  a  zero  result. 

In  the  case  of  two  conductors  of  finite  length  AA',  BF  (Fig.  103), 
closed  by  radial  currents,  we  can  easily  calculate  the  contribution  of 


FIG.  103. 

the  second  term  in  the  expression  of  (35)  for  TCf.  For  integrating 
\d^rldslds^,dsldsz  along  the  two  conductors  in  the  directions  of  the 
arrows  we  easily  find 

iff      **    ds,  ds9  =  UA'B'  -  A'B  +  AB  -  AB)          (39) 

II  n Q     /jo  *•         ^ 

J  J  a8l  aS-2 

Hence  the  energy  in  this  case  is 

A'B'  -  A'B  +  AB  -  AB'}     (40) 


The  expression 

1  -  k    d2r 


was  given  by  von  Helmholtz1  for  the  mutual  energy  of  two  current 
elements.  His  expression,  therefore,  passes  into  that  given  by  the 
theory  of  Maxwell,  in  which  all  currents  are  supposed  closed  by  dis- 
placement currents,  if  k  be  put  equal  to  0.  This  has  been  noticed 
by  Helmholtz  himself,  and  by  other  writers,  but  in  quite  another 
connection. 

1  "Ueber  die  Theorie   der   Electrodynamik,  "    Crelle's  Jo'urn.    Ixxviii.  p.  309;    Ges. 
Werke  ii.  p.  745. 
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I     will    be  observed   that    the   proper  expression   for   the    mutual 
imluctance  of  two  current  elements  is  given  by  the  equation 


"  = 

which  leads  to  the  equation  (34)  alivady  ^iv.-n  for  two  closed  circuits 

<**2   ......     (43) 


Elements  of  the  kind  hen  considered  of  course  can  be  combined  to 
give  a  conductor  of  finite  length,  since  the  radial  currents  at  two 
extn  -mit  i«  -s  in  contact  cancel  one  another. 

Forces  between  Two  Current  Elements 

409.  The  formulas  found  above  enable  us  to  calculate  the  force 
ht  'tween  two  current  elements  which  have  been  rendered  circuital  by 
radial  displacement  currents,  or  rational  current  elements,  as  they  have 
Keen  termed  by  Heaviside.  For  example,  to  find  the  force  in  the  direc- 
tion of  the  line  joining  the  elements  it  is  only  necessary  to  differentiate 
(35),  ^36),  or  (37)  with  respect  to  r.  The  differential  coefficient  with 
minus  sign  prefixed,  or  —  dT^/dr,  is  the  applied  force  necessary  to 
increase  r,and  therefore  97^/dr  is  the  internal  force  between  the  elements. 
Thu-  it  we  call  this  force  A',  we  have 


(2V,  +  w,  +  ","*)  •    •    • 

This  shows  that  if  Jf  be  regarded  as  a  force  on,  say,  the  element  at  Bt 
and  the  elements  be  arranged  as  shown  in  Fig.  102,  the  ton  -e  i-  in 
the  direction  to  diminish  r,  that  is,  it  is  an  attraction.  Similarly,  if  we 
suppose  the  value  of  r  to  be  subjected  to  increase  in  the  direction  from 
£  to  A,  the  applied  force  will  be  positive,  and  the  internal  force  is  an 
attraction  of  the  element  at  A  towards  B. 

\   different  law  of  force  which  was  given  by  Ampere  in  his  famous 
paper  i-  expressed  in  the  symbols  here  used  by  the  equation 

1  3 

JT—  -  2y,y2  -  (cose  -  -  cos  6,  cos  OJd*.  d»o  .     .     (44') 
f*  2 

and  wa-  deduced  Ky  him  on  certain  support  ions,  and  without  taking 
into  account  the  current  in  tin-  dielectric.  Tin-  law  i-  easily  deduciKle 
from  Neumann's  formula  for  the  mutual  inductance  of  two  closed 
circuit-,  by  an  application  of  the  ralculu-  of  \ariatioiis.1 

lit    stated   iu  (44)   is   in  accordance   \\ith  the   o|.-.-r\.«l 
that  if  current-  Ke  made  to  Mow  in  two  conductors,  crowing  one  anot  her 
at  an  acute  an^lc  so  that  the  current-  How  both  towards  the 
on  one  side  and  away  from  it  on  the  other,  tin-  acute  an^le  in  conse- 
quence of  the  electromagnetic  forces  between  the  conductors  tends  to 

1   For  furtli.T  inf..nu:iti..ii  «•«  Absolute  MtantrrmmU,  vol.  ii.  j»rt  i.  ]• 
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diminish.     Forces  act  as  shown  in  Fig.  104  so  as  to  draw  the  conductors 
nearer  to  parallelism. 

On  the  contrary,  if  one  of  the  currents  in  Fig.  104  were  reversed,  as 
shown  in  Fig.  105,  the  forces  would  be  changed  to  repulsions  and  the 
conductors  would  tend  to  set  at  right  angles  to  one  another. 


FIG.  104. 


FIG.  105. 


The  particular  case  of  two  straight  parallel  conductors  is  illustrated 
in  Fig.  106.  The  lines  of  force  round  the  conductor  AB  are  circles  (of 

which  one  is  indicated  by  the  dotted  line) 
of  which  AB  is  the  common  axis.  The 
other  conductor  CD,  carrying  a  current 
in  the  field  of  AB,  tends  to  move  so  as  to 
cut  across  the  lines  of  magnetic  induction 
most  rapidly,  that  is,  it  tends  to  move 
along  the  radius,  and  in  the  direction 
shown  by  the  arrow.  The  force  on  AB 
is  equal  and  in  the  opposite  direction.  If 
the  conductors  be  long  and  their  circuits 
be  each  completed  by  a  long  wire  at  a 
great  distance,  the  magnetic  induction 
through  either  circuit  will  be  increased 
by  the  approach  of  one  wire  towards  the 
other  if  the  currents  are  in  the  same  direc- 
tion, and  diminished  if  they  are  in  opposite 
directions.  Thus  there  is  attraction  in  the 
former  case,  repulsion  in  the  other. 

The  same  way  of  viewing  the  matter  may  obviously  be  applied  to 
the  case,  which  we  have  already  referred  to,  of  two  conductors  inclined 
to  one  another  at  an  acute  angle. 
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Explanation  of  Actions  on  Conductors  by  Stresses  in  the  Field. 

410.  Later    we    shall    -ee   that,  according  to  a  theory  of  stress  in 
the  magnetic  field,  where  magnetic  force  H  exists  in  an  isotropic  non- 
magnetic medium,  then-  probably  exists  also  a  stress  of  the  nature  of 
hydrostatic  pressure  combined  with  a  tension  along  the  lines  of  foive. 
N»  completely  satisfactory  theory  of  stress  has  yet  been  elaborated,  but 
according  to  that  given  by  Maxwell  a  -tress  of  the  nature  of  hydrostatic 
I'! "-sure  of  amount  /*H2/87r  exists  at  every  point,  combined  with  a 
tension  of  amount  /LtH^Tr  along  the  lines  of  force.     Thus,  according  to 
Maxwell,  there  exists  at  every  point  a  pressure  across  the  lines  of  force 
and  an  equal  tension  along  them.     Such  a  theory  as  this  gives  at  once 
an  explanation  of  the  apparent  attraction  of  one  conductor  by  the  other. 
Consider  tor  simplicity  two  long  parallel  straight  conductors,  the  cir- 
cuits ot'  which  are  completed  by  wires  at  a  great  distance.     The  two 
sets  of  lines  of  force,  which  are  in  opposite  directions  round  the  circuits, 
con-pin-  between  the  conductors,  and  are  opposed  in  the  rest  of  space  : 
but  if  the  currents  are  in  the  same  directions  the  lines  of  force  are 
opposed  between  the  conductors,  and  conspire  elsewhere.     Thus  in  the 
former  case  the  hydrostatic  pressure  is  greater  between  the  conductors 
than  elsewhere,  and  the  conductors  are  driven  apart,  in  the  latter  case 
the  pressure  is  less  between  the  conductors  than  elsewhere  and  the 
conductors  are  pushed  nearer  to  one  another. 

Ampere's  Experiment. 

411.  But  besides  these  qualitative  results  those  of  many  careful 
quantitative  experiments  confirm  the  theory  given  above,  and  of  a  few 
of  these  we  shall  here  give  a  short  account.     Some  of  the  apparatus 
with  which  these  experiments  were  made  can  be  readily  used  to  illus- 
trate in   a   number  ot  ways  the  attractions  and  repulsions  referred  to 
above.      The  ;n  nenil    result  demonstrated  by  the  experiments  is  the 
truth,  on  which  we  have  already  insisted  at  some  length,  that  a  current 
-y-tem  js  equivalent  to  a  distribution  of  magnetism. 

The  first  experiment-  made  of  any  importance  were  the  famous  four 
elect rodynamic  experiment-  Of  Ampere.  These  were  made  with  the 
apparatu-  -hown  in  Figs.  107 — II  I. 

The  principal  piece  of  apparatus  is  a  stand  arran^-d  so  ,i-  to  allou  a 
of  a  circuit,  generally  it-elf  very  nearly  a  closed  circuit,  to  turn 
v   round   a   vertical   axis.     The  arrangement   is   clearly    shown    in 
I  "7.     Two  conductors,  one  a  tube,  the  other  a  stout  wire  within  it. 
attached  to  lii  i  id  ing  screws  in  a   heavy  sole  plate  and  carried   verti- 
cally  to   some  distance,    then    bent  at   right  angles  as   shown    in   the 
drau  ::,.        T!ie  end  of  the  win-  project-  beyond  the  mouth   of  the   tube. 
which  carries  a  projecting  lip.  -o  that    t\\o  mercury  cups  at  their  ex- 
tremities an-  in  the  same  \.-rtical.     These  cups  bring  the  turned  down 
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FIG.  107. 


ends  of  a  wire  frame  such  as  that  shown  in  the  figure  into  contact  with 

the  tube  and  wire,  and  therefore  with  the  binding  screws,  and  leave  it 

free  to  turn  round  a  vertical  axis  passing  through  the  cups.     A  current 

can  therefore  be  sent  (by  attaching  the 
terminals  of  a  battery  to  the  screws  or 
otherwise)  round  the  circuit. 

The  frame  shown  is  a  double  rectangle 
of  wire,  the  parts  of  which  are  insulated 
from  one  another  at  the  points  of  crossing. 
The  current  flows  as  shown  by  the  arrows, 
and  two  nearly  complete  circuits  are  ob- 
tained, the  areas  of  which  are  approxi- 
mately equal. 

The  arrangement  of  tube  and  enclosed 
coaxial  conductor  prevents  the  communi- 
cating wires  from  having  any  appreciable 
effect,  and  limits  any  electromagnetic 
action  experienced  to  the  frame. 

The    modification    of  Ampere's   stand 

shown  in  Fig.  108  is  due  to  M.  Nodot.     A  vertical  platinum  wire  is 

hung  by  a  silk  thread  as  shown,  passes  down  through  a  mercury  cup, 

the  bottom  of  which  is  a  plate  of  mica 

perforated  by  a  hole  just  large  enough 

to  give  the  wire  enough  of  clearance. 

The  frame  is  attached  below,  and  a  point 

at  its  lower  end  dips  into   a   mercury 

cup    vertically    under    the    platinum 

wire  above.     The  current  is  let  in  and 

out   at   the    cups.     The    frame   turns 

with  great  freedom,  under  even  small 

forces. 

412.    When    the    circuit   as    here 

arranged   carries  a    current  it    shows 

no  tendency  to  set  itself  in  any  par- 
ticular position  in  the  earth's  magnetic 

field.    If,  however,  the  frame  suspended 

consists  of  a  simple  turn  of  wire,  it 

sets  itself  so  that  its  plane  is  at  right 

angles     to    the    horizontal    magnetic 

force   of  the  earth,  and   so   that  the 

direction  of  the  current  in  the  circuit, 

if  looked  at  from  the  north  side,  is  in 

the  opposite  direction  to  the  hands  of 

a  watch.    This  illustrates  the  equival- 
ence of  a  current  and  a  magnetic  shell. 

Ampere's  first  experiment. — A  wire  was  doubled  on  itself  as  shown  in 

Fig.  109,  and  attached  to  binding  screws  at  its  extremities.     The  two 
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Fio.  109. 


I 


parts  of  thr  whv,  although  close  to  one  another  along  their  whole  length, 
<liil  m it  touch. 

\Vhrn  tin-  wire  ranifd  a  current  and  was  brought  near  but  not  too 

to  on.-  siilr  of  thr  -H-] .. -\\< Id  1  tVaine,  there  was  no 
deflection  of  the  lattrr.  Thus  the  effect  of  the  current 
in  one  part  of  the  doubled  wire  neutralized  the  effect  of 
the  current  in  the  other  part. 

Thr  iirutralization  is  not  in  this  case  complete,  but  can 
be  rendered  quite  exact  by  replacing  one  wire  by  a  tube 
enclosing  the  other. 

.  1  iptre's  second  •  '/»  r'nnnit. — In  this  one  of  the  two 
parts  of  the  doubled  wire  of  the  last  experiment  was 
made  a  zigzag  close  to  the  other,  as  shown  in  Fig.  110. 
There  was  still  neutralization  of  the  effect  of  one  portion  of  the  doubled 

l>y  the  othrr. 

It  follows  that  the  effect  of  an  element  of  a  straight  conductor  can 
be  replaced  by  that  of  a  small  crooked  or  sharply  bent  conductor,  having 
the  same  beginning  and  end  as  the  straight  element,  and 
the  same  current  flow  in  both.  This  is  in  other  words  the 
important  theorem  that  the  electromagnetic  force  on  a 
-traight  element  may  be  considered  as  the  resultant  in  the 
on  linary  dynamical  sense  of  those  on  any  number  of  com- 
ponent elements  at  the  same  place.  (See  Art. 

Amplres  third  <,/•/»  /•///<.  nt. — A  conductor  was  arranged 
so  as  to  be  free   to  move   in  the  direction  of  its  length. 
It  consisted  of  an  arc  of  wire  supported  on   the   con 
surface  of  mercury  in  two  troughs  and  attached  to  a  light 
arm  of  wood  pivoted  at  the  other  end,  so  that    the    win-   was   only 
free  to  inovr   as  >prritinl.     A  current  was  sent  along  the  wire  from 
one  trough  to  the  other. 

No  arrangement  of  magnets  or  of  circuits  carrying  currents  brought 

to  the  arc  of  wire  was  found  to  pro- 
durr  any  displacement  of  the  conductor. 
Ampere  thnvfoiv  infrrivd  that  the  electro- 
n-tic force  on  the  arc  of  wire  had  no 
roni|xment  in  thr  direction  of  the  length 
of  thr  conductor.  This  a^rr.-s  it  will  be 
noticed,  with  thr  law  of  force  given  in 
Art.  391  for  an  clement  of  a  conductor  in  a 
magnetic  Held. 

.1  />tre's  fourth  i.'jH-rimcnt. — A  nearly 
closed  conductor,  B,  Fig.  111.  wa-.  hung  on 
the  stand,  so  as  to  be  tree  to  move  round 
a  vertical  uam,  and  two  ,,th--r».  A  and  C  Fio.  ill. 

Mmilar  to  the  HIM.  w.-rr  arranged  on   -he 

two    -i<|.-    of   /;.     The   ilimrn-ion-    W.T.-  HO   chosen    that    each    linear 
of  B  was  n  times  the  corresponding  dimension  of  A,  ami 
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1/wth  of  the  corresponding  dimension  of  C.  Further,  the  positions  of 
the  conductors  were  made  similar,  that  is  the  position  of  A  with  respect 
to  B  was  similar  to  that  of  B  with  respect  to  C,  and  hence  the  distance 
of  any  element  of  C  from  any  element  of  B  was  n  times  the  distance 
apart  of  corresponding  elements  in  B  and  A. 

Currents  of  equal  strength  were  sent  in  the  same  direction  through 
A  and  C,  and  a  current  of  any  convenient  amount  through  B  in  either 
direction.  The  actions  of  A  and  C  on  B  were  found  to  be  opposed  and 
exactly  to  balance  one  another. 

413.  From  the  result  of  the  fourth  experiment  Ampere  inferred  that 
if  the  action  on  the  movable  conductor  be  made  up  of  the  actions,  on 
each  of  its  elements,  of  forces  due  to  each  element  of  the  other  con~ 
ductors,  the  action  of  each  pair  of  elements  varies  inversely  as  the 
square  of  the  distance  between  them.  To  prove  this  in  his  manner  we 
call  rx  the  distance  between  an  element  &x  in  B  and  an  element  a2  in  A, 
and  rz  the  distance  between  two  similarly  situated  elements  ca  and  J2  in 
C  and  B,  and  l&t  f(i\),  f(r2)  denote  the  forces  between  the  elements  of 
the  respective  pairs  per  unit  of  length  and  per  unit  of  current  in  each 
case.  If  ds  be  the  length  of  each  of  the  two  elements  of  B  chosen, 
those  of  the  elements  «2  and  cx  of  A  and  C  are  respectively  ds/n,  nds. 

Since  B  is  in  equilibrium    the    forces  for  corresponding  pairs  of 
elements  are  to  be  taken  as  equal,  and  therefore  if  7  be  the  current  in 
A  and  C,  and  7'  the  current  in  B, 
ds2 


or 


that  is  the  law  of  the  assumed  force  between  a  pair  of  elements  is  that 
it  varies  as  the  inverse  square  of  the  distance. 

This  is  entirely  an  action  at  a  distance  way  of  looking  at  the  matter. 
The  truth  no  doubt  is  that  there  is  no  direct  action  of  one  element  on 
the  other.  Each  circuit  produces  a  magnetic  field,  and  the  conclusion 
to  be  arrived  at  from  the  experiment,  if  B  remains  at  rest  and  shows 
no  tendency  to  deformation,  is  that  the  magnetic  fields  produced  by  A 
and  C  neutralize  one  another  at  every  point  of  B. 

From  these  four  experiments  Ampere  deduced  his  law  of  force 
given  above.  We  do  not  give  the  discussion  here,  as  it  depends  on 
assumptions  which  it  is  impossible  to  justify,  and  further  involves  the 
fundamentally  erroneous  notion  of  an  unclosed  current  element.  Of 
course  the  law  of  force  found  gives  the  total  action  experienced  by  a 
circuit  as  a  whole  (in  fact  it  can  be  found  by  supposing  a  circuit  to  be 
slightly  distorted  so  that  its  elements  are  placed  in  slightly  different 
relative  positions).  From  it  can  be  deduced  various  results  which  are 
known  to  be  true,  such  as  that  a  solenoid  is  equivalent  to  a  uniformly 
magnetized  magnet  ;  but  it  is  also  the  case  that  the  same  results  are 
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obtained  by  using  any  .MI.  :,il  other  laws  of  force  b.-t  w.  .  n  current 

elements  which  have  In-. -11  jiiit  t'lM-wanl  by  \;irimi>  mat  hemat  i.-iaiis.  In 
fact,  an  infinite  nunil»-r  of  laws  .if  !'••  re.-  between  a  pair  uf  current 
elements  aiv  po-,> ilil,.,  and  if  their  circuits  an-  nut  supposed  dosed  in 
proper  physical  manner  the  -eaivh  fur  the  true  law  of  force  must 
be  fruitless. 

Weber's  Experiments 

414.  An  exceedingly  valuable  series  of  experiments  was  made  by 
\V.  \Velier  '  l»y  means  uf  his  electrodynamunieter.  This  is  shown  in  the 
chapter  l)cl..w  .MI  Measurement  of  Currents.  The  instrument  consisted 
of  twu  circular  cuils  -u>jiended  by  bih'lar  wires  so  as  to  l>e  free  t..  turn 
round  a  vertical  axi^.  and  a  tixed  cuil,  which  could  by  levelling  have 
the  planes  ,,f  its  windings  made  vertical.  The  current  was  conveyed 

tu  the  suspended   cuil    liy   the   hitilar  suspension. 

Tuu   furnis  ..f  the  apparatus    were    used;  (1)  One    which    had    the 
movalile   coil    >\stem    suspended    within    the    fixed    cuil,   s()  that   their 
A.-IV  as    nearly  as   jiussilile  miiicideiit .     ('2)  On.-   in    which    the 
fixed  and    movable  mils    were  dist  iuct .  s,,  i  hat    they  could   be   place. i 
.any  re.  pi  i  red  distance  from  >Mie  another,  and  in  any  relati\e  positions. 

The  deflections  of  the  movable  coil  were  measured  by  the  ordinary 
mirror  and  telescope  method.  (See  the  chapter  on  JA  s  of 

mts,  Vol.  II.) 

In   his   i  riment    Weber    proved    that     the    electromagnetic 

action  on  tin-  susp.-uded  coil  vai-ied  as  the  stjuare  of  the  strength  of  the 
current.  The  fixed  coil  was  set  up  with  its  axis  at  right  angles  to  the 
magnetic  meriilian.  while  the  suspended  coil  had  its  plan.-  in  the 
meridian.  The  centres  were  coincident  according  to  arrangement  (1). 
Currents  were  sent  through  the  coils,  and  to  prevent  too  great  a  deflec- 
tion, the  current  through  the  suspended  coil  was  kept  down  tu  1  21' 
of  the  current  in  the  fixed  coil,  by  carrying  the  rest  of  the  current 
thruu^h  a  thick  wire  joining  the  terminals  of  the  movable  coil.  A 
magnetic,  needle,  consisting  of  a  magnet i/ed  steel  mirror  hung  within  a 

-.•I  of  sheet  copper,  was  placed  ."is-:;  centimetres  due  magnetic  north 

of  the  centre  of  the  fixed  .-..il,  and  the  tangents  of  the  deflections  ,,f 
this  needle  gave  a  comparative  in.  asm.-  of  the  different  currents  iis,.<|. 
The  results  s|,o\\n  in  the  following  table  \\ere  obtained;— 


No.  of 
cell. 

.••  i 

Comparative 
value*  of  force 
between  coil* 
mA. 

Foroeon 

••fMtow  ••  s 

needle  In 
arbitnrv  imltx 

•J. 

Force  on 
needle  r»im<l 
by  formula 
5-15M4VJ". 

1)1  fl.  : 

n  - 

: 

440-038 

108-426 

108-111 

•J.                 \9b 

-  -11M 

1                    50-915                  36-332 

-•454 

M  <<••"  •.  i.    1846 
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It  will  be  seen  that  the  mutual  action  between  the  systems  was 
proportional  to  the  square  of  the  current,  that  is  to  the  product  of  the 
strengths  of  the  two  magnetic  shells. 

In  another  series  of  experiments  Weber  used  the  second  form  of 
apparatus;  the  movable  coil  was  hung  with  its  axis  horizontal  and 
parallel  to  the  magnetic  meridian,  while  the  fixed  coil  was  placed  with 
its  axis  at  right  angles  to  the  magnetic  meridian  and  its  centre,  (a)  in 
the  (magnetic)  north  and  south  horizontal  line,  (6)  in  the  (magnetic)  east 
and  west  line  through  that  of  the  suspended  coil.  Experiments  were 
made  in  each  case  with  distances  between  the  centres  of  respectively 
0,  30,  40,  50,  60  centimetres.  A  current  was  sent  through  both  coils, 
and  also  through  a  coil  set  up  about  8  metres  from  the  fixed  coil  (so  as 
to  form  a  galvanometer  with  the  magnetic  needle  mentioned  in  the 
other  set  of  experiments),  and  through  a  reversing  key,  so  arranged  that 
the  current  in  the  suspended  coil  could  be  made  to  flow  first  in  one  and 
then  in  the  opposite  direction,  without  changing  it  in  the  rest  of  the 
circuit.  The  object  of  thus  reversing  the  current  was  to  determine  and 
allow  for  the  turning  moment  of  the  earth's  magnetic  field,  when  the 
axis  of  the  suspended  coil  was  deflected  from  the  magnetic  meridian. 
The  corrected  results  of  the  experiments  are  shown  in  the  table  below, 
in  which  the  second  column  for  each  series  of  positions  gives  the  corre- 
sponding numerical  values  calculated  by  Ampere's  formula  for  the  force 
between  two  current  elements. 


Positions  of  centres  of  coils. 

In  magnetic  east  and  west  line. 

In  magnetic  north  and  south  line. 

Distance  of 
centres  of 
coils  apart. 

Couple 
observed. 

Couple 
calculated. 

Couple 
observed. 

Couple 
calculated. 

» 

22960 

22680 

22960 

22680 

30 

189-93 

189-03 

-77-11 

-77-17 

40 

77  '45 

7779 

-34-77 

-3474 

50 

39-27 

39-37 

-18-24 

-18-31 

60 

22-46 

22-64 

—  -  — 

" 

The  results  for  the  greater  distances  agree  very  fairly  with 
calculation  from  Ampere's  formula,  and  it  has  been  shown  that  for  a 
closed  circuit  (which  each  coil  was  very  nearly)  Ampere's  formula  and 
the  magnetic  shell  theory  give  identical  results. 

It  is  to  be  remarked  that  in  these  experiments  the  two  coils  are  not 
independent  circuits ;  but  that  they  may  be  so  regarded  is  plain  from 
the  fact  that  the  remaining  portion  of  the  circuit,  if  the  wires  are  closed 
or  twisted  together,  is  of  no  effect,  since  it  can  be  altered  at  pleasure 
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without  artectin^  tin-  action  U-t  \\een  th.-  c..il>.  provided  the  current  be 
maintained  constant. 

Th.-  deflections  0.  $\  in  the  two  cases  agree  closely  fur  the  greater 
with  the  approximate  equations 


which  g\\  f  the  deflections  of  a  magnet  of  moment  M',  by  another  of 
in.  .mi  in   M  in  the  so-called  "  end-on  "  and  "  side-on  "  positions  and  at 
distances  D  apart,  great  in  comparison   with   the   dimensions   of  th« 
magnets.    This  verified  tlu-  proposition  that  the  coils  are  replaceable  by 
magneta 

Investigations  of  the  mutual  actions  of  circuits  have  been  made  \\itli 
a  great  variety  «>t  experimental  arrangements  by  Cazin,  Boltzmann,  and 
"tlu-rs.  Full  accounts  of  these  are  given  in  Wiedemann's  2£Uktricitiit, 
\  «»1.  III.  Those  of  Weber,  which  we  have  described,  are  of  special 
interest,  as  his  electrodynamometer  is  in  a  modified  form  still  a  standard 
i  nst  ninient  for  the  absolute  measurement  of  currents.  But  the  surest 
experimental  basis  fur  the  theory  of  electromagnetism  is  to  be  found  in 
the  accurate  consistency  of  the  results  of  electrical  measurements  made 
by  means  of  instruments  graduated  by  methods  derived  directly 
from  it. 


CHAPTER   X 


INDUCTION   OF   CURRENTS 

SECTION  I. — Experimental  Basis  of  Theory  of  Current  Induction 
Faraday's  Experiments 

415.  The  chief  experimental  results  on  which  the  theory  given 
below  is  based,  were  first  obtained  by  Faraday,  though  it  is  also  now 
certain  that  some  of  the  most  important  of  them  were  afterwards 
independently  arrived  at  by  Joseph  Henry  of  Washington.  The 
general  nature  of  the  phenomena  observed  may  be  understood  by 

reference  to  a  few  simple  experi- 
ments with  easily  obtainable  ap- 
paratus. Two  flat  spirals  or  coils 
of  wire  are  arranged  parallel  to 
one  another  as  shown  in  Fig.  112. 
One,  A,  is  in  circuit  with  a  gal- 
vanometer, the  other,  B,  can  be 
connected  at  pleasure  to  a  battery, 
and  a  simple  commutator  enables 
the  terminals  of  the  battery  to  be 
reversed  relatively  to  the  coil  B 
at  pleasure,  so  that  a  current  can 
be  sent  in  either  direction  round 
the  circuit  of  the  latter. 

When  the  key  is  put  down  so 
as  to  send  a  current  round  the  coil 

connected  to  the  battery,  a  deflection  of  the  galvanometer  needle  takes 
place  showing  that  a  current  has  been  produced  in  the  other  coil  as 
well.  This  current  is  transient ;  for  the  needle  returns  to  zero,  and  so 
long  as  the  battery  current  is  not  varied  there  is  no  disturbance  of  the 
needle.  When  however  the  key  is  released  so  as  to  stop  the  battery 
current  a  transient  deflection  of  the  needle  again  takes  place,  but  in 
the  opposite  direction  to  the  former.  It  will  be  found  that,  if  the 
current  stopped  is  the  same  in  amount  as  the  current  started,  the 


FIG.  112. 
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tran-ient  deflection  ;it  the  completion  of  tin-  circuit,  «.r  -  make  ",  as  we 
-hall  call  it,  is  e.nial  to  that  at  tin-  -toppa^-  of  tin-  current,  or  "  br« 

This  equality  has  Keen  elaborately  \eritied  by  v.  H.  huholtz  and 
others.  It  may  be  roughly  shown  by  releasing  the  'key  as  soon  as  it  ii 
tapped  down  :  when  the  transient  current  at  make  will  be  followed  b\ 
that  in  th.-  opposite  direction  at  break,  and  the  n.-edlr  will  scarcely 
move  from  the  position  of  equilibrium,  as  the  impulse  received  from 
on,  current  is  compensated  by  that  received  from  the  other. 

4  Hi.  Again  let  the  circuit  /?  after  a  current  has  been  started  in  it 
be   quickly   pl.-ii-.-d    iieaivr   t«.   and    parallel   to   A.     A  tran-ient   cm 
will  again  be  produced  in  A. 
It  the  coil    B   after    having 
been  brought  up    be    main- 
tained  in  the  same  position 
relatively  to  ,4,uo  dehYction 
««f  the  needle  will  take  place 
unless   th«-  current  in  Ji  i- 
quickly    varied    or    stopped 
I  B    be    quickly 

drawn  farther  away  from  A, 
a  transient  current  will  a^ain 
I.,-  prodiic.-d.  but  in  the  op- 
pi-itedire«-tioii  to  that  ^hown 
l»y  the  needli-  when  the  coil 

\\a»    l>n.u-ht     up.       Further  l'i,;.  113. 

the    transient    currents   pro- 

duc.-d   l.y   the  ajiproach  of  the  coil  and  it-  withdrawal   are  in  the 
<lirection-  a-  tlm-e  caused   by  the  -t  art  ing  and  stopping  of  the  cur 
re0pectively. 

It  in-t.ad   of  the   coil   /;  a  magnet  be  used,  as  shown  in  Fig.  11:; 
-imilar  n--ult<  an-  ohtaineil.     The  effect  of  bringing  a  magnet   from  a 

nice  up  to  or  within  a  coil  i-  to  produce  a  transient  current    in 
direction,  and  of  it-  withdrawal  from  the  coil    to   produce  a   current    in 
the  opposite  direction. 

Felici's  Experiments 


H7.   The  law-  of  current   induction  an    u.'ll  illu-trated  l.\  .1 
of    experimenting    u--d    \>\     Kelici.     Two  c,-il-    A.   />'  iiiged   as 

>ho\\n  in   V  _     I  1  1  in  circuit   with  a  battery,  and  SO  as  to  act  inductiveh 
upon    two   cojl-.   .1'.    )',  which   are   m   -eri<--   in   a  -econdan    cir.-uit    , 

taming  abo  a  ffalvaDometer.    The  coil  A  act-  upon  x  a  ml  /;  upon  )• 

and    it    i-    p.—  il.le  M   to  adju-t    that  thex,-   t  w,.  act  ion-  exact  ly  l.al.n 
and    the    galvanometer    indical,  -    no   current     \\heii    one    i>    started    or 
Mopped  in  the  primary  coils  A,  B. 

By  meana  of  snob  an  arrangement,  eoBaiatiiig  ln.v.  •  ;i  .sin^i,. 

turn  of  win-  •  dai-\    totu..  primarv    turns,  mn-   on   each 

•de  of  the  si  Pelioi  proved  •  mmber  d  pr«.p..-iti..ns  which  \\e 
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Battery 

rttlllih 


Galvr. 
FlG.   114. 


shall  see  follow  immediately  from  the  magnetic  induction  theory  of 

Faraday.     Instead  of  following  in  detail  Felici's  actual  investigations, 

we  shall  shortly  describe  the  ex- 
periments which  can  be  per- 
formed with  the  apparatus  re- 
presented in  Fig.  114. 

Balance  is  first  obtained ; 
then  for  one  of  the  coils  is  sub- 
stituted another  differing  only  in 
area  of  cross-section  of  the  con- 
ductor or  in  the  material  of  the 
conductor.  No  disturbance  of 
the  balance  is  produced.  The 
contrary  result  however  follows 
if  the  form  or  dimensions  of  the 
coil  are  changed,  unless  the 
change  is  made  up  of  different 
parts  which  compensate  one 
another.  Thus : 

a.  The  induction  of  one  circuit 

on  another  depends  on  the  form  and  dimensions  of  the  conductors,  and 

'not  on  their  area  of  section  or  on  their  material. 

By  interchanging  A  and  X,  say,  after  balance  has  been  attained  it 

is  found  that  the  balance  is  not  disturbed.     Hence : 

b.  The  inductive  effect  of  A  on  X  is  equal  to  that  of  X  on  A. 

The  inductive  effect  of  A  on  X  is  balanced  by  that  of  B  upon  Y : 
and  again  by  that  of  a  third  primary  coil  C  on  a  third  secondary  Z. 
Then  the  inducing  current  after  passing  through  A  is  divided  in  any 
chosen  ratio  between  B  and  (7,  while  the  secondary  coils  Y  and  Z  are 
joined  in  series  so  that  the  currents  induced  in  the  latter  are  in  the 
same  direction,  but  are  opposed  to  the  induced  current  in  X.  They  are 
then  found  to  balance  this  last  induced  current.  It  follows  that 
however  the  inducing  current  is  divided  between  B  and  G  each  part 
produces  an  effect  proportional  to  its  strength,  and  such  that  the  two 
effects  added  together  precisely  equal  that  which  is  produced  by  the 
whole  current  when  flowing  in  one  of  the  coils.  Thus : 

c.  The  inductive  effect  is  proportional  to  the  inducing  current. 

Further,  the  arrangement  just  described  is  so  constructed  that  the 
sum  of  corresponding  dimensions  in  B  and  Y,  and  C  and  Z,  is  equal  to 
the  corresponding  dimension  in  A  and  X\  when  X  is  opposed  to  Y  and 
C,  thus  arranged,  there  is  no  current  through  the  galvanometer  when 
the  primary  circuit  is  made  or  broken.  This  proves  that : 

d.  The  inductions  between  geometrically  similar  pairs  of  circuits  are 
proportional  to  the  linear  dimensions  of  the  different  pairs. 

418.  In  another  series  of  experiments  made  with  only  one  pair  of 
coils,  a  primary  and  a  secondary,  Felici  obtained  further  important 
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ill*.     It'  tin-   relative  jiositioiis  ..t'  a  jirimary  and  secondary  coil   be 
changed,  a  series  of  jiositions  will  be  I'm  i  ml  in  which  the  starting  or 
stopping  of  ;i  current  in  tin-  primary  jin-duce-.  i,,,  ,-ffect  on  the  second 
The  tu..  d.ils  are  said  to  be  then  in  conjugate  jMi-.it  inns.     Felici  f«mn«l 
that   it'  tin-  seco  ndary  was  quickly  m»\ed   from  any  conjugate  position 
with  respect  to  tin-  primary  to  another  such  position,  without  changing 
that  of  the  primary,  no  induced  current  was  shown  by  the  galvanon 
in  the  secondary.  and  this  no  matter  how  tin-  transition  was  effected,  or 
whether  or  not  the  cunvnt    in   tin-  jnimary  was  altered  during    th- 
change. 

Again  if  the  secondary  was  moved  from  a  conjugate  to  a  non- 
conjugate  position,  an  induced  current  was  produced  exactly  equal  and 
opposite  to  that  set  uj>  in  the  secondary  by  interrupting  the  priman 
circuit  \\hile  in  the  latter  jMisition. 

This  was  shown   by  moving  the  secondary  quickly  from  the  th 
the  second  jiositioii  and  breaking  the  circuit  immediately  after,  so  that 
both  induced  currents  had  given  their  imjiuls.-s  to  the  needle  be  to: 
had  sensibly  mo\ed  from  its  equilibrium  j»osition. 

The  effect  of  changing  the  position  of  the  coils  so  as  to  allow  induc- 
tive action  to  ensue,  was  equal  and  opposite  to  that  due  to  stopping  the 
•current  at  the  second  position,  and  then-tore  precisely  the  same  as  that 
which  would  have  been  produced  by  starting  the  current  in  the  coils 
after  they  had  been  placed  in  the  final  jMisition. 

1'iecisely  similar  iv>ults  \\eiv  found  to  hold  when  the  jirimary  wa- 
moved  instead  of  the  secondary. 

Induced  Currents  are  due  to  Change  of  Magnetic  Induction 

4  lit.  All  these  results  are  confirmatory  of  the  view.  jmt  forward  by 
Faraday,  that  the  induced  currents  an  the  effect  of  the  alteration  ,,1 
the  total  magnetic  induction  through  the  secondary  circuit.  For,  i  I  i 
the  mutual  action  of  two  circuits  in  producing  cum-nts  j  .....  ie  another 
by  induction  depends  only  on  the  geometrical  form  and  the  dimensions 

•he  circuits  (unless  the  material  be  magnetic),  (~2)  the  magnetic 
induction  at  any  jM.int  j»rodu<-ed  by  the  jirimary  is  proportional  to  the 
eiin  ii^tli,  tor  ditfen  nt  curn-nts  in  the  same  circuit  an-  comjui.  «l 

by  the  magnetic  intensin,-  they  jiroduce  at  a  gi\en  jioint,  (.'{)  the  i 
magnetic  induction  through  a  circuit  A  produc.  d  1  n  .-1111.111  in 

•  her  circuit  //.  is  equal  to  the  total  magnetic  induction  through  B 
produced  by  the  in  -1.  <T  in  other  \\onU  the  indiictan.  • 

J   •hroii^h"//  is  e.pial  to  the  mdu< 

(  \  i  tlie  mutual  inductance  of  t\\o  similar  pairs  of  circuits  is,  88  we  shall 
show  lat.r,  jiioportional  to  their  coiTes|Minding  linear  dimensions. 

in  \\hen  a  primary  and  secondary  circuit  are  in  conjugate 
positions  the  magnetic  induction  through  either  due  to  a  current  in 
theoth.  that  is  their  mutual  inductance  is  /,,,,  ||. 

ing  the  coils  to  a   non-conjugate  position  \\hen  a  current  is  Bowing  in' 
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one,  produces  the  same  induction  through  the  other  as  would  be  pro- 
duced by  first  placing  the  coils  in  the  non-conjugate  positions  and  then 
causing  the  currents  to  flow  in  the  primary. 

Faraday's  Theory  of  Lines  of  Force  Induction 

420.  Faraday's  idea  that  change  of  total  magnetic  induction  through 
a  circuit  is  the  cause  of  induced  currents  is  at  the  bottom  of  the  whole 
mathematical  theory  of  current-induction ;  but  there  can  be  no  doubt 
that  it  relates  to  a  real  physical  change  which  takes  place  in  the  medium 
when,  owing  to  changes  in  currents  or  displacements  of  circuits  or 
magnets,  what  we  call  the  magnetic  induction  is  altered,  and  it  is  the 
main  object  of  this  book  to  discuss  consequences  of  such  changes. 
Faraday  began  by  attributing  to  a  circuit  in  a  magnetic  field  an 
"  electrotonic  state,"  and  afterwards  interpreted  this  view  by  means  of 
his  notion  of  "  lines  of  force  "  belonging  to  or  moving  with  magnets  or 
current-carrying  conductors.  According  to  this  idea  lines  of  induction 
fill  the  space  surrounding  a  magnet  or  a  circuit  in  which  a  current  is 
flowing,  come  into  existence  when  the  current  is  started  in  the  con- 
ductor and  disappear  when  the  current  is  annulled,  expand  out  from  or 
contract  down  upon  the  circuit  or  magnet  when  the  current  is  increased 
or  diminished  or  the  magnet  is  strengthened  or  the  contrary,  move  with 
the  magnet  or  circuit  to  which  they  belong  when  that  is  displaced,  and 
by  their  passage  across  a  conductor  produce  inductive  electromotive 
force  in  it  and  set  electricity  in  motion. 

421.  The  whole  modern  theory  of  lines  or  tubes  of  induction,  though 
not  in  its  mathematical  details,  seems  to  have  been  clearly  present  in 
the  mind  of  Faraday.  By  their  relative  concentration  or  sparseness  of 
distribution  he  represented  the  intensity  of  magnetic  induction  from 
point  to  point  of  the  field ;  and  by  the  physical  existence  he  rightly 
attributed  to  them,  he  obtained  a  much  more  vivid  idea  of  the  con- 
ditions and  relations  of  magnetic  and  electric  phenomena  than  was 
possible  to  men  of  far  greater  technical  mathematical  power,  but 
inclined,  perhaps  for  that  very  reason,  to  regard  physical  phenomena  in 
too  abstract  a  manner.  The  following  extracts  from  his  Experimental 
Researches  will  show  how  fully  he  stated  the  theory  of  induction  which 
has  only  since  the  rise  of  practical  electricity  become  part  of  the  general 
knowledge  of  ordinary  electrical  students. 

"  The  moving  wire  can  be  made  to  sum  up  or  give  the  resultant  at 
once  of  the  magnetic  action  at  many  different  places,  i.e.,  the  action  due 
to  an  area  or  section  of  the  lines  of  force,  and  so  supply  experimental 
comparisons  which  the  needle  could  not  give  except  with  very  great 
labour,  and  then  imperfectly.  Whether  the  wire  moves  directly  or 
obliquely  across  the  lines  of  force  in  one  direction  or  another,  it  sums 
up  with  the  same  accuracy  in  principle  the  amount  of  the  forces 
.  represented  by  the  lines  it  has  crossed."  (Exp.  Res.,  Series  XXVIII,. 
3082.) 
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(In    thi-    statement    i>   contained    the    met  hoe;  ,.  .ration   of  a 

^Hi-til-   field  \>\  means  .if  the  induced  current,  \\hirli  i-  »,,  imp,.!1 

•  •ally,  ami  which  has  Keen  u-,-d  \\itli  such  i,'ood  effect  in  practic.- 
for  the  determinations  »f  tht-  intensities  of  iM.uerful  ti«-Ms  such  a-  t  !. 
of  dynamo-.  and  t'<»r  tin-  investigation  of  tictive  magnetic  di-trihut  \<>\ 

a  continuous  circuit  of  conducting  matter  .1  <.ut  or  con- 

ceived of  cither  in  a  solid  ..r  Inid  mMB  of  metal  or  conducting  matl 

or  in  liar-  or  wires  of  metal  arran^cil  in  Don-OOndnoting  matter  "i  -j«ice, 
which  l)fin^  ni«i\,-d  CTOflBea  lin«-  »i  ma^n.-tic  t'..iv,-.  ,,\-  li,-iii^  -till,  i-  \>\ 
tht-  translation  of  a  magnet  crossed  ]>\  -uch  lin«->  of  ton-.-,  and  t'urili«-r. 
if.  l)y  inequality  of  angular  motion,  or  l>y  contrary  motion  at  dirti-n-nt 
parts  of  the  circuit  ,  or  liy  inequality  of  the  motion  in  the  s-ime  direction 
part  cr..s>ev  either  m..re  or  te\ver  lines  than  the  other:  then  a 
current  will  exist  round  it  due  to  the  differential  relation  of  the  t\\o  op 
more  int'-r-eetin^-  part-  during  the  time  of  the  motion  :  the  direction  ot 
which  current  will  he  determined  (with  line-  ha\inx  a  L,ri\'-n  direction 
of  polarity1)  Ky  the  direction  of  the  intersection  c..mltined  with  th«- 
relative  amount  of  the  intersection  in  the  two  or  more  efficient  and 
determining  or  intersecting  part-  of  the  circuit."  (>  \\\lll 

Faraday's  Experiments  on  ••  Unipolar  Induction 

4'2-2.   In  further  elucidation  of  thi-  siil>ject    Faradax   made  a   miml»er 
\p.  rimeiit-  witli  a  l)jir-ma^net  and  a  loop  of  wire  variously  di-p 

relatively  to  one  another.     Be  fbond  that  when  the  ma(  «te«l 

ahoiit  it-  axis  while  the  win-  wa-  held  in  a 
•d  circuit  (a-  in  Fi-.  II.").  on  the  left) 
no  cm-rent  ua-  produceil  in  the  wire. 
When  the  wire  wa-  made  to  touch  one  end 
of  tin-  magnet  with  one  extremity,  and 

tile   Centre   ot'    the     liia^llet      \\itll     the    other 

ill    tin-    other  diagram  of   |-'i-.   I  1  5 
that  the  circuit  of  the  wire  was  completed 
through  the  magnet,  and  the   ma-net   wa- 
tunie<l   round   it-  axis   while    the   \\-ir- 
mained  I  cunvnt     wa-    pr^di; 

while  iic.  ne  wa-  ol.-er\ed  when  the  circuit 
ua-  ri-idly  c..miect«-<l  with  the  magnet 
and  turned'  with  it.  Tin-  direct  ion  ..t'turn- 

nid  the  | 

repreaented  m  Ki.ur.  ii"».  ••!»  me  right,  the  current  i-  in  the 

bead  --n  ih, 

Thi-   i-    the    -o-.-alled    "  uni|H.|ar    induction,'    though    tin  i 
nothing    unipolar  al.-.ut    it.      A    \a-t    amount    of  di-.-u-si.. 

(leVoted    to    it.    \e|     tile    |  l)l.-|lo|l  !•  -llll|»|e     C.  .11-  '<  |  Uetire-    .  ! 

principle.      When   the   magnet    movefl    it-   field   of  force    mo\es  with    it. 


M:I- 


enoe  when  the  lo<.p  turned  with  th-  itting  of 
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tubes  of  induction  and  therefore  no  current.  On  the  other  hand  when 
the  loop  was  a  detached  circuit,  there  was  cutting  of  lines  of  induction  ; 
but  every  line  of  induction  which  cut  the  wire  once,  cut  it  again  at 
another  point,  so  that  the  sum  total  of  lines  cutting  the  circuit  Avas 
zero  at  every  instant.  Hence  again  there  was  no  current. 

When  the  loop  made  rubbing  contact  at  its  ends  with  the  magnet, 
the  lines  moving  with  the  magnet  cut  the  wire  as  the  magnet  rotated, 
and  the  effect  of  this  was  not  fully  balanced  by  cutting  elsewhere,  since 
the  lines  passed  from  one  pole  of  the  magnet  to  the  other  in  external 
space,  and  completed  their  circuit  within  the  magnet.  For  the  con- 
ductor through  which  the  circuit  was  completed  was  the  substance  of 
the  magnet,  and  this  moved  with  the  field.  When  a  wire  was  led 
along  close  to  the  magnet  from  the  end  to  the  middle  to  complete  the 
circuit,  and  this  portion  of  wire  turned  with  the  magnet  the  result  was 
the  same,  as  clearly  it  ought  to  be. 

Among  his  conclusions  .from  these  experiments  Faraday  says :  "  It 
is  evident  by  the  results  of  the  rotation  of  the  wire  and  magnet,  that 
when  a  wire  is  moving  among  equal  lines  (or  in  a  field  of  equal 
magnetic  force)  and  with  an  uniform  motion,  then  the  current  of 
electricity  produced  is  proportionate  to  the  time,  and  also  to  the  velocity 
of  motion." 

"  They  also  prove,  generally,  that  the  quantity  of  electricity  thrown 
into  a  circuit  is  directly  as  the  amount  of  curves  intersected."  (Exr. 
Ees,,  Ser.  XXVIII,  3114,  3115.) 

424.  The  last  quotation  but  one  is  equivalent  to  a  conclusion  which 
may  be  drawn  from  the  dynamical  theory  above,  and  which  we  shall 
make  much  use  of:  the  electromotive  force  in  a  moving  conductor  or 
portion  of  a  circuit  is  proportional  to  the  rate  at  which  it  is  cutting 
across  lines  of  induction. 

From  this  by  proper  summation  we  get  the  proposition  practically 
stated  in  a  former  quotation,  and  used  now  in  calculating  total  electro- 
motive forces,  viz. :  each  portion  of  the  system  of  tubes  cut  across  or 
moving  across  the  conductor  produces  its  own  effect,  which  is  added  to 
that  of  the  others,  so  that  the  effects  of  the  whole  system  of  tubes 
which  have  passed  across  the  conductor  are  integrated  by  the  circuit. 

The  last  quotation  states  the  rule  followed  for  the  estimation  of 
the  total  quantity  of  electricity  which  flows  in  a  transient  current 
produced  by  the  motion  of  a  conductor  in  a  magnetic  field.  This  is 
simply  the  time  integral  of  the  current  at  any  instant  during  the 
induction,  a  quantity  which  we  can  measure  in  an  analogous  way  to 
that  in  which  we  measure  an  ordinary  dynamical  impulse,  although  we 
cannot  estimate  the  impulsive  force  of  which  such  an  impulse  is 
the  time  integral. 

We  shall  see  later  how  the  time  integrals  of  transient  currents  can 
l>e  measured,  and  discuss  the  construction  of  instruments  for  that 
purpose.  At  present  it  is  sufficient  to  assume  that  such  measurements 
can  be  made. 
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Numerical  Estimation  of  Inductive  Electromotive  Force 

4iT>.    Faraday  -howed  that  l»y  rotating  the  Barlow's  disk  placed  in  a 
magnetic  field,  as  described  in  Art.  402  above,  an  electn.mot : . 
wa-  | in .diircd  in  the  circuit  completed  by  the  win-  touching  tin-  disk  at 
the  centre  and  the  mercury  in  the  cup  at  the  lower  edge.     We  may 
now  estimate,  mi  Faraday-  principle  of  the  cutting  of  lines  of  magn 
induction,  the  electromotive  force   in   the    circuit.     This  will  >h,,u  how 
the  electromagnetic  unit  of  electron) olive   force  is  defined.     iS 
Art.  450.) 

Let  the  induction   be  supposed   of  uniform   amount  B,  and  to  be 
directed  at  right  angles  to  the  disk,  to  be  the  angular  velocity,  and  /  th« 
radius  ,,f  the  disk.     The  impressed  electric  force  e  at  a  point  dist.r 
from   the  centre  is  awrB,  since  the  rate  at  which  an   element  •/./:  of  the 
radius    there    is   cutting  across   tubes  is    w.r'B'l'.     Hence    the    whole 
impressed  electromotive  force  in  the  circuit  i- 


Jo 
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if  /•  be  the  speed  of  the  edge  of  the  disk. 

If  the  circuit  be  not  closed  there  will  be  a  difference  of  potential  of 
this  amount  between  the  centre  and  the  edge,  and  no  work  beyond  that 
consumed  in  the  friction  of  the  bearings  and  the  air  will  be  require'  i 
drive  it.  If,  however,  B  have  not  the  same  value  at  every  point  of  the 
disk,  internal  currents  will  be  -et  up  in  the  metal,  the  mutual  action 
between  which  and  the  magnetic  field  will  oppose  the  motion  (Art  427). 
Thu-  energy  will  have  to  be  expended  in  driving  the  disk  across  the  line- 
of  magnetic  induction  in  the  field,  and  \\ill  be  dissipated  in  heat  in  the 
metal.  Very  marked  heating  effects  can  be  produced  in  a  copper  disk 
by  rotating  it  rapidly,  so  arranged  that  a  portion  of  it  only,  between  the 
centre  and  one  part  of  the  rim,  is  in  an  intense  magnetic  field. 

If.  however,  an  electromotive  force  equal  and  opposite  to  1<-/B  1>< 
placed  in  the   win-   the  current    will   lie  reduced    to  /em.  .md  the  latter 
electromotive    force    will   be   obtainable     from     the    rotation    and   other 
circumstances   for  the  disk.     Tin-   pn.ce—    h.  applied    to 

determination  of  n-i-taiices  in  absolute  unit-  \..|    II  » 

The  appan-nt  con-tancy  of  the  number  of  tub.--  .  .f  induct  io> 
through    the  circuit    ma\  •  .lim-il  by  -uppo-in^    the   ..ut.-r  -  nd  •-! 

each  radial   portion  as  it  leave-  the   mercury  cup  to  remain  conni'c 
with    it    round    the   ed^.-.      On    this   \i.u   -rr,  B  unit  tubes  are  added  in 
<jach  turn  to  the  total  m.i  nduction  through  the  circuit. 

An..;  h.  i- .11  rangemeiit.  e.juixal.  nl   to  that   ju-t  •  i    i-  -hown  in 

Fig.  Ilii       Tw.i    jwirallel  rails    in   a    uniform    maxn.-tic  field   «ln. 

to  the  plane  of  the  rail-.  ai.  connected  by  ;i  -bde  \\lnch  is 
moving  with  \elocjty  P.  The  .  |,  ,-t  n>m..t  i\  .•  f..rce  i-  h.  i.  , /B  \\li.-i.-  /  i- 
the  length  of  the  slider  bet  \\een  the  <'ojitact-.  and  tin-  i-  the  difference 

Of  p"''-Mtial    between   the    fall-    \\llell    tile   CllVUlt     I-    ll()t  ClOHCd   by  aSOToJl'l 
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connection  AC.     The  directions  of  the  motion,  the  induction,  and  the 
current  are  as  shown  by  the  arrows. 

The  general  specification  of  the  impressed  electrical  intensity  at  an 
element  of  a  conductor,  moving  with  velocity  6  in  a  direction  inclined 
at  angle  6  to  the  magnetic  induction  B,  is  that  it  is  the  vector  product 

of  B  and  s,  that  is,  Bs  sin  0.     Its- 
IB        /  direction   may   be    inferred   from 

Fig.  11 G.     (See  also  Art.  498. 
426.  Faraday  also  investigated 

, — 17 — induced  currents  of  higher  orders 

//  ft *-  than  the  first.  The  notion  of  mag- 

/*  > /_ netic  induction  shows  at  once  that 

D  an  induced  current  in  a  secondary 

will  produce  a  magnetic  field,  tran- 
sient  like   itself,   but   setting  up 

FIG.  116.  induced  currents  in    a   conductor" 

(which  we  may  call  tertiary)  pro- 
perly placed  to  receive  it.  In  the  case  of  a  transient  current  in  the 
secondary,  the  induced  current  in  the  tertiary  is  first  in  one  direction  f 
then  in  the  other,  as  the  secondary  induction  rises  to  a  maximum, 
and  again  falls  off  to  zero.  From  tertiary  induced  currents  we  can 
pass,  of  course,  to  induced  currents  of  higher  order. 

Electromagnetic  Forces  due  to  Induced  Currents.    Law  of  Lenz 

427.  Induced  currents  produce  electromagnetic  forces  between  the 
inducing  and  the  secondary  circuits.  These  forces  are  always  such  a& 
to  oppose  the  motion  of  the  circuit  or  magnet  setting  up  the  induced 
current.  For  example,  the  current  excited  by  bringing  a  magnet  or 
circuit  nearer  to  a  coil,  is  in  the  direction  to  produce  a  magnetic  field 
which  tends  to  oppose  the  magnet  or  circuit's  motion  of  approach.  If 
the  magnet  or  circuit  is  being  withdrawn,  the  magnetic  field  of  the 
induced  current  tends  to  cause  approach  of  the  primary  system.  Or  if 
the  inducing  field  is  set  up  by  starting  a  current  in  the  primary  circuit, 
the  magnetic  field  of  the  secondary  tends  to  produce  withdrawal  of  the 
circuit  to  a  greater  distance.  This  is  the  well-known  law  of  Lenz.1 

It  should  be  noticed  that  if  this  were  not  the  case  there  would  not 
be  stability  of  equilibrium  of  any  arrangement  of  circuits.  The  motion 
would  start  a  current  which  would  set  up  a  force  on  the  circuits  aiding 
the  motion,  and  so  the  disturbance  would  go  on  increasing  of  itself. 

On  this  law  F.  E.  Neumann  founded  a  theory  of  induction  which 
may  be  regarded  as  a  sequel  to  Ampere's  theory  of  electromagnetic 
action.  One  of  the  most  important  results  was  the  formula  [Art.  403 
(34)]  for  the  mutual  inductance  of  two  circuits,  or,  as  it  used  to  be 
called,  the  electromagnetic  potential  of  one  circuit  on  the  other.  Any 
discussion  of  Neumann's  theory  would  be  foreign  to  the  aim  of  the 
present  work. 

Pogg.  Ann.  31.  p.  483  (1834). 
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Self  Induction 

.l.jecl  of  self  i!»lurti..n  l(lav. 

It  had   been  observed  by  Mr.  .Jenkin.  who  communicated  tin-  result  t«> 

i<lay,  that   it' a  powerful  elect  roiuagnet    i-   included    in    tin-   circu: 
a  battery,  -hoek-  ran  be  obtain- d  by  making  and   breaking  tin-  circuit 
when  the  human  body  form-  a  -hunt  «.n  tin-  eleetroma^n.-t  coil&     Thus 
let  the  body  be  included  in  the  cross  contact  pin---  A  /;  ,,\   \-'\^.   117. 
and    let    tin-   key   A'.,  be   kept   down  while  A',  is  de- 
d    and    niised.       It'    the    battery    he    powerful 
enough  and  the  coil  C  have  many  convolutions  the 
11  making  contact  in  A  B  will  experience  smart 
shocks.      If  an   iron  core  be  included  in  the  coils,  the 
shock  will  l»e  \.-ry  decidedly  more  -e\eiv  than  if  the 

u-<-d  alone. 
A  phenomenon  due   to   the   -ame  cause   is   per-      A 

1  every  time  the  circuit  of  an  electroraagii' 
brokni.  When  the  circuit  is  broken  a  spark  ii 
seen,  which,  by  the  use  of  a  sufficiently  strong 
curn-nt  in  the  circuit,  may  l>e  made  a  bright  flash, 
g  tin-  -urfaces  of  the  metals  at  the  contact. 
This  spark  does  not  occur  on  making  the  circuit,  FIG.  117. 

nor  is   it    perceptible  unles^   the    circuit   includes  a 
coil    of   many  turns    of    wire.  ..r   else,  if  of  comparatively  few   turn-. 
contains  a  core  of  iron. 

Faraday's  Experiments  on  Self  Induction 

42!».   I'.y    means  of  the    arra-ngeiiient    -hown    in     Fig.     117,   with   a 
galvanometer  -ul>st it uted  for  the  human  body  in  the  cross  connection 
.  I  /A  hut  with  the  coil  at  C,  Faraday  made  many  interesting  experim- 
;--h  current-. 

The  galvanometer    needle    was    prevented    by     proper    stops    from 
moving  in  the  direction  in  which  it  was   urged   by  the  steady  cun 
due  to  the  battery,  that  is,  a  current   from  A  to  11.     When   th< 
A  ttC  was  complete,  and  the  l>att.-r\    circuit    \\.is  broken  at  A",  it  was 
found  that  the  needle  showed  a  current  in  the  direction  from  B  to  A. 

The  stop-  were  then  set  so  as  t..  pr.-\ent  the  i  ;  iiing 

to  zero  a  ft  ei'  deflection  by  th.  a  -f  to  /;,  but  at  the 

;e    time    l.a\  to  move  Mill    further  in    the  direction   ot 

Section.      When    the  circuit    was   completed   it  wius   found    that    the 
needle  sustained  a  transient  deflection. 

A  platinum  wire  -ul.-titul.d  for  the  galvanom.-ter  glowed  when  \\\< 
battery  circuit  wa>  broken  at   A',,  although   it    did   not   glow   ir 
-teady   current.      Al-o   1,  !  /•'  •  !i'  uiical 

n  w.i-  produced. 
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Faraday's  Theory  of  Self  Induction 

430.  It  was  thus  shown  that  the  induced  currents  caused  in  the 
circuit  by  putting  in  and  throwing  out  the  battery  produced  all  the 
effects  of  ordinary  currents.     Faraday  explained  them  by  the  magnetic 
induction  through  the  circuit  itself,  produced  by  its  own  current  in- 
duction.    When  the  battery  is  thrown  in,  lines  of  magnetic  induction 
are  passed  through  the  circuit  and  the  number  of  these  is  greater  the 
greater  the  number  of  turn  of  wire  in  the  circuit,  and  is  also  increased 
by  placing  within  the  coil  an  iron  core  which  becomes  magnetized  by 
the  steady  current. 

When  the  circuit  is  broken  these  lines  of  induction  disappear  from 
the  circuit.  Thus  an  electromotive  force  in  one  direction  is  produced 
by  the  creation  of  the  field,  and  an  opposite  one  by  the  withdrawal  of 
the  field.  In  the  former  case  the  induced  current  caused  is  opposite  to 
the  steady  current  which  is  being  set  up,  in  the  latter  case  it  is  in  the 
same  direction  as  the  steady  current  which  is  being  annulled. 

The  directions  of  these  currents  follow  the  rule  given  for  currents  of 
mutual  induction  by  the  law  of  Lenz.  When  induction  is  produced 
through  a  circuit  the  current  produced  is  such  as  to  oppose  the  action, 
approach  of  magnets  or  circuits  (or  creation  of  magnets  by  the  starting 
of  a  current  in  the  inducing  circuit),  and  is  therefore  in  the  direction 
to  diminish  by  its  own  induction  that  which  is  being  produced  by  the 
external  action. 

Again  when  induction  is  being  withdrawn  the  process  may  be  re- 
garded if  we  please  as  consisting  in  the  insertion  of  opposite  induction 
to  the  first  so  as  to  annul  it.  This  is  diminished  by  the  induction  due 
to  the  induced  current. 

This  is  precisely  what  took  place  in  Faraday's  experiments.  At 
make  a  current  opposite  to  the  steady  current  beginning  to  flow  was 
set  up  and  caused  a  current  to  flow  round  the  coil  in  the  opposite 
direction,  and  therefore  in  the  cross  connection  from  A  to  B,  the  same 
direction  as  that  in  which  the  steady  current  would  have  flowed. 

Henry's  Experiments 

431.  Faraday's  experiments  were  made  in  the  year  1831,  and  as  we 
have  seen  fully  established  the  fundamental   principles  of  the  whole 
subject   of  current    induction.      Henry's    investigations    were    made 
independently   about   ten   years  later,  and  his  discoveries  practically 
confirmed  the  conclusions  of  Faraday.     Some  curious  points  of  apparent 
difference,  however,  existed  between  the  results  of  these  two  pioneers  of 
electrical   discovery   which    have   only   been   explained   comparatively 
recently.     These  will  be  referred  to  in  connection  with  some  of  Henry's 
more    important   experiments    in   the   chapter   on    The  Experimental 
Verification  of  the  Theory  of  Induction  in  Vol.  II.     We  shall  here  only 
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i mi  ice  shortly  l  the  points  established  by  Henry  in  hi-  earlier  experi- 
ments, 

The-.-  experiment-  weiv  performed  with  mil-  «.f  copper  rihl»on  and 
helices  of  wirr  of  \arioii-  -i/e-  and  numbers  of  turn-       r'><i    .-\arnp!. 
-how  effect-  of  Belf  induction,  a  circuit  wa>  ina«l.-  ..fa  -mall  k-itt.-rv   ami 
a  Hat  mil  ..f  ribbon,  by  connecting  the  ends  of  the  mil  t.»  m  ups 

which  formed   the  t.-nuinal-   of  the  battery.     Th.-n    the  exp.-nmei, 
touching  one  of  the  battery  terminal-  with  one   han.l,  broke    the  circuit 
by  lifting  one  of  the  coil  terminal- .nit  of  the  cuj».     Kach   time  he  did 
thi-  h«-  experienced  a  shock  due  to  the  induced  current,  and  a  Ha-h  took 
place  at  the  mercury  cup. 

It  wa-  f.iund  that  up  to  a  certain  limit  when  the  length  "f  the  mil  wa- 
increased  the  Ha-h  diminished  in  brilliance  while  the  shock  increased  in 
inten-ity.  When  this  limit  wa-  pa--.-d  both  Hash  and  shock  diminished. 

4-'J2.  These  results  were  due  to  self-induction,  and  illustrated  the 
combined  effect  of  increase  both  of  resistance  and  of  inductive  action. 
Lin  _; net ic  induction  were  thrown  out  of  the  mil  by  tin-  alt. 

t ion  in  the  circuit,  and  an  induced  current  flowed  round  the  derived 
circuit  formed  by  the  human  body  and  the  coil  a-  in  Fig.  117.  The 
diminution  of  the  Ha-h  was  due  to  the  increased  iv-i-tanc.-  of  the  circuit 
caii-e.|  by  the  lengthening  of  the  coil.  The  body,  however,  being  of 
moderately  ^r.-at  n  -i-tance,  the  gradual  incre;ise  of  resistance  of  the  coil 
at  first  brought  up  the  resistance  of  the  circuit  by  an  amount  small  in 
c. .mpari-on  with  that  by  which  the  elect r.miotive  fore,  v.  i-.-d. 

Kxperiments  on  mutual  induction  were  al-o  made  by  H.-nrv. 
(  >ne  of  the  ni'.-t  remarkable  of  these  consisted  in  combining  all  hi- 
coils  of  ribbon  into  one  large  primary  mil  of  about  54  feet  in  diameter, 
which  wa-  -u-peiided  \t-rtically.  A  wcondary  four  feet  in  diameter. 
made  of  a  mile  of  copper  wire  -j1^-  inch  in  diameter  ..f  .TO-— section,  was 
placed  co-axially  with  the  jiriman  at  a  distance  b.-tw.-eu  them  of  a  f.-\\ 
feet.  With  a  distance  «>f  three  or  four  feet  between  the  coils,  and  with 
a  large-surface  battery  of  eight  elements,  severe  shock-  w.r,  obtain..! 
by  an  experimenter  placing  his  tongue  between  the  terminals  of 
the  secondary,  and  breaking  the  primary.  The  -ho.-k-  we  re  quite 
p..rceptible  \\li.-n  the  mils  were  placed  at  much  greater  distances* 

I.  In  connection  with  hi-  mutual   iuducti..n    experiment*,  II.  nr\ 

made  an  important  observation.      |',y  u-ing  a  - i 

and     a     primary     of    many    turn-    in    which    \\as   a    battery   of  great 
electromotive  f..iv.  .  he  found  that    he   could    obtain   an    induced 
of  considerable  amount  but  of  |..\\    elect  rmiioti\e    t  lln-   result 

that  now  achieveil  ..n  a  commercial  scale  in  electric  lighting  operation* 
bv  means  ,.f  what  i-  call.-.l  a  -t.-p-down  transform. 

using    ph \.-iolo_yica I     .H'.-<-t-    in     order     t"    detect     induced' 
current-    M.-nry   .  !nplo\.-.|  a   hoi-,-  -hoe  of  soft    i:  .-ind^l    !• 

•  •oil.  and  tested  the  dire.-tion  ..ft  he  indu  ut  by  observ- 

ing   the   nature  of  the   magnet  i/.at  i..n   pnnluc-.i         II      t..un«l    . 

1  A  mon»  rtftnilml  scrmint  will  l*<  fouii'l  in  Flcming'ii  Al^rnnU  Current  Trnittforaur, 

vol.  i. 
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speaking  that  induced  currents  which  gave  slight  shocks  magnetized 
the  soft  iron  and  produced  bright  flashes,  while  those  that  gave  seven • 
shocks  gave  only  slight  flashes  and  feeble  magnetization. 

435.  By  means  of  the  soft  iron  horse-shoe  and  experience  of  shocks, 
Henry  experimented  with  currents  produced  in  a  tertiary  coil,  and  even 
with  induced  currents  of  a  higher  order.     The  shocks  experienced  were 
true  indications  of  the  existence  of  such  currents ;  the  inference  obtained 
from   the   direction   of  magnetization  was  apt  to  mislead.      For  one 
so-called  tertiary  current  consisting,  as  we  have  seen,  of  two  currents  in 
opposite  directions,  it  is  obvious  that  the  apparent  direction  as  shown 
by  the  soft  iron  will  depend  on  which  of  the  currents  is  effective  in 
producing  the  magnetization,  and  this  depends,  as  we  shall  see  later,  on 
a  variety  of  circumstances. 

Application  of  Principle  of  Energy 

436.  A  great    step  was  taken  in  advance  by  v.  Helmholtz,  Lord 
Kelvin,  and  Joule  in  the  study  they  made   of  the  energetics  of  the 
voltaic   circuit,  and    of  electromagnetic   action   generally.     Thus   von 
Helmholtz   and  Lord  Kelvin  independently  accounted  for  an  induced 
electromotive    force   due  to   the   motion  of  magnets  or  circuits  by  a 
reference  to  the  theory  of  conservation  of  energy.     Von  Helmholtz's 
earliest  expression  of  his  views  is  contained  in  his  famous  essay  on  the 
"  Conservation  of  Energy."1     His  discussion  of  the  case  of  two  circuits 
must  however  be  regarded  as  imperfect,  owing  to  neglect  of  the  electro- 
kinetic  energy  of  the  system.     The  correct  solution  was  given  by  Lord 
Kelvin  in  the  paper  referred  to  in  p.  342  below. 

The  foregoing  sketch  of  the  experimental  basis  of  electromagnetic 
induction  must  suffice  for  the  present.  Many  other  investigations  of 
great  importance  have  been  carried  out;  but  most  of  these  will  be 
described  in  connection  with  their  various  subjects  as  these  arise  in  the 
further  discussion  of  electromagnetic  theory. 

437.  It    must    now    always    be    remembered    that,   according    to 
Maxwell's  theory  and  Hertz's  experiments,  all  the  phenomena  of  electric 
and  magnetic  induction  are  the  results  of  the  propagation  of  electric  and 
magnetic  induction  at  a  finite  speed  through  the  medium  filling  the  field. 
Among  the  investigations  referred  to  above  and  to  be  described  later,  are 
those  which  have  established  this  great  generalisation.     We  shall  see 
that  under  certain  conditions  the  phenomena  which  present  themselves 
are  quite  different  from   those  we  should  expect  to  find  if  inductive 
effects  were  transmitted  instantaneously,  as  it  was  long  the  habit  to 
tacitly   suppose.     In    the    discussion    of    man}7   ordinary   phenomena 
however  this  supposition  can  generally  be  made   with   safety,  and  of 
course  in  many  questions  the  element  of  time  is  without  influence  at 
all.     It  was  this  fact,  no  doubt,  that  prevented  the  earlier  experimental 
verification  of  Maxwell's  remarkable  theory. 

1  Die  ErhaUung  der  Kraft.     Translated  by  Dr.  Tyndall  in  Taylor's  Scientific  Memoirs, 
Part  II.,  p.  114.     Republished  in  Ostwald's  Classikerder  exakten  IVissenschaften. 
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ii.>\  II.     />.  <  :        sion. 

\\<    have  t'.niiul   an    expie—ioii  |  <:;:{)  ,  ,f  A  ;».\.-]  for  the 

•  •lectrokinetic  .-n.-i^y  of  a  s\-tem  of  current-  which  fulfils  the  condition 
such  an  expression  uii^lu  to  t'ultil.  of  -IMII-  .1-  iti  rii'    "f  \ariati. .11  in  a 

a  direction,  tin-  n  tore.-  in  that  direction  mi  a  circuit    or  part 

•  •f  a  circuit  carrying  a  current.      If  this  expression  be  ivallv  and    trulv 

the  electrokmetac  energy  of  the  cotnnte  or  that  part  »f  th,-  . nergy  on 

which    the    varinii>   phenomena  of   mutual   action   depend,   it    o 
fulfil  the  ordinary  conditions  of  a  material  system, and  besubjed   U)  th.- 
dynamical   equations   which   hold  in   every  ca^«-   in   which  mutual  action 
tak.->    plac,-   l».-t  \\.-.-n   tin-  l).Mlit-s  of   >uch   a   -y-t.-iu,   that    i>.   when    the 
distribution  of  .•in-r^y  ainon^  the  different  l>odi.-^  iind.-r^oe-,  variation. 

Th.-^e    dynamical    e.|uation^    com.-     to     the     aid    of    the     j)rinci}il.- 
of  conservation  of  energy,  which  287  4  ffg.  abow  dly 

insufficient    to  eiiahle   us   t»  account  for  the   phenomena   of  a    material 

•  in.     They  are  the  outcome  of  dynamical  laws  which  them- 
the   r.-sult-  of  certain   axioms,  or  postulated   pr»po-ition-<   the   truth   «.f 
which,  or    applicability   «f    which    for    tin-    formation    of   a    -y>t.-m    of 
dynamics  depends  on  experience. 

A  well  known  and  Mrikini,r  example  «.f  the  inadequacy  of  the 
law  of  conservation  of  energy  for  the  explanation  of  physical 
phenomena,  and  the  n.  Ebf  having  recourse  to  the  ri'suh 

.-xperieiice  to  -upplemeiit  it  is  to  be  found  in  the  dynamical  theoi 
h.-at.      The  tirM   law  of  therm. Klynainics  is  simjily  the  law  ..f  DO 
tion  of  eiiei^x  ajijilied  to  a  substance  taking  in  and^i\in^  out  heat,  and 
dojn^r   \\,,rk   a^ain-l   .-xti-rnal    force-..      But  by   itself   thi-   law   do,^   M,,I 

any  properly  so-called   thermodynamic  r.->ult.  and   we  ha\«-   to 
in    addition    the    famous   second    law,   which    has    for   its   foundation   a 
c.-rtain  postulate  the  truth  of  which  appear-  from  experience. 

S..   in  electrical  dynamic-   we   have-  recourse   t<>  a  dynamical  tlie..r\ 

i.li-h.-d   by  LagraOge    f»i    the   motion--  of  molar  matter,  and    l>y    it- 
power  and  ex-jiii-ite  M.-xihility  admiraMy  adapted  tor  the  subjugation  to 
dynamical  lau    of  a   new   department    of  -cien«-e.      This  application   ua- 
fir-t  made  fully  and  consistently  by  Clerk  Maxwell,  and  there  can  b»-  no 
doubt    that  this    \\a-  one  ..f  the  most    important    steps  in   ad\a: 
made   in  electrical  theory      Accordingly  we  ha\.-   ^i\eii  in  ('hap;,  i    \  II 
above  a  -ketch  .,('   L,_  d \namica I  method,  and  of  -.me  impoi  • 

investigations,  b\    Lord  Kelvin.  Hoiith,  I  l.-lmholt/.  and  others,  conn, 
with    the  application   of  th<-   methyl   to   particular  da— e<  ..('  piol.!. 
which  aiv  analogous  to  those  \\hich  with   in  general   • 

Electro  dynamics.     Electrical  Co-ordinates 

Ho.    'n.,     application    of  the   dxnamical    theory  of  Lagrangc   to   the 
solution    ..f   electrical    problems    and    the    in!-  :>'n\ 

phenomena  i-  ..nlv  possible  in  s,,  far  a-  ' •  .||,,\v  th. 
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changes  of  our  system,  for  on  this  depends  our  power  to  build  up  an 
expression  for  the  kinetic  energy  of  the  system  which  will  give  the 
proper  applied  or  internal  forces  observed  in  various  actual  cases.  The 
process  consists  in  settling  from  the  observed  forces  in  different  cases 
what  terms  must  exist  in  T,  and  then  deducing  from  the  expression 
found  not  only  the  forces  observed,  which  would  not  increase  our 
information,  but  other  forces  which  have  not  been  observed.  These  can 
then  be  looked  for,  and  if  found  increase  our  stock  of  knowledge  of 
phenomena,  and  confirm  the  theory  by  which  they  were  discovered. 

441.  In  this  application  we  have  first  to  consider  what  terms  enter 
into  the  expression  for  the  total  kinetic  energy  of  a  system  of  con- 
ductors in  which  currents  are  flowing.  We  shall  have  two  sets  of 
co-ordinates,  one  of  electrical  co-ordinates,  the  other  independent 
entirely  of  the  electrical  or  magnetic  state  of  the  system.  These  we 
shall  denote  by  <j>,  ty,  .  .  .  .,  p,  q,  .  .  .  .  respectively.  Then  T  will  be 
made  up  of  three  parts,  one  2\  depending  on  the  electrical  co-ordinates 
alone,  another  Tz  depending  on  the  co-ordinates  p,  q,  .  .  .  alone,  and  a 
third  Tz  depending  on  these  co-ordinates  conjointly.  Thus 


. 

....{  I  .    .    (i) 


There  is  no  reason  so  far  as  we  know  to  believe  that  Ts  exists,  and 
in  considering  electrical  phenomena  we  may  disregard  T2,  and  confine 
our  attention  to  Tv  Also  T^  is  found  to  depend  on  only  the  velocities 
of  co-ordinates,  not  the  co-ordinates  themselves. 

The  question  now  arises,  what  are  to  be  considered  electrical 
co-ordinates  of  a  system  of  currents  ?  In  answering  this  question  we 
are  guided  by  the  fact  that  the  state  of  the  sj7stem  remains  unchanged 
when  the  currents  are  all  kept  constant,  and  the  arrangement  and 
positions  of  the  conductors  in  the  field  are  unchanged.  Thus  we  are 
led  to  take  the  currents  in  the  several  conductors  as  0,  \js,  .....  and  to 
the  conclusion  that  the  co-efficients  (<£,  <£),  (<£,  i/r),  .  .  .  depend  only  on 
the  co-ordinates  which  fix  the  positions  of  the  system. 

442.  In  what  follows  we  regard  the  magnetic  energy  as  electro- 
kinetic  energy,  and  we  have  already  seen  how  it  is  measured.  In  some 
of  our  discussions  we  shall  find  it  necessary  to  introduce  the  electric 
energy  of  the  system  if  of  sensible  effect,  and  we  may  consider  that  as 
potential  energy.  (Whether  we  consider  a  quantity  of  energy  as 
kinetic  or  potential  altogether  depends  on  our  point  of  view  and  if  a 
proper  regard  is  paid  to  the  signs  of  the  expressions  used,  the  same 
result  will  be  reached  on  either  hypothesis.)  The  tendency  of  scientific 
progress  is  to  explain  phenomena  by  the  motion  of  matter,  and  the 
ordinary  division  of  energy  into  potential  and  kinetic  is  likely  sooner  or 
later  to  be  replaced  by  a  more  accurate  classification.  At  present, 
potential  energy  is  energy  we  are  able  to  define  by  the  position  of 
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co-ordinate-  of  the  molar  matter  of  our  system:  if  we  knew  all  about 
it  we  might  lie  able  t»  express  it  in  terms  of  the  velocities  of  parti' 
of  our  sy-teiii   the  co-ordinates  of   which  are  beyond  our  control 
observation,  the  uncontrollable  co-ordinates  of  Art.  263  above.     From 
this  |Miint  of  view  the  ordinary  transformation  of  potential  into  kin 
energy  and   </<r  P/X",  is  only  a  process  of  re-distribution  of  kinetic 
energy  between  the  different  parts  of  the  system. 

So  tar  as  electrical  phenomena  are  concerned  we  are  quite  unable  to 
any  portion  of  energy  to  the  motions  of  particles  of  the  system, 
that  i-  to  say  we  are  ignorant  of  the  connection  between  the  general- 
ised co-ordinates  and  those  of  the  particles  composing  the  system. 
H  noe  we  may  regard  both  kind-  of  energy,  magnetic  and  electric,  as- 
kinetic  if  it  -uit- our  convenience. 

It    i-    very    remarkable,    however,  that    the   gein-rali-ed   co-ordinate< 
should,  as  the  process  of  derivation  abo\e  shows,  be  capable  of  conn- 

my  properly  known  physical  state  with  the  motions  of  the  particles 
•  •m.  To  understand  the  nature  of  these  connection-  \ve 
inii-t  fir-t  a-certain  what  are  the  equations  (2)  of  Art.  240  above,  b\ 
which  the  electrical  co-ordinate-  are  given  in  terms  of  the  independent 
co-ordinates  of  the  particles  of  matter  composing  the  system.  This  in 
general  we  cannot  do,  and  the  problem  may  not  be  solved  for  a  long 
time  to  c<iiue.  Happily  its  solution  i-  not  necessary  in  order  that  we 
ma\  intelligently  use  the  dynamical  method,  by  which  to  attain  to  a 
dearer  understanding  of  the  interrelations  of  observed  phenomena. 

Electrokinetic  Energy.     Current-  or  Electrokinetic  Momentum 

44.'}.   We  have  ahvadx  -een  that  the  elect mkinetic  energy  is  capable 
of  being  expressed  in  the  form 


win -re  -/,.-/.      .     ,uv  the  current-  in  the  different  circuits,  and  /,,,  Lt,  .  .  . 
.1/23,  .  .  .  an-  their  -elf  and  mutual  inductances. 

rent iat ing  with  respect  to  the  different  current-   u,    ..l.tam  the 
Miduction-  through  the  ditVen-nt  circuits.     Denoting  the-e  ],\  \^  JVj, .  .  .„ 
.  we  obtain 


3-  -  Lif\ 

••T 

fy? 


'</    ,L 


(3) 


'  •/  ; 
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It  is  plain  that  Nv  .A".,,  .  .  .  2\\,  .  .  .  are  the  generalised  components 
of  momentum  of  the  system,  when  current  is  regarded  as  a  velocity. 
We  shall  call  them  the  components  of  electrokinetic  momentum  for 
the  sake  of  distinction  from  another  quantity  which  perhaps  is  more 
properly  called  the  magnetic  momentum  (see  Art.  56  above). 

444.  To  understand  more   fully   the   meanings   of  the   quantities 
Lv  L2,  .  .  .  MIZ,  3/23,  ...  let  all  the  currents  be  zero  except  say  yr     Then 
JVj   becomes   Lffa   N2   becomes    M2lylt   and   so   on.     Thus   Ll   is  the 
magnetic  induction  produced  through  the  first  circuit  by  unit  current  in 
it  and  similarly  for  the  others.     On  the  other  hand  3/21  is  the  magnetic 
induction  through  the  second  circuit  (indicated  by  the  suffix  2)  produced 
by  unit  current  in  the  first  circuit,  and  in  the  same  way  My  is  the 
induction  through  the  kth  circuit  produced  by  unit  current  in  the/*. 

The  expression  for  the  kinetic  energy   shows  that  the   induction 

through  the  jth  circuit  due  to  the  current  in  the  kth  is  equal  to  the 

induction  through  the  LJh  circuit  produced  by  an  equal  current  in  the 

Jth,  that  is,   that   Hfji;  =  Mkj.      For  the  energy  term  which  yields  the 

induction  is  the  same  in  both  cases. 

445.  Applying  now  Lagrange's  equations  in  the  form  (71)  of  Art. 
262,  taking   £  for  the  electric  energy  (energy  of  charged  conductors) 
regarded  as  potential  energy,  and  yv  y^  .  .  .  as  the  electrical  co-ordinates 
corresponding  to  yv  7.,,  .  .  .  .,  so  that  7-1  =  yv  72  =  ^-2'  •  •  •  •>  remembering 
that  T  Art,  441  does  not  involve  the  electrical  co-ordinates  but  only 
their  velocities,  we  obtain  for  the  equation  of  the  kth  circuit 

'!£  +  *  +  **-*  ......  (4) 

M       cyt      87* 

where  F  denotes  the  dissipation  function  and  Ek  the  proper  impressed 
electromotive  force.  Now  it  is  known  from  the  experiments  of  Joule 
that  the  time-rate  of  dissipation  of  energy  in  any  system  of  circuits 
has  the  value 


Hence  the  dissipation  function  is  given  by  the  equation 

F= 
and  (14)  becomes 


, 
+  r—  =  Ek  -  Kkyk  ......      (6) 

dt         cyk 

The  quantities  Ev  -B2,  .  .  .  Ek,  .  .  .  are  called  the  resistances  of  the 
circuits.  They  are  in  fact  the  rates  of  dissipation  of  energy  in  the 
-different  circuits  per  unit  of  the  current  flowing  in  each  case. 

The  quantities  yl}  y»,  .  .  .,  yk,  .  .  .  are  the  charges  of  the  conductors, 
and  we  have  seen,  Art.  186  above,  that  E  is  a  homogeneous  quadratic 
function  of  these  quantities. 
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TIi-  ailed  tin-  "  electromotive   force'    in    the   circuit    \» 

which  it  belongs,  ami  (»i)  a»rrt>  that  if  A'  be  zero  the  rate  of  increase 
<>t   electrokinetic  iii.iiiiciituia  is  equal  [<>  tin-  excess  of  tin-  elect  rom. 
that   required    t<.   overcome   tin-  dissipative  resisting  (<• 
In    other    words,    if   the   elect  rokiin-tic   mom.  -iitiiin    .V.    i-    underp 
change  an  electromotive  force  act-  in  the  circuit  opposing  the  resi>i 

which  causes  dissipation  of  the  eleetnkutttie  «  nergy. 

It  is  to  be  observed  that  while  we  speak  of  the  energy  of  u  circuit. 

the  energy  referred   to  is  part    of  the  energy  of  the   field.      When  the 

energy  is  dissipated  in  the  circuit  it  must  travel  from  the  field  into  the 

conductor  acro-s  its  hi  tenil  surfa«  •«  .      \\  •    shall  .see   later  how  this  flow 

Case  of  two  mutually  influencing  Circuits 

441).  Consider  now  in  particular  a  system   made  up  of  two  circuit-. 
Let   the  currents  in   them  be  7,,  yt,  the  inductances  Z,,  Z2,  M,  t  In- 
active force-  h\.  }'.,.  and  the  resi-tan.-es  Rv  R^t  and  let  for  the 
present  E  be  zero.     Then 

T  = 

Applying  (6)  we  have 


where  Lf/^Mv*  replaces  Nv,  and  Zyy2  +  3/7,  replaces  Nv 

We  see  from  these  results  that  here,  and  also  in  the  general  < 
dt  is  the  measure  of  the  applied  inductive  electrons  »ti\ 

which  is  employed  in  increasing  the  current  momentum.     The  reaction 

'his  force  —  dtft/dt  is  the  actual  inductive  electronioti\c  t 
given   by    the  circuit    itself,   which   therefore   opposes  the    increase    of 

;vnt  momentum. 

Tin-  may  !».-  seen  m,,re  e|,ail\   l.\   -iipp..-in-  the  circuits  led  \\ithoiu 

llllpre-s  ed     •  lectrollloti\e  force,  that    I-     li\    -llppo-in^    A'i=().       Then      the 

inductive   elect  roii  iot  i\  e   t,,ive    \\ill    1),     -  <L\  .  iff,  and    will   IK-   ei|iial    \» 

I:  -/  . 

Also  the  applied  electromagnetic  forces   arc  —dT(dxlt—dTftxt,  etc., 

the  e  I  e,t  i  ,,  magnetic  forcew  these   \\ork  against  must  bo 

/  Us.     Tin-  mutual   electromagnetic  forces  between  the 

ilitfei,  nt  ein-uit-  an-  thus  e.|ual  to  the  -jiace  rates  of  increase  of  the 

elect  rokirn-tic  energy. 

H7       Sll]  ilnple.    l\\,,     C1IC1II'  to    them-eh, 

pi.  -en.-,-  of  one  an.  .t  In-r.      Let    the   circuits   lie    n^nl    in    t.-rm   -o   that 
LVL.,  «lo  not  i-hanu'e.  \\hil--  ..f  course  If  changes  in  con>«-.|in-tice  oi  tin- 


342  MAGNETISM   AND  ELECTRICITY  CHAP. 

•displacement  which  takes  place  on  account  of  their  mutual  action. 
Let  d  T  be  the  change  of  T  which  takes  place  in  a  small  interval  of  time 
<lt  then 


dT  =  L}7ldyi  +  Z2y2dy2  +  J/(yorfyi  +  y^)  +  y,y,<^/     (8) 

If  now  a  co-ordinate  x  be  used  to  fix  the  relative  positions  of  the 
circuits,  a  change  dx  in  x  Avill  have  taken  place  in  the  same  time, 
and  an  amount  of  work  done  by  mutual  electromagnetic  forces  which 
has  the  value  dT/dx.dx. 

Calling  this  d  W  we  see  at  once  that 

dW  = 


This  work  is  spent  in  producing  ordinary  molar  kinetic  energy  in 
the  conductors,  or  if  these  are  acted  on  by  external  forces  in  doing 
external  work,  or  in  both  ways. 

The  impressed  electromotive  forces  do  work,  over  and  above  that 
•dissipated,  of  amount 


which  by  (7)  has  the  value 


so  that  the  whole  of  the  energy  is  accounted  for. 

448.  Analysing  what  has  taken  place,  we  see  that  the  impressed 
•electromotive  forces  working  against  the  re-acting  inductive   electro- 
motive forces  in  the  circuits  do  an  amount  of  work  dT+dW.     The 
first  part  is   done  in  increasing   the  electrokinetic   energy,   and   the 
second  in  displacing  the  circuits.     The  alteration  of  the  electrokinetic 
energy  is  made  up  of  two  parts,  namely  the  first  four  terms  of  (8),  and 
the  last  term  respectively.     The  first  is  the  work  done  in  increasing 
the  currents,  the  second  the  increase  of  kinetic  energy  arising  from 
the  displacement.      Thus  the  impressed  electromotive   forces   furnish 
over  and  above  that   required   for  the  changes   in   the  currents,   an 
amount  of  work  ^jf/^dM,  one-half  of  which  goes  to  increase  the  electro- 
kinetic  energy,  the  other  to  furnish  the  work  done   against  electro- 
magnetic forces. 

If  the  circuits  move  from  rest  to  rest  again,  the  changes  in  the 
currents  are  zero,  since  at  the  beginning  and  end  of  the  changes 
El  =  Rtfv  Ez  =  -S272,  and  tne  whole  energy  furnished  by  the  batteries  is 
271<y2rf.A/,  of  which  one-half  is  accounted  for  in  dT  and  the  other  in 
d  W,  the  work  done  in  moving  the  conductors  against  the  external  forces 
by  which  they  are  brought  to  rest. 

This  very  important  result  was  arrived  at  by  Lord  Kelvin  in  1851. 
(Electrostatics  and  Magnetism,  2nd  Ed.,  p.  446.) 

449.  Faraday's  experiments  and  the  conclusions  of  the  dynamical 
theory  are,  as  we  have  seen,  in  complete  accordance.     Both   concur 
in  giving  inductive  electromotive  forces   proportional  to   the   rate  of 
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:ation   «,f  the    induction    through    the  circuit,  whether   the    cli, 
i-'  (In.-  to  \ariation  of  tin-  -tivngth  of  th,-  current   ..r  t.i  di>placem.  ; 
fh-   circuit.^.     Hence  \\.-  shall  regard  equations  (7)  aa  established,  a n<i 
proceed  to  <li-\t-li>i>  their  con.-e^ueii'-. •-.     'I'll. •  a^i.  •>  m.-nt   of  these  with 

i't-  <>f  vi-rih  in-  experiment-  at)',  ml-  further  proof  of  the  tin-- 
Unit Electromotive  Force  and  Unit  Resistance — Volt,  Ohm,  Ampere,  &c. 

4.")0.   \\'e    now   define   unit    electromotive   force    a-    that   set    up  in 
••nductor  when  it  cuts  across  one  unit    tube  of  magnetic  induction 
|>«-r    unit    time  :    »r    suppo-ing    the    magnetic    induction    reckoned    in 
<'.(I.S.  unit- . -i-  i-\jilaiiifd  at  Art.   '2'.\  al>.i\.'.   thc('.(i.S.  unit  of  electro- 
motive  fnivr    \\oiild  «-xi>t    in  a    Ciinductoj-    1    crntiint-tiv    lon^   with    it^ 
^th  jM-rju-ndicular  to  the   liin-x  of  induction  in  a  uniform  iiia^m-tic 
tit -Id   of    induction    I  < '.<  i.S.   unit,   moving  in   a  dir.'ctimi  at  ri^hf  angles 
to  its.-lf  and  to  tin-  induction  with  a  -j>.-.-d  of  I  ci-ntiim-tiv  >  nd. 

Or, alternatively,  tin-  (\<;.s.  unit  of  .-l.-ctromotivf  for.-.-  \\ill  «-.\M  in 

nvuit    the   -urfacc  integral   (1f  magnetic    induction   (what    ha-    1> 
•  •ailed  ahove  the  l,,t»l  induction),  through  which  is  altered  per  -emnd  liv 
LC.G.S  unit. 

The  electromotive  force  in  t he  circuit  of  a  ])anii-H'>  cell  i-  about 
5  pt>r  cent,  more  than  108  such  units,  and  the  practical  unit  ofelectio- 
moti\e  t-.rc.-  i-  taken  a-  lOM'.d.S.  unit-,  and  i-  called  1  colt. 

The  unit  current  in  this  system  of  units  (commonly  called  the 
electromagnetic  -ystem)  ha>  been  defined  in  Art.  :{«i!t  abo\,-.  \\'e 
detine,  then,  by  means  of  the  relation  connecting  elect  ronmt  i- . 
<-urrent,  and  r.-i-taix-,-.  unit  re-i-tanr,-  a-  tin-  i.-i-tanc,-  ,,f  a  circuit 
in  which,  when  the  electromotive  force  in  it  is  unity,  the  current 
i*  also  unity.  The  circuit  thus  has  1  (\(!.S.  unit  of  hen 

the  electromotive  force  and  the  current  in  it  are  l»..th  unity. 

This   unit    of  ie-i-tance  i-   -mall   in  Comparison  \\ith  tile  iv-i-ta 

which  ha\e  to  l>e  numerically  expnMed  m  jn-actici-.  and  the  multiple 

!  it   i--  taken  a-  practical  unit  of  re-i-tance.  ;uid  called   |  ,,/utt. 
The  ( '.( ;.S.  unit    of  current    al-..   differ-   from   the    practical   unit    of 
'•urn-lit,  which  i-  tin-  current    in  a  circuit    of  iv-i-taiice    I  ohm.  and  con- 
taining  an   electromotive    fore.-   of    I    \olt.      It    is   called    a    current    of 

If  a    circuit  I    current    o|  -/  (  '  (  i  S.  unit-    the    eii.-r-\    of  the 

'•Ill-relit      I-     .'-.  /."/      HI    6fg)i     it     lll'-le     he    ||o    lillltll.ll     illilllctalice     to    he    tak'M 

into  account.      If  the    current    be    unity,  and    /.   b.     L  C.G.8  I     ;!»• 

^v  i-  half  an  ej-^.      I.   then    i-    I  (  '  (  I  S.   unit    fora   circuit    through 

which  a  current  Sk  unit  pnxlucex  a  -urfac.-  mt.-^ral  of  i, 

indiiciion  of  I  i    QJ9     init. 

in  let   I  ( '.( J  S.  unit    ..f  current   in  a  circuit  J  pr-Mluc,    a  -urface 
;ral    of    magnetic   induction   amounting   to     I  t    ( ;  S.   unit     through 

nnothtT   circuit    //.    then    \\e  kiK-w   that    tin-    -.tine   current     in    //    \\oiild 
tnee  jn-l    I  C.C.S.  unit   of  total  induction   through  .4.     The  mutual 

inductance  of  the  two  circuito  is  then  LC.QJ9    nut. 
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An  inductance  of  109  C.G.S.  units  of  inductance  is  called  1  licnry. 
The  quantity  of  electricity  conveyed  per  second  by  a  current  of 
1  ampere,  is  called  1  coulomb.  The  capacity  of  a  conductor  which  is 
charged  to  a  potential  of  1  volt  by  1  coulomb  when  all  other  con- 
ductors in  the  field  are  at  zero  potential  is  called  1  farad,  a  microfarad 
is  1/106  of  a  farad. 

These  and  other  units  will  be  further  discuss. -d   in  the  chapter  on 
Dimensions  of  Units. 


Maxwell's  Dynamical  Illustration 

451.  A  remarkable  dynamical  illustration  of  the  equations  of  currents 
was  given  by  Clerk  Maxwell,  and  another  somewhat  similar  has  more 
recently  been  described  by  Lord  Rayleigh.  Maxwell's  apparatus  is 
shown  in  Fig.  118.  On  a  horizontal  axis  is  fixed  a  vertical  bevel 
toothed  wheel  a.  Parallel  to  this,  but  fixed  to  a  loose 
sleeve  on  the  small  axle,  is  an  equal  bevel  toothed 
wheel  b.  Between  is  a  third  wheel  c  equal  to  the 
others,  and  gearing  with  them.  This  wheel  turns 
round  a  long  bar,  which  is  rigidly  fixed  to  the  axle  of 
the  wheel  a.  The  bar  thus  turns  with  the  wheel  KT 
and  the  centre  of  the  wheel  c  turns  with  the  cross-bar, 
while  the  wheel  itself  may  turn  round  the  bar.  The 
bar  carries  weights,  C,  C,  which  can  be  fixed  at  any 
chosen  distance  from  the  centre  of  the  bar,  so  as  to- 
increase  or  diminish  the  moment  of  inertia  of  the  bar, 
which  is  supposed  to  be  great  in  comparison  with  that 
of  any  other  part  of  the  apparatus. 

Two  large  pulleys  A,B  fitted  with  rope  brakes  are 
fixed  A  to  the  axle  of  a,  and  B  to  the  sleeve  carry- 
ing b.  We  shall  speak  of  the  "  wheel  A  "  as  the  whole 
system  rigidly  connected  with  the  pulley  A,  with  the 
exception  of  the  cross-bar  and  weights,  and  of  all  rigidly 
connected  with  the  sleeve  as  "  the  wheel  B." 

452.  In  order  to  find  the  equations  of  motion  of  this 
-system  according  to  Lagrange's  method,  we  must  first  calculate  the 
kinetic  energy.  Let  a  be  the  radius  of  each  of  the  circles  of  contact  of 
the  wheels  a,  b,  and  c,  cov  w2  angular  velocities  of  a  and  b  in  the  same 
direction.  The  tangential  velocities  of  the  two  points  of  contact  are 
&>!«,  o)2a,  and  the  arithmetic  mean  of  these  is  the  tangential  velocity  of 
the  centre  of  the  wheel  c  along  the  circle  in  wrhich  it  moves.  Further 
the  angular  velocity  of  the  wheel  c  round  the  cross-bar  is  £(&>!  —  &>,), 
since  the  tangential  velocity  of  one  end  of  the  diameter  through  the 
points  of  contact  is  ^(ctfj  —  fa.2}a  relatively  to  the  other  end. 

We  now  denote  the  moments  of  inertia  of  the  wheels  a,b,  and  the 
cross-bar  with  all  attachments,  by  m^^,  mj,\22,  ml?,  and  that  of  the  wheel 
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ind  tin-  cross-bar  by  „>  ./.  .-.     Tli«-  kim-tic  ,-H.T-\    T  i-.  then  given  l.\ 

til-     equation 


*  +  (mjc* 
^H",.:   ...... 

found  b\  calculating  tin-  kirn-tic  energies  of  tin-   different    juris  (.J'  the 
•n  and  adding  them  together.      This  may  be  put  in  tin 


T  =  \ 

which  is  precisely  that  of  tin-  electrokinctic  energy  of  a  pair  of  mntuallv 
influencing  circuits. 

Til--  kinetic  energy  does  n«>t    depend  on  tin-  angle-  through  which 
the  wheels  have  turn.-d,  but   only  on   the  angular   \  el.,  cities  :  and   thu- 
the  machine  forms  a  good  example  ,,f  a  cyclic  s\-tem  (Art.  -Jti!i  al.. 
\\ith  throe  independent  cyclic  \elocities  &> 

Here  the  wheels  A   and  B  correspond  to   the  two  circuit*,  while 

/...,  M,  represent    their  self  and  mutual    inductances.     The    mtatiu^ 
arms  and  attached   masses  (as  well  as  the  wheels  A  and  B  themseh 
in  which  the  energy   T  i-  -t-.red.  represent  the   medium    in    which   tin- 
circuits  are  situated,  through  which  their  mutual  action  is  propagated. 
and  which  is  tin-  \ehicle  and  «-t«.iv  of  electrokinetic  energy. 

Let  resisting  fi.i.  e-  he  applied   1>\  the   hrakes   to  the  win-els  A   and 
J'  proportional  to  tin-  angular  velocities  &>,,  &>.,  n-sjtect  i\  el\  ,  and   let    the 

rnal    CMiipl,--,    applied   to   the   wheels    be    0j,Ho.      Then    L-i-ran 
equation-  for  tin-  two  win-els,  obtained  by  differentiating  '/'.  are 

/.;«,   4-  J/w.,)  -  0,   - 

(11) 


since  tin-  kinetic  energy  does  not  in\o|\e  tin-  positions  «,f  the  win-els 
.11'-.  Tii.-  •••|iiation-  a  iv  pr.-ci«.el_\  tin-  same  as  those  ,,f  current 
induction  for  t  \\..  circuits  (7)  abo\ 

}"»:;    'I  ;       t-rces   in    these    equations    have    a    simple   interpretation 
\ample.  Miloj.,  <lt  is  tin-  applied   coup!  i  A, 

r.-nder.'d  DeoeHBTJ    l'\   the   acceleration   ./«.,/.'    m  //.that    is.  if   / 
\\ith  this  acceleration  .1  force  "f  tin-   amount    must    1.,     applied   to.  I  |.. 

'  it   from  mo\ 
Tin-  miKJel  m;i\   lie  mad.    to  illustrate  the  transient  induced  cun 

,  ike  and  break  of  tin-  circuits.  Take  the  case  <,f  t\\o  circuits  which 
\v.-  may  call  a  primarv  and  a  -e.,,ndai  v  .  and  let  th-iv  I-  lio  applied 
electronioti\.  in  tin-  latter  'I'ln  -n.  t,.  .  oil-  -pond.  H,  mn-;  !>• 

made   X'-ro    in    tin-   equations  of  tin-   nmlel.      Let    m.vv   a  couple   H,    b. 


346  MAGNETISM   AND   ELECTRICITY  CHAP. 

applied  to  A  so  as  to  start  the  system-  from  rest.     At  the  beginning  <o.2 
is  zero,  and  the  equation  of  the  wheel  B  gives 

j/^L  =  0  .  (12) 


That  is,  the  angular  acceleration  of  the  wheel  B  is  opposite  to  that  of 
A.     Thus  w2  acquires  a  negative  value  and  —  J?2<»2  is  positive.     There-  . 
fore  o>2  increases  in  numerical  value  so  long  as  Mdwjdt  is  greater  than 
-R.2&>2  in  numerical  value,  and  increases  fastest  at  first,  since  then  &>1  =  0, 
and  dw^jdt  has  its  greatest  value. 

454.  The  further  changes  can  best  be  studied  by  integrating  the 
equations,  but  this  we  shall  do  later  for  the  electrical  equations.     We 
shall  see  that  if  ®l  be  kept  constant,  &>2  will  rise  to  a  negative  maximum, 
then  die  away  to  zero,  while  wl  approaches  a  constant  value.     The  wheel 
A  will  then  rotate  steadily,  while  B  does  not  move. 

All  this  is  paralleled  by  the  rise  of  the  current  in  the  primary,  when 
an  electromotive  force  is  applied  to  that  circuit,  while  none  exists  in 
the  secondary.  At  the  instant  of  making  the  primary  an  inverse 
current  begins  to  flow  in  the  secondary,  rises  to  a  maximum,  and  dies 
away  again  to  zero,  as  the  current  on  the  primary  approaches  its  steady 
value. 

During  the  variable  period  the  cross-bar  and  the  wheel  A  are  getting 
into  rotation,  and  acquiring  a  store  of  electrokinetic  energy.  Similarly 
in  the  case  of  the  circuits  energy  is  being  thrown  out  into  the  medium, 
and  a  store  of  electrokinetic  energy  is  there  accumulated,  which  can 
only  be  recovered  in  part  or  in  whole  by  varying  or  stopping  the 
current. 

455.  What  takes  place  when  the  primary  is  broken  can  also  be 
traced  from  the  machine.     After  A  has  attained  its  steady  state  let  it 
be  retarded.     The  equations  show  that  then  dwjdt  being  negative,  and 
&>2  zero,  dto^dt  is  positive,  and  B  goes  forward  in  the   direction  in 
which  A  is  moving.     Its  forward  velocity  increases  to  a  maximum, 
and  then  falls  off  as  that  of  A  dies  away  until  finally  both  wheels  are 
at  rest. 

So  when  the  primary  circuit  is  broken.  There  is  an  electromotive 
force  in  the  secondary  which  is  greater  the  greater  the  rate  of  variation 
of  the  current  in  the  primary,  that  is  the  more  sudden  the  break,  and 
causes  a  current  to  flow  in  the  direction  of  that  in  the  primary.  Further 
the  electromotive  force  in  the  secondary  depends  on  the  arrangement  of 
the  circuits  and  their  surroundings,  so  as  to  suggest  a  store  of  energy 
in  the  medium  analogous  to  that  of  the  motion  of  the  cross  and 
attachments. 

456.  Further  if  Ez  be  so  great  that  when  o>2  is  small  R.2wz  is  con- 
siderable, then  by  (12)  when  the  couple  (B^  is  applied  to  A,  the  forward 
acceleration  dcojdt  of  A  is  small,  since  the  negative  acceleration  dw2fdi 
is   likewise   small.     The  reason  is  obvious.     The  wheel  B  is  retarded 
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l»y  the  l.rake.  and    tin-    wheel  A   it'  it  tunis  must  carry  with    ii    Un- 
cross and  attachments  the  moment   ••!'  inertia  »i'  which  is  great. 

( >n    th.    contrary  when  the  wheel  A  i*  .-uddenly  stopped  the  > 
-ipplied  to  J!  will  In-  very  threat  and  it  will  be  moved  forward  with  great 
acceleration. 

This  is  the  case  of  a  high  resistance  or  air-jjap  in  th.-  >econdar\  A 
-park  is  prevented  when  the  circuit  i<  i  ..nipleted,  while  a  spark  several 
inches  in  length  maybe  produced  it' J/ be  large  enough  by  suddenly 
breaking  the  circuit  of  the  primary.  This  is  tin-  action  of  the  induc- 
torium,  or  Ruhmkorff  Coil  (see  below,  Art.  1 

457.  The  mechanism  can  also  be  made  to  illustrate  the  action 
secondary  circuit,  which  contains  a  Leyden  jar.  Let  an  arm  attached 
to  B  bear  upon  a  spring  attached  to  the  framework.  As  the  whe«-I 
turns  the  spring  is  deflected,  until  at  a  certain  deflection  when  the 
wheel  has  turned  through  a  certain  angle  the  >pring  is  released.  Thu- 
if  A  has  sufficient  acceleration  the  wheel  B  will  continue  to  deflect  th. 
>pring  until  the  latter  >lip>  and  recoils,  while  B  runs  on,  to  come  round 
-uid  repeat  the  same  operation  as  long  as  there  i-  -urHcient  acceleration 
in  A. 

The  charging  of  a  Leyden  jar  is  analogous  to  the  bending  of  the 
-pring.  ;i  spark  to  the  slip.     The  capacity  of  the  jar  corresponds  to  the 
amount  of  bending.     If  the  capacity  of  the  jar  is  very 
great  no  spark  may  take  placfe,  but  may  discharge  back- 
wards  through  the  secondary.     This  is  precisely  -imilar  to 
the  <-a>e  in  which  the  deflection  the  spring  can  tak 
great  as   to  prevent   slipping.      The    wheel  B  gradually 
comes  to  rest,  and   then  is  brought  back  by  the  recoil  of 
the  spring. 

Lord  Bayleigh's  Dynamical  Illustration 

B,  Lord  Rayleigh's  mechanical  model  is  shown  in 
Fig.  119.  It  consists  of  a  pair  of  wheels  A,  B,  loose  on 
a  horizontal  spindle,  over  which  i*  pa-^ed  an  endless  cord, 
cam  in;,'  two  equal  movable  pulleys  in  the  bights,  with 
attached  weights  as  shown.  The  weight"  an-  e.jual  and 
vo  the  system  has  no  variable  potential  energy,  sine, 
through  what.  \.  r  height  one  of  the  weights  is  raised, 
the  other  de-ceiid-,  through  th-  -am. .'  Resisting  forces 
can  be  applied  to  A  and  B  as  \»-\> 

The  kinetic  energy  has  the  Bam--  form  of  expression      Fio.  119. 
as  before,  and  the  same  analogies  hold  and  are  ilk 
hy  the  equations  of  motion.      It  will   be  a  good  -  COOIM  for  th- 

t'-rm    the.se    equations    and     \s..rk    out     their    c.,n»,  qn,  n.-.-    m    the 

1  Tliis  in>,'.'iii..u8  apparatus  WM  in\.nt«-.l  l.y  Iliivghciu  for  tliivitiK'  -l»<k-. 
Aveiglii  i-  i  tln-.itlirr.  .-mil  inn- lit  tin-  \\  li. .  \n,  A  Hay,  driving  the  clock,  t  i. 

weight  can  be  raised  by  pulling  the  Minnllrr  «•  i^'hi  >\»\\  n  l>v  tin-  <-<>r<l  (Musing  over  B.     Tin- 
>lrivin>r  JK.V  .  •  .k-n  --ir  t!i.  ;  it  needfd. 
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motion  of  the  weights.  We  shall  deal  with  other  dynamical  illustra- 
tions of  electromagnetic  action  when  we  come  to  general  electromagnetic 
theory.1 

459.  In  all  these  cases  it  has  been  assumed  that  the  loss  of  energy 
from  the  circuits  has  been  due  to  heat  dissipation.  We  shall  see  later 
how  energy  can  be  spent  in  electrical  circuits  in  doing  useful  work  by 
the  action  of  electromagnetic  forces.  But  it  ought  to  be  borne  in  mind 
that  in  this  theory  no  account  is  taken  of  radiation  of  energy,  which 
undoubtedly  takes  place  whenever  a  variation  in  an  electric  circuit  takes 
place.  For  example,  alternating  machines  in  ordinary  working  generate 
electrical  waves  in  the  medium  of  800  or  1,000  miles  in  length.  Unless 
the  frequency  of  alternation  is  very  great  the  loss  of  energy  from  such 
causes  is  negligible.  The  whole  subject  will  be  discussed  later. 


Mutual  Action  of  two  Invariable  Circuits 

460.  We  shall  now  give  in  detail  the  solution  of  the  problem  of  two 
mutually  influencing  circuits  which  are  invariable  in  form  and  position. 
The  results  will  be  at  once  comparable  with  those  of  the  dynamical 
problem  just  dealt  with.  The  values  are,  since  Lv  Lz,  M  are  assumed 
constant, 


r    •    •    •    •    (13) 

To  solve  these  we  proceed  in  the  ordinary  way :  we  first  eliminate 
72,  then  yv  and  solve  the  resulting  equations  for  yv  72.  This  is  done 
most  simply  by  separating  the  symbols,  and  grouping  into  one  operator 
all  that  act  on  the  same  quantity.  Thus  we  get  the  equations 

.    d  . ,  d 


Hence  operating  on  the  first  of  these  by  L^djcLt  +  _K2,  and  on  the 
second  by  Md/dt,  and  subtracting,  we  eliminate  72  and  obtain 

(L,L2  -  M^  +  (L2R,  +  L,R2)^  +  R2(Rl7l  -  £,)  =  0     (14) 

Since  _Z?:  is  a  constant  we  may  write  yl  —  JSJRi  for  7X  everywhere,. 

1  A  very  interesting  dynamical  model  has  been  invented  by  Boltzmann,  and  is  described 
in  his  Vorlesungen  vber  Maxwell's  Thcorie,  Zweite  Vorlcsuny. 
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and    hence   1)\    the  ..nlinarv  rule  for  the   solution   of  linear  differential 
•  -.(nations  with  constant  co-efficients  \\. 


/,',-/,       A',    -  A^  +  Bit*'  .....     (i;.. 

where    -il.Bl    arc    con-taut-.    <     tin-    l»a-e    of    tin-     Nap.-rian    -\-t.m   of 
logarithm-.  and  a,/9  aiv  tin-  root-  of  tin-  quadratic. 


(Lx  I.        M-  ,.<;*  +  (L.,L\  +  1.  i;    •  +  R^K.,  =  «  i  . 
i  hat  is  have  the  vain.- 
1 

-'(V-,  _  ___ 

•    •  i.  i:  -  s  /.  //    -  /./,',)*  -  4^1/?,(/.,/._. 

Similarly  l»y  .-liniinaiing  7,  we  ,u 

/,'  )         /.'        .1  _«"  +  /A,  eft1  .....     (18) 

\\hm-    a.tf   havi-    the  sann-    values   as    brfoiv.    and    At,Bt   are   oth.-r 
oooatanta 

4(11.  Tin-   values  of  yvyz,  given  by  th.-M-  .-.juatioii^  for  any  tn 

on   tin-  constants  Al,£l,Az,Hz,  which  must   Ix?  detenninrd  to 

>uit  the  giv»-n  circumstanc.-  ..f  th«-  case. 

The  '(iiantities  a,  ft  are  the  same  in  all  circunotance-.  «|.  j>.  -ndin^ 
•hey  do  on   the  form  and  dimensions   only   of  the  circuits     That 

they  are  real   maybe  seen  at  once  thus;  —  The  roots  of  the  quadratic 

c.'T'i  are  real  if 

(Z,ff,  4  /.  i;     ^  4(/Mz,  -  J/-)/,',/'', 

that  i-  if 

(IJf.,  -  L.,Rl)*>       \M'/tlK., 

which  i>  ol>\i,uisl\  true,  -inc.-  the  .|iiantity  on  the  left    is  jn»sni\e.  while 
that  on  the  right  i-  .--entially  negative. 

It  is  necessary  further,  in  order  that  it  may  lie  impossible  for  either 
eurn-nt  to  In-e.-me  infinite  that  both  a  and  rf  \»-  n.  -ati\.-  Tin-  nnol\,  > 
the  inequality 

(L^K.,  +  L.Mtf  >  {(Lift,  +  LsRtf  -  4(7.  /.         M    I;  h 

which    is   true   if  Z1Z4>J/2.   that    i-.   if  the  mutual  inductan.-.-  ..!'  t\\.. 
cireuit-  i-  less  than  the  geometric  mean  ..f  th.-n-  self  inductai  I 

is  obvious  from  the  energy  equation,  "i    from    the  lim  -   of    inductii.n   of 
a   unit  current  flowing  in  eithi-r  .•in-uit       Th.-.-e  lin.-s  all   jwiss  through 
their  own  circuit,  but  clearly  do  not    all  JKISS  through  the  ..th- 
other   circuit  however    may   consist    of  //    turn-,  and    h.-ncc-    J/<  ///.,. 

;n.  a  unit  current  tloum-  in  the  -e,-.,iid  circuit  gives  a  total  in-t 
tion  through  it  of  Ltt  and  all  the-.-  d<>  not  ju—  through  the  first,  and 
we  suppose,  the  s,  .-ond  circuit  has  the  greater  effective  area.  Tim- 
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M  <  X2.  But  if  L'z  be  the  average  inductance  of  a  single  turn  of  the 
second  coil,  Lz  =  nzL'z,  since  the  lines  due  to  each  turn  give  an  induc- 
tion nL'2,  and  there  are  n  turns.  But  clearly  also  M<^nL'2,  that  is, 
M  <  Zj/w.  Hence  Mz  <  nL^LJn,  that  is,  Mz  <  L^L.2. 

462.  Let  now  both  circuits  be  closed  at  the  same  instant,  which  is 
taken  as  the  zero  of  reckoning  for  t.  Thus  for  t  =  0,  ^  =  0,  7,  =  0,  and 
we  get  from  (15)  and  (18)  -jEl=*Al  +  Bv  -EZ  =  A,+  Bv 

Hence  equations  (15)  and  (18)  become 


.     .     .     (19) 


The  coefficients  Alt  A2  remaining  in  these  equations  could  be  deter- 
mined by  calculating  dyjdt,  dy2!dt  for  the  epoch  t  —  0,  and  substituting 
in  the  differential  equations.  We  shall  find  it  more  convenient  however 
to  determine  the  constants  to  suit  the  particular  circumstances  of  the 
cases  to  which  equations  (7)  are  applied. 

For  example,  consider  a  secondary  in  wrhich  there  is  no  impressed 
electromotive  force  Ez,  and  let  both  circuits  be  closed  at  the  same 
moment,  or,  which  comes  to  the  same  thing,  let  the  secondary  circuit  be 
kept  closed,  while  the  primary  is  made  or  broken.  We  easily  get  by 
the  process  described : 


E 


A.,  =  - 


R.,M 


\ 


.     .     (20) 


463.  The  variation  of  the  primary  and  secondary  currents  is  illus- 
trated in  Fig.  120,  which  is  a  copy  of  a  cut  drawn  to  scale  from  an 

actual  case,1  in  which  an  electro- 
motive force  of  100  volts  is 
applied  to  a  primary  circuit  of 
resistance  10  ohms  and  self-in- 
ductance '05  henry,  between 
which  and  a  secondary  of  resist- 
ance 5  ohms  and  self-inductance 
•4  henry,  the  mutual  inductance 
is  '02  henry. 

The  primary  current  rising 
from  zero  to  its  steady  value  is 
shown  above  the  line   together 
with  the  induced  current,  that 
the   difference   between   the 


Secondary 
FIG.  120. 


is 


current. 


steady  current  and  the   actual 
The  induced  current  in  the  secondary  is  shown  below  the  line. 


1  From  Alternate-Current   Working  by  Alfred  Hay,  B.Sc.  London,  Biggs  &  Co. 
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It    i-  noticed   that    while   tin-  current   in   the   prinUHJ  BiaduaOj 

inciva-e-  toward-  it-  >t«-a«l\    value   th«-  cui'i-ciit  in  the  secondary   i 
to  it<  inaxiiiiuni  and  then  tails  utV  to  ward-   /en.   a-   tin-   runvnt    in  the 
primary    heroines  constant.     The  dotted  ourv«»  in  Fiur.  I  -JO  is  tin-  curve 
<•{'   rise  of  current    for   thi-   ca-e    on    tin-  -up|>osition  that  then-   i-   u<> 
mutual    inductance.     It   appear-    (and    the  reader  may    easily    -a- 
himself   that    it   is  so  from    tin-  equations   above)   that    tin-    effect    of 
mutual  inductance  i-  to  make  the  rise  of  the   current    in   the   primarv 
moiv  rapid   at    tii-st,and   afterward-   to   retard   the   rise,  as  the  dotted 
rune  if  continued  would  en  —  the  full  rurve. 

4ti4.  The  time  in  which  the  current  rises  to  its  maximum  can  I- 
calculated  l»y  finding  the  value  of  t  for  which  dyjdt  is  /.en..  DitVen-nti- 
at  in-  the  -ec,.nd  of  <  l!>)  and  ])iittiiii,r  dy.,  >lt  =  0,  \ve  find 

'  '   rtl«g-      ......     (21) 

a  -  p         a 

\  ii  the  \.ilue-.  .,(  a,fi  oj\fii  in  equation  (  17)  it  i-  dear  that  /  ha- 
it>  least  value  when  J/-  =  L^L.,.  This  is  ap|noximately  the  rase  when 
the  primary  and  -econdary  miU  are  e<jual.  and  a-  nearly  a-  po«.-il»|e 
coincident.  Then  Ll  =  L.,  =  .}f. 

When  the  condition  AI~  =  Z,£2  is  fulfilled  the  value  of  ,/y.,  <lt  when 
/  =  0,  that  i>  —  A'.l/XZjLg—  .I/-),  i-  infinite,  and  the  current  take-  at 
once  it-  maximum  value.  It  i-  needle—  to  -av  that  this  condit  i..n  i- 
Oevei  i.  ally  fultilled,  as  M-  must  alwav-  \»-  -.-n-iMy  !«•—  than  /.,/. 

4ti").  The  march  of  the  >ec..ndary  current  at  lnvak  will  l.e  di-<-ussed' 
piv-eiitly.  \Ve  -hall  tii>t  tind  the  whole  quantity  of  electricity  which 
Hows  through  the  -econdan  at  make.  |1\  equation  (  l!h  al»o\e  we  h. 


CO 

/  I  ) 


//   -  A.(e*'  -  e0>),lt        •'",  •     • 


:i^   the    value   of  Az  given    in    (20)   and    noticing    that.   Ity   the 
•  piadratic   of  which    a,  /9   are    the    ro,,t-.   a/8  =  ^/^/(Z,/),  —  Jtf8),  \\' 


The    current    Mow  -.  t  heoivt  icallv  .  f..r   an    infinite    time    |»efoiv    it    ha- 
l»ecome  steady,  ]>ut    in  any  actual  ca-e  the  \\-\\,,  \,-  \  tuge  due  to- 

imliK-tion  does  not  la-t  -en-ihly  l)e\,,iid  a  traction  of  a  -econd. 

Tin-   i-e-ult    ha-  Keen  ol.tained.  l»v  the  pp..-,  -  ,|  here,  as  an 

mple  of  the  u-    "t  -.  neral  integral-   ..lita-.ned    for   ti  tied 

in  which  current-  are  -tarted  in  l>..th  circuit-  at   the  -ame  m-tant.      Hut 
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it  can  be  much  more  easily  deduced  from  the  second  differential  equation 
of  (24).     Thus  integrating  over  the  variable  period  we  find 


00  00 

My,  +  L.\  ?j*dt  +  SA  y.2dt  =  0, 


and  the  current  y.2  being  zero  both  when  t  =  0  and  when  t  =  x  the 
first  of  these  integrals  is  zero,  and  we  have 


tlie  result  already  given  above. 

The  same  process  gives  at  once  for  the  total  quantity  of  electricity 
which  passes  in  the  secondary  circuit  when  the  primary  is  broken  the 
same  result  with  opposite  sign,  viz.  : 

-  ......  <28> 


For  the  primary  current-  is  initially  7^  and  finally  zero,  while  7.,  is 
both  initially  and  finally  zero. 

Thus  exactly  as  much  electricity  passes  through  the  secondary  at 
break  of  the  primary  as  passes  at  make,  but  the  quantities  are  opposite 
in  sign.  This  has  been  verified  by  direct  experiment,  and  affords  strong 
evidence  of  the  correctness  of  the  theory  from  which  the  result  has  been 
shown  to  flow. 

466.  It  is  interesting  to  study  the  march  of  the  current  in  the 
secondary  circuit  (see  Fig.  120).  First  suppose  the  secondary  circuit  to 
be  kept  closed,  while  the  primary  is  broken.  Let  the  variable  stage  of 
the  primary  current  extend  over  a  time  r,  then  this  is  called  the  dura- 
tion of  the  break.  Then  integrating  over  this  period  the  differential 
equation  of  the  secondary  circuit  we  get 


7T 

i  +  L.2y.2  +  £.2\  y2dt  =  0 


or 


.....    (26) 


If  the  time  T  be  very  short  the  integral  on  the  right  will  have  a  very 
small  value,  and  may  be  neglected.      Strictly  speaking  the  break  is 
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never  instantaneous,  but  in  a  -harp  luvak,  we  may  say  that  the  cm 

in  the  secondary  rises  very  «juickly  t..  the  vain.-  .)/-.  .rly, and  then 

gradually  dies  away.     The  mode  of  variation  is  illu-t  rated  by  Fig.  1'JI. 


M 


Fi.:.   liil. 


Th.  duration  r  of  the  break  is  OAf,  and  the  ordinal <•  .'//'  i>  approxi- 
mately J/7l  Lf 

The  energy  initially  is  ^L^M^^jL^  =  \  M^yf/L,,  and  at  any  time 
when  the  current  is  72  i>  l/>  7.,-.  The  rate  at  wnich  the  energy  is 
«li— i | Kited  in  heat  in  the  circuit  is  -R2722.  Thus  we  hav- 


r     72    i     i>  A 

2  ~dt  iyi  = 

Integrating  this  and  remembering  that  when  t  =  0,  yt  = 
we  find 


which  shows  how  the 'current  dies  away  in  the  secondary. 

It  is  to  be  understood  that  if  the  primary  or  -e. lary  circuit  or 

both  consist  of  coils  surrounding  iron  con--,,  the  march  of  the  induced 
currents  i-  very  ditVeivnt  from  that  studied  and  illustrated  hen-.  The 
inductance-  an-  no  longer  constant,  l»ut  vary  with  the  current. 

Its  in  -itch  cases  see  a  paper  by  T.  Gray,  On  the  Measurement  of  the 
M"ynetic  Properties  of  Iron,  Phil.  Trans.  R.S.  184  (1893),  A. 

Single  Circuit  with  Self-Inductance 

li.T.  \Ve  can  easily  investigate  the  theory  of  a  single  circuit  with 
-elf- inductance.  We  have  only  to  take  one  ul  putting 

M      I'      1  )!-o|,j,in^  sutlixfs  we  get  for  the  equation  of  currents 

i       D-  tf 
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Integrating  we  find 

Jf*  Jl 

y  =  -p  +  Ae'L*, 

When  t  =  0,  7  =  0,  and  therefore  we  must  put  A  =  —  EjR.     Thus 
the  equation  of  current  is 


(29) 


The  rise  of  the  current  with  time  is  shown  in  Fig.  122.     The  curve  ter- 
minates in  the  Fig.  at  the  value  of  the  current  after  the  lapse  from  the 


Final  Steady  Current 


O 


Time 
FIG.   122. 


Scale 


closing  of  the  circuit  of  about  three  and  a  half  times  the  time-constant 
LjR,  which  is  represented  by  OM. 

The  part  Ee~RtlLjR  is  the  extra  or  induced  current,  and  dies 
away  to  zero,  as  the  total  current  attains  its  steady  value  JE/M.  The 
whole  quantity  of  electricity  which  passes  in  the  induced  current 
at  make  can  be  found  at  once  by  integration.  Let  q  be  this  quantity, 
then 


EL 


.     .     (30) 


The  quantity  of  electricity  passing  in  the  break  is  also  easily 
ound.  To  render  the  problem  definite  let  the  battery  be  thrown 
out  at  a  given  instant,  and  an  equivalent  resistance  be  introduced. 
The  current  circulating  is  y0(  =  EjR)  at  the  beginning,  and  at  any 
subsequent  stage  in  the  variable  state  has  a  value  7.  The  rate  of 
loss  of  electrokinetic  energy  is  —I/ydy/di,  and  the  rate  of  dissipation 
is  Rrf.  Equating  these  two  rates  we  get  Ldyfdt  +  Ej  =  0,  which  of 
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course  might   have  been  obtained  by  putting  .#=0  in  equation  <: 
Thus  we  have 


(30') 


the 


that  is,  the  quantity  passing  at  break  in  the  induced  current  is 
same  in  amount  but  opposite  in  sign  to  that  which  passes  at  make 

The  equality  of  these  quantities  of  electricity  is  independent  of  any 
want  of  uniformity  of  distribution  of  the  current  over  the  cross-m- 
owing to  rapidity  of  variation  of  the  current.     (Sec  Chap.  XI.) 

The  current  at  any  instant  after  the  removal  of  the  electromotive 
force  is  given  by  the  equation 


E    _, 


(31) 


\\hich  is  illustrated  by  Fig.  123,  the  ordinates  in  which  show  values  of  7 
with  successive  values  of  t.     OM  is  the  value  of  LjRt  the  so-called  time- 


M 


Time 
:.    123. 


constant.  This  is  the  interval  in  which  the  current  tails  to  l/e  of  its 
initial  value.  From  equations  (29)  and  (31)  it  is  evident  that  the 
curves  in  Figs.  122,  123  are  the  same,  but  diftVr.  ntly  placed  with 
respect  to  the  axes.  The  difference  between  OA  and  any  ordinate  of 
Fig.  \'2'2  i-  the  corn-jioinliii^  onlinate  of  Fig.  \'2'\ 


Theory  of  a  Network  of  Conductors 

468.  As  another  exam  j  >l<   of  the  the,.r\  .if  current  induction  we  m.i\ 
take  a  set  of  conductors,  whether  or  not  containing  electromotive  forces, 
joined  so  as  to  form  a  network.     The  dynamical  equations  are  at  once 
Applicable  to  such  a  system,  ju-t    in   the  -.uuo  way  as  to  a  system  of 
complete  circuits,  pn.vid<.;d  we  use  instead  of  resistances,  inductances, 
and  electromotive  forces  in  circuits,  the  resistances,  inductance-. 
and  mutual,  of  the  conductors,  and  the  impressed  differences  of  potential 
between  their  terminals. 

The    two    fundamental   principles  stated    in    An.    L'-'-l-  above,   and 
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applied  to  the  case  of  steady  flow,  are  applicable  also  to  this  more 
general  problem.  The  first,  the  principle  of  continuity,  requires  no 
modification,  the  statement  of  the  second  principle  requires  to  be 
changed  in  the  manner  indicated  below. 

There  is  a  difficulty,  however,  in  deciding  just  what  is  the  self- 
inductance  of  a  conductor  joining  two  points  in  a  circuit,  or  the  mutual 
inductance  of  two  such  conductors  in  the  same  or  in  different  circuits. 
Happily,'  however,  there  is  no  real  practical  difficulty,  as  in  most  cases 
the  conductors  to  be  considered  are  coils,  which  may  be  regarded  as 
each  so  many  complete  circuits  given  in  position  and  dimensions  by  the 
turns  of  wire.  The  total  magnetic  induction  through  each  such  turn  of 
wire  is  quite  definite  and  can  be  calculated,  and  different  methods  lead 
to  the  same  result. 

469.  The  difficulty  here  alluded  to  is  apparently  avoided  by  the  use 
of  the  cycle  method  of  dealing  with  a  network  described  in  Art.  230 
above.     Any  network  of  conductors  is  regarded  as  made  up  of  a  series 
of  meshes  or  cells,  as  in  the  arrangement  shown  in  Fig.  1  24,  which  con- 

sists of  three  distinct  meshes  ADC  A,  ABDA, 
ODBC,  Each  individual  conductor  is  common 
to  two  meshes,  except  {hose  conductors  which 
form  the  outer  edge  of  the  network.  Maxwell 
supposed  a  current  to  circulate  round  each 
mesh  in  the  same  direction,  so  that  the  actual 
current  in  each  conductor  was  made  up  of  the 
FIG  124.  difference  of  the  currents  in  two  adjoining 

meshes.     Each  mesh  is  from  this  point  of  view 

regarded  as  a  complete  circuit  with  its  own  current  flowing  round  it 
and  the  self  and  mutual  inductances  of  the  system  are  quite  definite, 
being  those  of  the  distinct  circuits  formed  by  the  meshes. 

470.  There  is  no  difficulty  in  writing  down  the  electrokinetic  energy 
and  finding  the  equations  of  motion  from  either  point  of  view.     If  in 
Maxwell's  method  we  denote  by  Lv  L2,  .  .  .  the  self-inductances  of  the 
different  meshes,  each  regarded  as  a  separate  circuit,  in  which  flow 
currents  y^,  yz',  ...  by  M12,  M.23,  .  .    the  mutual  inductances  of  the  pairs 
of  meshes  indicated  by  the  suffices,  the  electrokinetic  energy  has  the 
expression 

••••)      •     •     •     (32) 


If  Ejk  denote  the  resistance  of  a  conductor  common  to  two  meshes 
j,  k,  one-half  the  rate  of  dissipation  of  energy  in  heat  in  the  whole 
system,  that  is  the  dissipation  function,  is 

F  =  WWJj  -  y'tf       .....     (33) 


where  the  summation  is  extended  to  all  the  conductors  of  the  system. 

We  can  now  write  down  the  equations  for  the  different  meshes. 
They  are  of  the  type 

d  dT       3F 
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\shere   /,',  is  the  electromotive   force  in  the   circuit  indicated  1>\    the 


a-e  advantages  in  this  method  of  procedure,  but  it  cannot 
l>e  said  to  be  of  any  practical  service  in  inquiries  concerning  in- 
ductances. In  such  applications  it  is  usual  to  write  the  electrokmetic 
energy  in  the  form 

T  =  WM  -  y'*)2  +  **fw>(y'j  -  y*)(y'<  -  y  •)}    (35) 

where  Ljk  is  the  self-inductance  of  the  conductor  common  to  the  two 
mesh.  -./,/.-,  and  .)f  ,k  ,,„  is  the  mutual  inductance  of  the  two  conductors 
common  one  to  the  meshes,;,  k,  the  other  to  the  meshes  /,  m.  But  thi» 
i-  after  all  simply  to  return  to  the  other  method,  to  which  at  present 
w.-  shall  adhere.  There  is  no  difficulty  really  in  writing  down  the 
equations  for  all  the  different  conductors  by  this  method,  applying  the 
principle  of  continuity  at  each  meeting  point.  Further  only  one 
symbol  is  required  for  the  current  in  each  conductor,  so  that  the  formula 
are  l>ri>  •• 

471.  If  then  we  denote  by  Lv  Z2  .  .  .  Mn,M^  .  .  .  the  self  in- 
ductances of  the  conductors  1,2  ...  and  the  mutual  inductances  of 
tlii-  pairs  of  conductors  12,23,  .  .  .  the  electrokinetic  energy  has  the 
value 


T  =  J(Ziyi«  +  L'J/,  _.y,ys  +  ....+  A*,2  +  2*aysy>  +  ••••)  (36) 
The  di--ipjiti<>M  function  is 

F  =  i(*l7l2  +  R#*  +  ....)     ....     (37) 


If  there  is  electric  energy  E  such  as  that  of  charged  condensers 
situated   in  the  conductors,  the  equations  of  the  circuits  are  of  the 

type 

d  W       8E        W 

-  +  ;r-  +  .-     =  Ek  -  Vk     .     .     .     .     (38) 
at  fyt      8yfc      <yt 

\\heie  Kk  is  the  internal  electromotive  force  in  the  conductor,  and 
Vic  is  the  difference  of  potential  between  its  tonmnaK  taken  with 
the  negative  sign,  sine.-  we  suppose  E*  to  act  with  the  current,  and 
Vk  to  oppose  it. 

Adding  the-f   .-ipiations  for  all   the  conductors  forming  a  circuit, 
we  get 

'(|T+r«L  +  ....)  +  *+*+....  +  ?A«I.  +  ......    (39) 

«V^»   »»+»        /   aw   fy+i  ^y+i 

where  A'  i-  the  total  internal  el.-et  roiuot  i\  ••  force  in  the  circuit  The 
sum  of  the  differences  of  potential  between  the  terminals  of  the 
conductors  is  of  course  zero  for  every  circuit. 

l'.\  Art.  1M  above  if  Cf,Ci+l,  ....  be  the  capacities  in  the  succos- 
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sive  conductors  of  the  circuit  and  yj,yj+v  .  •  .  denote  the  corresponding 
charges,  we  have 


E  -  *  O 


Hence  (39)  may  be  written  in  the  form 

sJ4 


in  which  we  shall  generally  use  it.  This  may  be  taken  as  the  most 
general  form  of  the  so-called  "  second  law,"  given  by  Kirchhoff  (Art. 
230  above)  for  a  system  of  linear  conductors. 

We  shall  find  many  examples  of  the  use  of  this  equation  when  we 
come  to  the  measurement  of  inductances,  though  in  most  of  these 
we  shall  have  to  use  only  the  less  general  form  of  equation,  which  does 
not  include  terms  depending  on  electrostatic  energy.  At  present  we 
shall  consider  a  few  problems  of  practical  importance,  taking  first  a 
case  investigated  experimentally  by  v.  Helmholtz,  whose  method  will  be 
described  in  Vol.  II.,  in  the  chapter  on  the  Experimental  Verification  of 
the  Theory  of  Induction. 

Primary  with  Secondary  as  Derived  Circuit 

i.i.i. 472.  Let  the  same  arrangement  as  that  described 

in  Art.  427  above  be  made,  namely,  a  battery  and 
coil  in  circuit  with  a  cross-connection  between  them 
as  shown  in  Fig.  125.  If  yvry2  be  the  currents  in 
the  coil  and  the  cross-connection,  and  7  the  total 
current,  i\,  r2,  r  the  resistances  of  the  coil,  cross- 
connection,  and  battery  with  connecting  wires  to 
AB,  then  we  have  by  the  principle  of  continuity 


Key 


7  =  7i  +  72 


(41) 


Coil 

FIG.  125. 

By  equation  (7)  we  have,  since  there  is  we  sup- 
pose no  mutual  induction  to  be  considered,  and  the  only  self-induction 
is  in  the  coil 

r2y.,  +  ry  =  E} 

•     •     •     (42) 

for  the  two  circuits  EABE,  EACDBE.     These  by  (41)  may  be  written 

72)  =  ^) 

(43) 
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Til.-   value  of  7,  derived  from  the  first  of  these  snb-tituted  in  tin- 
second  gives  for  7  tin-  equation 

-  rJS 

7l 


dt  r  +  r3  l       r  +  r., 

Writing  ^     ,  for  /    ,  +  >y2  +  r4r  we  get  by  integration 


and  hence  for  7., 

*-  ~  r  +  r.,  (      ~  2rrj  \  / )       '     * 

The  quantity  of  electricity  which  rl<>\\-  through  the  coil  during  any 
interval  T  reckoned  from  the  closing  of  the  circuit  is  thn- 


If  after  the  lapse  of  the  interval  T  after  the  make  the  circuit  be 
broken  by  raising  the  key,  the  quantity  of  electricity  which  How- 
through  the  coil  is  found  as  follows.  The  current  flowing  through  the 
coil  in  the  break  satisfies  the  equation. 


(47) 


which,  remembering  that  the  current  at  the   beginning  of  tin- 
break  has  the  value  given  in  (45),  we  find 


The  quantity  which  flows  through  the  coil  in  the  hieak  i-  therefore 

\    T\ 

rjr  ). 


r,,LE 

-  0 


(r,  +  r,)2rr, 


Oscillatory  and  Non-Oscillatory  Discharge  of  a  Condenser 


473.  Later  we  shall  di-.-u—  fully  cases  of  primary  and 
circuits  in  which  the  electronmtixe  forces  acting  are  si  mjtle  hanii->nir 
functions  of  tin-  time;  and  th.  \.  i\  inijM.rt  ant  arrangement  of  primary 
and  -ec,,ndar\  circuit-  \\hich  we  have  m  an  onlinury  make  and  )>reak 
induction  coil  will  be  dealt  with  when  it-  c.,n-t  ruct  i"H  and  mod. 
action  nr--  !>•  -m^  c..n-ideivd.  We  -hall  ne\t  c,.n-id.-r  a  \.-iy  ciin.-u- 
and  imjxirtunt  problem,  which  ha-  played  a  great  part  in  modern 
electrical  di-c..\,T\  . 
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Let  a  condenser  be  charged  to  any  given  difference  of  potential,  and 
let  its  plates  be  then  connected  by  a  wire  of  self-inductance  T  and  re- 
sistance H.  The  condenser  will  discharge  along  the  wire  from  one  plate 
to  the  other.  Let,  at  any  time  t,  the  difference  of  potential  between  the 
plates  be  V,  the  current  7,  and  the  capacity  C.  Then  the  energy  of  the 
condenser  is  \GV'1  in  virtue  of  its  charge,  and  the  current  has  electro- 
kinetic  energy  \L<y-.  The  total  electrical  energy  is  l(CV2-\-Lyz).  The 
total  time  rate  of  charge  of  this  energy  must  be  equal  to  the  rate  at 
which  energy  is  being  transformed  into  heat  in  the  circuit,  plus  that  at 
which  energy  is  being  radiated  from  the  varying  current  system. 

If  we  neglect  the  latter  part  we  shall  have 


-. 

But  7=  —CdV/dt  so  that  the  equation  just  found  is 

CL  -T-5-  +  RC  —  +  V  =  0   .  (49) 

dtz  dt 

Solving  we  get,  putting  (R2-4l/C)*/2l  =  a, 

-—t 
V  =  e   ZL  (Aeat  +  £e~at) (50) 

or  as  it  may  be  written 

V  =  e ~  ^  D  cosh  (erf  -  £) 

where  A  and  B  or  D  and  £  are  constants  to  be  determined  from  the 
initial  circumstances  for  any  particular  case. 

If  a  is  real  this  represents  an  ordinary  discharge  gradually  approach- 
ing complete  equalisation  of  potentials  between  the  plates,  and,  theo- 
retically, only  reaching  it  in  an  infinite  time. 

If  a  is  imaginary,  which  will  be  the  case  if  R-<^LIC,  the  solution 
is 

.  i 
C 


V  =  e~       A  cos    -=          -  3**t  -  6  \      .     .     (51) 

J 


where  A  and  6  are  constants  to  be  determined  from  the  given  initial 
circumstances.  This  represents  an  oscillatory  discharge  with  gradually 
diminishing  range  of  potential.  The  period  T  is  given  by 

=  ......  <62> 


and  the  logarithmic  decrement  of  the  potential  is 
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The  discharging  current  is  —(CdV/dt)/R,  and  is  obtained  from  (50)- 
t«>r  non-oscillatory  and  by  (51)  for  oscillatory  subsidence  of  the  potential. 
Tin-  values  of  the  current  at  different  times  for  tin-  t\\o  extreme  cases 
of  non-oscillatory  subsidence  an-  plotted  in  curves  in  Fig.  I  '27. 

474.  The  existence  of  an  o-rillatory  discharge  depends,  as  we  ha\e 
shown,  on  the  relation  of  the  resistance  to  the  inductance  of  the  di-- 
charging  coil,  and  the  capacity  of  the  condenser.     If  the  inductant  • 
great  enough  in  comparison  with  the  resistance  of  the  coil,  electrical 
oscillation-   will   take   place,  and  there   is   no    manner   of  doubt    that 
many  electrical  discharges  which  appear  mere  single  sparks  are  each 
a  succession  of  backward  and  forward  discharges  caused  by  successi\. 
.-.illations  of  the  potential  of  the  condenser. 

The  possibility  of  this  form  of  discharge  was  suggested  tir-t 
apparently  \>\  \.  H.-hnholtx,  in  his  famous  e--ay  />'•  Erhnltuntj  <!•  /• 

ft.  from  certain  unexplained  phenomena  of  magnetization  produced 
by  pa—  ing  Leyden  jar  discharges  through  a  coil  surrounding  a  bar  of 

'.  Tlie  theory  given  here  is  practically  that  given  by  Lord  Kelvin 
in  a  remarkable  paper  published  in  the  Phil.  Mag.  for  .June,  185S*. 

475.  The  discharge  of  a  condenser  is  thus  similar  to  the  motion  of  a 
deflected  spring  when  resisted  by  a  force  proportional  to  the  velocity 
displacement.     For  the  equation  of  motion  (49)  can  be  written 


which  shows  that  L  corresponds  to  the  inertia  of  the  spring,  V  to  it- 
displacement,  l/C  to  the  return  force   per   unit    displacement    (that    i-. 
nay  be  regarded  as   the   modulus   of  yielding,   or  permittance  as 
1  1.  a\  i-ide  calls  it),  and  R  to  the  resisting  force  per  unit  <»f  the  velocity 
of  displacement.     In  such  a  case  we  know  that  if  the  inertia   i- 
-mall  and  the  re.-i-ting  force  has  a  large  enough  value,  the  spring  will 
-imply  -lip  slowly  back  to  its  equilibrium  position  without  oscillation 
:d>out  it.  just  as  does  a  pendulum  bob,  of  small  inertia,  deflected   in  a 
highly  viscous   fluid    like    treacle,  and    then    left    to   itself.      If.  ho\\. 
the  spring  has  a  certain  amount  of  inertia   it  will  get   into  motion,  and 

be  equilibrium  po-ition  will  move  more  quickly  than  b.  •< 
•ting  that  position  and  o-.-illating  about  it,  if  the  inertia  is 
siitlicientK  gnat.  When  the  inertia  is  such  that  the  spring  i-  just 
lu-ou^ht  to  !••  -t  without  pa—  ing  the  equilibrium  po-jtion.  and  the 
slightest  addition  of  ma—  would  can-.'  the  -pun^  to  nass  beyond  that 
position  I..  -fore  coming  to  rest,  the  motion  of  the  -pnng  i-  d.  ad  heat. 
and  the  condition  /,"('  4/.  i-  fulfilled.  I'ptothis  limit  ol.vioiidy  tin- 
addition  of  inertia  diminishes  the  time  of  '  di-  BflOM  the 

addition  of  the  analogoii-  quantity,  self-inductance,  to  tin-  di- 
conductor  will,  in  like  circum  increase  the   rapidity  of  d 

of  a  condeii-i-r.      Thu-  the  -.•If-inductanc,-  of  a  light  ning-coiiduct,,i  ma\ 
facilitate  the  dischnn  of  -^    thundercloud.     Tin-  con- 
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sequence  of  Lord  Kelvin's  theory,  but  it  seems  to  have  been  first 
explicitly  pointed  out  by  W.  E.  Sumpner  in  a  paper  read  to  the  Physical 
Society,  Ap.  14,  1888  (Phil.  Mag.,  June,  1888). 

The  rate  of  discharge  and  amount  of  charge  left  in  the  condenser  at 
different  times  are  shown  in  Figs.  127,  128  below  for  the  cases  of  (1) 
zero  self-inductance,  and  (2)  just  as  much  as  can  exist  without  oscil- 
latory discharge. 

To  make  the  matter  as  clear  as  possible  we  may  trace  the  effect  of 
adding  self-inductance  to  the  discharging  conductor.  If  the  coil 
possesses  no  inductance  the  equation  reduces  to 

V  =  V0e~^c     .......     (54) 

which  gives  the  potential  at  time  t  in  terms  of  the  initial  potential  Vo 
and  the  value  of  t. 

Since  V  and  V0  are  of  the  same  dimensions,  it  is  clear  that  tjRG  is 
a  mere  number,  that  is  to  say,  EC  is  a  time.  It  is  the  interval  in 
which  the  potential  is  diminished  from  any  value  V0  to  V0/e,  and  is 
called  the  time-constant  of  the  condenser.  VJe  is  the  common  ratio  of 
the  geometrical  progression,  the  terms  of  which  are  the  values  of  V  at 
successive  intervals  each  equal  to  RC. 

476.  The  rate  of  falling  off  of  the  potential,  and  therefore  of 
the  charge  in  the  condenser,  is  easily  traced  numerically.  Since 
€=2-71828  .  .  .  .  ,  e10  is  about  20000,  therefore  in  an  interval  ten 
times  RC  the  potential  has  fallen  to  about  -awuTJ-th.  of  what  it  was 
before. 

To  trace  the  effect  of  adding  inductance  we  go  back  to  equation 
(50).  The  falling  off  of  the  potential  now  depends  upon  two  ex- 
ponentials, for  which  1/(JR/2Z  —  a)  and  l/(R/2Z  +  a)  may  be  regarded  as 
the  respective  time-constants.  If  the  roots  of  the  auxiliary  quadratic 
are  real,  both  of  these  quantities  must  be  positive,  since  in  that  case 
a  =  E/2L.(l  -4Z/C722)*,  and  is  real  and  less  than  RJ2L. 

The  second  of  these  time-constants  is  the  smaller  of  the  two,  and 
since  the  term  depending  upon  it  is  practically  wiped  out,  while  the 
other  is  still  sensible,  the  time  of  discharge  depends  upon  the  larger 
time-constant. 

If  X  be  written  for  LjR^C  the  time-constants  are 


_ 

—  -  .  ,  9  -  .  — 

R  1  -  Vl  -  4A  R   1  +  Vl  -  4A. 


(55) 


and  their  product 


where  r  =  RC. 

Plotting  TJ,  T2  as  the  ordinates  of  a  curve  of  which  successive  values 


i.vni  <  >F  t  n;i;KM> 


989 


of  X  are   the  ah-.-i  —  a-.  \\ e  g,-t    the  ciir\e  shown   in    Fig.    12b\  which    i< 
clearly  a    parabola    with   axis   jiarallel    to  <>.\.     The   part  of  the   curve 
drawn  full  is  that  of  which  the  ordi  nates  are  the  values  of  the  l.-u 
time-constant;  the  dotted  portion  of  the 
ciir\e  ha-    for  ordinate-   the  values  of  the 
.-mailer  time-constant. 

The    time-constant-    are   equal    when 
X=l/4  (OM  in  Fig.  l^i),1  and  are  then 
represented  by  the  ordinate  which  toucl 
tin-  curve  at  the  \«-rte.\.       This  value  of 

ve-  4/.      /,'  (',  that  is,  make-  the  roots       ~ 
of  the  auxiliary  quadratic  for  (4!»)  equal. 
This  equality  of  roots  marks  the  transi- 
tion, with  change  of  the  relative  vain.  - 
of  Z,  R,  C  (in  the  present  case  L  only  is 
supposed  to  be   \aried  from    real   to  imaginary  roots,  that  i-.  from  non- 
oscillatory  through  dead-beat  to  oscillatory  subsidence). 

When  X  =  l/4  the  greater  time-constant,  on  which  the  time  of 
di-ehaix'e  depend>.  has  its  least  value;  hence  the  time  of  discharge 
i-  reduced  to  the  least  value  which  it  can  have  for  any  value  of  L 
(including  zero)  just  when  oscillations  are  about  to  result  from  the 
increase  of  L.  The  theory  of  oscillatory  discharge  thus  shows,  as  stated 
above,  that  the  discharge  of  the  condenser  is  actually  hastened  by  the 
If-induction. 

Figs.  127.  12s.  tak.-n  from  Prof.  Lodge's  paper  (1<  '.'it.;,  illustrate 
the  di-charge  in  the  limiting  cases  of  (1)  no  self-inductance  in  the 
di-chaixrin-_r-  conductor,  (2)  just  as  much  self-inductance  a<  brings  the 

i  large  to  the  verge  of  oscillation.     Fig.  127  -hows  rate  of  discharge, 


Fi... 


\Discharging 
Current 


Charge  in 
Condrnter 


Tint 


T,  1  26  T,      2T, 
Kl.:.  128. 


Tlmt 


or  discharging   current.   Fig.    12s  the  charge    reman,  differed 

time-  afier  the  in-taut  of  contact.  (  'urve  (I)  in  each  ti-uiv  18  dlAWD 
for  the  cast-  of  /,  io  -elf-inductance,  and  correspond-  \«  the  point  /'••!' 
Fig.  127.  <'ur\e  2)  is  drawn  for  that  of  /.  /,  V'/4,  and  corresponds 


1  The  Kraphiral  illustration  shown  in  Fijf.  126   i*  taken  from  a  I*|»or  by  O.  .!.  Lodge, 
May  18,  1888. 
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to  the  point  ^V  of  Fig.  127.  In  each  case  the  time  2\  has  the 
value  OR. 

The  rate  of  discharge  in  (2)  Fig.  127  rises  quickly  to  a  maximum, 
which  it  reaches  at  time  t  =  ^GR,  then  falls  off  at  first  quickly,  then 
more  and  more  gradually.  Curve  (2)  of  Fig.  128  shows  that  at  any 
time  after  the  instant  T26  T,  the  charge  left  in  the  condenser  is 
less  than  that  for  the  same  time  in  the  case  of  zero  self-induction. 
The  case  illustrated  by  curve  (2)  is,  as  noticed  above,  that  of  most  rapid 
non-oscillatory  discharge. 

477.  If  X  is  greater  than  ^,  that  is,  if  L  is  greater  than  I^C/4i,  the 
ordinate  drawn  from  the  corresponding  point  ^V  on  the  axis  OX  meet& 
the  curve  in  two  imaginary  points,  and  the  discharge  is  oscillatory  with 
amplitude  diminishing  at  rate  given  by  the  factor  exp(  —  R/2L)t.  Thus 
the  expression  for  the  amplitude  has  a  time-constant  2L/R  or  2r\.  The 
different  values  of  this  time-constant  for  different  values  of  A,  are  the 
ordinates  of  the  full  part  of  the  straight  line  OP  in  Fig.  126. 

The  mode  of  variation  of  Fwith  t  is  shown  in  Fig.  129,  in  which 


FIG  129. 

the  abscissae  are  values  of  t,  and  the  corresponding  ordinates  values  of 
V.  The  successive  maxima  and  minima  lie  on  the  curves  of  which 
V  =  +Ae-Bt/-L  is  the  equation,  and  are  separated  by  intervals  of  t  each 
equal  to  2Z?r/(4Z/C'— R^.  They  are  to  be  found  of  course  by  calculating 
the  values  of  t  for  which  dVjdt,  derived  from  (51),  vanishes,  and 
substituting  in  (51). 

The  values  of  t  for  which  V  is  zero  are  separated  by  the  same 
interval,  and  each  lies  mid- way  between  two  successive  values  of  t  for 
which  dV/dt  is  zero. 

Lord  Kelvin  suggested  in  his  paper  that  oscillatory  discharges 
might  be  observed  by  examining  in  a  rotating-mirror  the  image  of  the 
spark  in  a  Leyden  jar  discharge.  This  was  done  by  Feddersen  only 
two  years  later,  and  the  theory  fully  verified. 

A  great  deal  of  attention  has  within  the  last  few  years  been 
directed  to  Oscillatory  discharges,  with  the  result  that  the  theory  here 
discussed  has  been  made  the  starting-point  of  a  magnificent  theory  of 
electrical  vibrations  first  elaborated  by  Maxwell  in  his  paper  on  the 
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Electromagnetic  Field,  and  again  in  his  treatise  ..n  Klectricity  and 
Magnetism,  and  splendidly  verified  and  extended  by  Hertz  and  many 
other  electriciana  Some  account  of  these  investigations  will  be  given 
in  the  next  and  later  chapters. 

In  some  respects  tin-  theory  of  oscillatory  discharge  h«-n-  given  is 
only  an  approximation.  The  energy  lost  in  radiation  is  neglected 
has  been  mentioned.  But  if  the  electrostatic  capacity  of  the  coil  i» 
considerable  it  ought  to  appear  in  the  equations,  and  prevent  the 
current  from  being  the  same  throughout  the  coil  at  any  one  instant 
just  as  in  the  process  of  signalling  through  a  submarine  cable  the 
capacity  of  the  cable  renders  the  current  different  at  different  cross- 
sections  at  the  same  instant.  If,  however,  the  capacity  of  the  condcn-i-r 
be  great  compared  with  that  of  the  coil,  this  error  will  be  infusible. 
I  -.in,  experiments  actually  made  it  has  been  assumed  that  the  theory 
found  for  a  condenser  was  applicable  to  the  coil  alone,  an  assumption 
which  it  does  not  seem  safe  to  make. 


Condenser  and  Inductance-Coil  in  Series  with  Simple  Harmonic 
Electromotive  Force 


\Ve  shall  now  consider  a  few  examples  in  which  there  is  electro- 
static capacity  as  well  as  inductance  to  be  taken  account  of.  and  in  which 
the  electromotive  forces  concerned  are  periodic.  First  take  a  simple 
circuit  containing  self-inductance  L,  resistance  R,  a  cond  capacity 

C,  and  an  electromotive  force  varying  as  a  simple  harmonic   funrtioi 
the  time,  and  therefore  represented  by  Eu*i\\  n/.     The  arrangement    is 
that  represented  by  Fig.  130  with  the  coil  p,  there  shown  joined   in 

y- 


130. 


parallel  with  the  condenser,  removed.  An  alternating  machine  indicated 
on  the  l.-ft  of  the  diagram  produces  the  harmonic  e|eet  n.mot  i\e  force  in 
the  circuit  of  the  ooil  and  cniideii-, -r  joined  in  series.  If  the  current  in 

the  circuit  be  7  at  any  time  the  charge  of  the  com  \ydt  taken 

from  one  convenient  /.en>  of  reckoning  of  time  to  the  wtual  instant  • 
sidered.  For  the  integral  \ydt  taken  from  any  chosen  initial  ins- 
can  only  differ  from  that  taken  from  another  zero  of  time  by  a  constant 
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which  will  not  affect  the  solution  of  the  problem  of  oscillation.     Thus 
we  obtain  for  the  equation  of  motion,  since  E  is  now  E0  sin  nt, 

j  -I  /. 

L-l-  +  Ry  +  —  \ydt  =  E0s'mnt   ....     (57) 

which  is  equivalent  to  the  equation 

L-l  +  R-2+  —y  =  nE0cosnt  .     .     .     .     (58) 

The  complete  solution  of  this  equation  (which,  it  is  to  be  observed, 
is  the  same  as  (49)  with  the  term  on  the  right  added)  is  the  solution  for 
E0  =  0,  together  with  the  particular  solution  found  by  assuming 

y  =  KEQ  sin  (nt  -  0), 


and  determining  K  and  6  by  substituting  in  the  differential  equation 
and  remembering  that  the  result  is  an  identity  which  must  hold  for  all 
values  of  t.  This  process  gives 


v  _, 

~ 


Thus,  if  a,  ft  be  the  roots  of  the  quadratic  CLx*  +  CEx  +  1  =  0,  as 
given  in  (17)  above,  the  complete  solution  of  (58)  is 

y  =  Aeat  +  Be&  + - sin(n<  -  0)    (60) 


The  first  part  of  the  value  of  7  will  ultimately  become  insensible 
whether  a  and  ft  be  real  or  complex,  in  the  first  case  through  non- 
oscillatory,  in  the  second  through  oscillatory  subsidence  (the  case  of 
equal  roots  presents  no  exception)  and  therefore  the  value  of  7  will  be 
given  wholly  by  the  equation 

in  («'-*)     -    -    (61) 


which  is  that  of  forced  electrical  oscillations. 

Inductance  Counteracted  by  Capacity.    Arrangement  for  Maximum 

Current.     Impedance,  Effective  Impedance.     Graphical 

Representation  of  Results 

479.  The  effect  of  the  capacity  C  of  the  condenser  is  thus  to  coun- 
teract that  of  the  self-inductance  in  diminishing  the  range  of  values  of 


INIUVTInN-   OF  CURREN 


the  current,  and  t..  diminish  the  phas^-an*;!.-  t>.    Thus  it  we  choose  L 
for  given  \alues  of  n,  C,or  G  for  given  values  of       /. 
values  of  CL,  so  that  n*CL  =  1,  we  hav. 


(62) 


and   the  current    h.i-   tin-    greatest    amplitude    that     the    arrangement 
admits   of.      This    is    tin-    expression    for    tin-    current    that    would    flow 
if  then-    wen-    no   inductance   in    tin-  circuit,  and    no   condenser    v. 
ineludcd,  that  is.  if  /,  \\.-iv  /en..  and  ('  weiv  infinite. 
When  C  =  *  \\r  hav.- 

*'*"'*    '  •   •  '  (63) 


when-  6  =  —  tan  ~  l(R/nL)  —  w/2.  This  is  tin-  r.\pr.-ssi(.n  f.,r  tli.-cur 
\\ln-n  the  plates  ..f  tli.-  c..ndciis.-r  an-  connected  across  by  a  short  piece 
of  thick  win-.  The  amplitude  of  nL  is  much  less  than  that  ^iv.-n  \>\ 
M/  /-.'  /,'.  It  was  noticed  In  Sir  \V.  H.  (Jrove  (/'/,//.  .I/,,,/.  .M,,,vh. 
L86IB]  that  \vh.-n  a  magneto-electric  machine  was  placnl  in  the  primnrv 
circuit  of  an  induction  coil  a  much  greater  effect  on  the  wcmidarv  was 
producctl  when  the  primary  circuit  was  kept  open  at  tin-  contact- 
breaker  (Art.  4V.  »  Ke|o\v)  than  when  the  primary  was  kept  rlnsrd.  The 
explanation  is  obvious  from  the  discussion  above,  and  was  ^iv.-n  \>\ 
Maxwell  in  a  letter  to  Sir  \V.  It.  <;r..\e.  published  in  the  /'/<//.  .)/</</  f,.r 
Ma\  I  MI8.  See  also  Art.  483  bel«.\\. 

The  denominator  in  the  expression  for  7  in  (<»:{)  has  b.-.-n  called  by 
II  ai  i-idi-  the  i  inpedance  of  the  circuit.  It  has  sometimes  been  regarded 
as  a  resistance  ;  but  it  is  not  a  resistance  in  any  true  sense.  For  t  In- 
activity in  the  circuit  at  any  instant  i- 

/  '  / 

' 


and  if  ^/  IP  +  -n'-l.'  \\'-i>    |.i-|M-rly  tin'  resistance  of  thecircuittheactivitv 
would!..        v  /..      In  the  more  ^.-n.-ral    ca>e   in    which    tln-i- 

capacity  \v.-  may  call  !/^  +  (nL  —  l/(7n)r}*  the  effective  impedance. 

The    relation    of  the  impedanc,-   t,,  the  resistance  and  inductai, 

shown   of  OOOne    by   a   triangle  A  !'•<'.   ri^ht    angled   at    /i,  in  \\hich  the 

li-n^th    of  AH  repr.-ents   R.  \\\>-  length  of  !>('  \;-\<\.  -  ud   that 

..f  the  hypotenuse  represents  the  impedanc.-.     A  diagram  i^  uimoceoBaiy. 

The    reader    \\ill    find    ,t   c1,u\.-nieiit     to    rememl»er    that     the    moj-.- 


of  a  L. 
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480.  The  ordinates  of  the  full  curve  in  Fig.  131  show  the  values  of 
the  amplitude  of  the  current  in  amperes,  for  different  values  of  the 
inductance  in  henrys  used  as  abscissae,  when  R  is  100  ohms,  C  is  one 
microfarad  and  n  is  1,000.  It  will  be  seen  that  the  ordinates  rise  from 
the  amplitude  for  G  =  oo,  viz.,  one  ampere,  to  a  maximum  of  10  amperes, 
which  is  reached  when  the  inductance  has  been  raised  to  one  henry. 
The  ordinates  then  fall  off  so  that  the  curve  is  symmetrical  about  the 
maximum  ordinate,  and  an  amplitude  of  one  ampere  is  reached  again 
when  the  inductance  has  become  two  henrys.  The  dotted  curve  shows 
the  lead  which  the  current  has  in  phase  over  the  electromotive  force,  that 
is,  its  ordinates  (measured  from  the  chain  dotted  line)  give  in  degrees  as 
indicated  on  the  right,  the  values  of  Tr/2  —  tan  ~lnCJR/(l  —  n2CL)  in 
degrees  for  the  different  values  of  L  taken  as  abscissae.  It  will  be 
noticed  that  the  lead  vanishes,  in  changing  to  a  lag,  when  L  is  one  henry. 
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FIG.  131. 

(This  illustration  is  taken  from  a  paper  by  Professor  Perry  and  Mr.  H. 
Bayly  in  the  Electrician  for  July  21,  1893.) 

In  Fig.  132  curves  are  plotted  as  in  Fig.  131  for  each  of  a  number 
of  different  values  of  R  for  a  circuit  in  which  the  capacity  of  the  con- 
denser included  and  the  frequency  are  kept  constant  while  the  self- 
inductance  is  varied.  The  curves  are  drawn  as  follows.  First  R  is  laid 
down  as  an  ordinate  OA,  say,  along  the  line  OY,  and  a  length  OM  to 
the  left  is  laid  off  along  the  axis  of  abscissae  equal  to  \jCn.  A  value 
of  nL  —  1 /Cfo  is  then  laid  off  as  an  abscissa  ON.  It  is  clear  that  MN  is 
equal  to  nL. 

The  line  AN  represents  evidently  what  we  have  called  the  effective 
impedance  ^^B2  +  (nL  —  l/Cn)2.  An  ordinate  Na  is  drawn  from  N  of 
length  equal  to  AN  and  gives  a  point  a  on  a  curve  passing  through  A. 
Thus  a  curve  concave  upwards  and  symmetrical  about  OY  is  obtained, 
the  ordinates  of  which  by  (62)  express  the  ratio  to  EQ,  for  the  different 
values  of  nL,  of  the  amplitudes  of  the  electromotive  forces  required  to 
produce  a  given  current.  Similarly  curves  are  drawn  for  other  values 
OB, 00,...  of  R 

Next,  to  obtain  the  curve  of  current  from  these  curves  of  amplitude 
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of  electromotive  force  00'  is  taken  e.jual   to  MX,  and  an  equila: 

hyperbola,  having  tin-  lines  (>'}",  o'.V  as  asymptotes.  i<  laid  down  on  tli-- 
diagram,  >u«-h  that  tin-  product  of  any  ordinal.-  measured  from  '/.I',  and 
.my  al»-.'i>-a  \i\>  -a-un-d  from  <>  }  i-  /,',.  Taking,  then,  any  ordinate 
eonvs]  N.ndi  iii,'  to  ///,  i.t'  tin-  first  curve  of  anijilitude  of  el»-<-tn.in<»tivo 
ti  )!•»•«•,  tin<l  tin-  jx.int  on  HH,  which  has  tin-  sam«-  <inlinat«-.  The  corre- 
-\<»  ndin^  al'-.-i--a  troin  U'  is  the  nmvnt-aiiiplitudr,  \vhich,  laid  down  as 
an  ordinal.-  \a.  ^i\.->  a  point  on  the  cunvnt-aniplitude  curve,  and  so 
on.  Thus  ihr  varioii-  curves  of  Fi^.  l'\'2  an-  drawn  in  which  A'a,  &{), 
Cfy,  .  .  .  an-  the-  curves  corresponding  to  the  iv-i-tanc,  -s  OA,  OB,  OC,  .  .  . 


In  a  similar  way  curves  of  amplitude  of  e  I  eetn.  motive  force  for  a 
11  current,  and  otVunvnt-amplitude.can  bo  drawn  for  each  of  different 


vain.-  "t   //.  tor  A  and  n  constant  and  C  variable,  and  for  L  and  C  con- 

a  n  able.  (Se.  a  pap.-r  l.\  \\'.  V.  Sunipiier  in  the  Klu'ln 
lor.liilv  •J^  |NC>:I  from  which  Fig.  \'\'2  and  the  mode  of  construct 
the  curves  are  taken. 

It   can   be   shown    that   if  the    resistance  and  self-inductance   be 
whollv  in  a  c.iil  joined  in  parallel  with  the  cond.-n^T  instead  of  as    I 
in  series,  the  same  diagrams  will  If  available,  but   th 
will  becom.-  tho-  totive  fon-e.  and  vice  Venn,  and  the  lengths 

OA  "/  id  of  represent inu  the  values  of  R,  will  now  repre- 

tlio-.-  of  1/7?. 

Effect  of  Inductance  on  Signalling  through  a  Cable  or  in  Telephony 

.    It     i-,    in',  i.-^ting  to  observe   that    pil)  shows   that    when    the 
c.. mains    a    _t,MV--n    i--.nd.-n>'-r.    and    ha-    a    ^iveii    resistance, 

H    it 
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addition  of  self-inductance  up  to  a  certain  point  increases  the  current, 
and  that  the  maximum  is  obtained  when  CLn-  =  l.  This  result  is  of 
importance  in  the  theory  of  signalling  through  a  cable.  In  that  case 
the  capacity  is  distributed  along  the  cable,  and  the  mathematical  theory 
{which  will  be  given  in  Part  II.)  is  somewhat  complicated,  but  the 
general  result  is  the  same  as  that  just  obtained. 

It  will  be  noticed  from  (61)  that  the  effect  of  inductance  is  only 
serious  when  n  is  considerable,  that  is  when  the  frequency  of  alternation 
is  great.  For  slow  signalling  through  a  telegraph  cable  the  inductance 
may  be  neglected  ;  but  it  is  a  mistake  to  suppose,  as  is  sometimes  done, 
that  it  is  necessarily  deleterious,  and  that  it  should  always  be  made  as 
•small  as  possible.  In  very  rapid  ordinary  working,  and  especially  in 
telephony,  the  presence  of  a  certain  amount  of  self-inductance  improves 
the  clearness  of  the  signals. 

From  (59)  it  will  be  seen  that  for  zero  inductance  the  retardation 
•of  phase  would  have  a  value  ta,n~\nCH)  —  vr/2  depending  on  the  fre- 
quency of  the  vibrations.  In  telephony  the  corresponding  effect  is  a 
retardation  of  phase  of  the  signal  at  the  receiving  end  behind  that 
-at  the  sending  end,  and  this  produces  confusion  of  the  signals,  inasmuch 
-as  in  a  composite  sound  vibrations  of  one  pitch  have  a  different  retarda- 
tion from  those  of  another  pitch.  Since  in  this  case  all  the  values  of  n 
-are  great,  the  value  of  nCRI(\  —  n-CL}  is  approximately  —CJRfnCL,  or 
zero,  and  the  existence  of  self-inductance  L  enables  the  value  of  6  to  be 
nearly  —  Tr/2  for  all  the  actual  values  of  n,  and  so  removes  distortion. 
Of  course,  on  the  other  hand,  excessive  self-inductance  may,  by  (61), 
produce  too  great  attenuation  of  the  signals. 

Difference  of  Potential  between  Terminals  of  Condenser.     Resonance 

482.  By  (57)  the  difference  of  potential  V  between  the  plates  of  the 
•condenser  is  given  by  the  equation 


V  =  EQ  sin  nt  -  L  -•  -  Ry, 

(it 


-or  by  (61) 

V  = 


{(I  -  tfCLy  + 


If  the  denominator  of  this  expression  be  less  than  unity,  the  value 
of  V  will  be  greater  than  the  numerator  of  (63'),  and  the  amplitude 
of  V  will  be  greater  than  that  of  the  impressed  electromotive  force. 
This  curious  result  has  been  verified  in  practice  by  observations  on  the 
electric  light  mains  carrying  alternating  currents  between  London  and 
the  Ferranti  Company's  generating  station  at  Deptford.  It  was  there 
found  by  Mr.  Ferranti^thatr-the  so-called  "  electrical  pressure  "  (which 
may  be  taken  as  the  square  robt  of  the  mean  of  V2)  on  the  terminals 
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of  tin-  alternator,  working  at  its  normal  SJKHM!  with  a  certain  «  \riting 
current,  was  increased  by  connecting  the  machine  to  tin-  main-.  This 
was  no  doubt  due  to  a  partial  fulHlin.-nt  of  the  condition-  ;  .  for 

a  small  value  of  tin-  denominator  of  the  expression  in  (63'),  tl 
was  a  case  more  or  less  of  what  has  been  called  resonance.1 


Maxwell's  Dynamical  Analogies  of  Inductance  and  Capacity.      Resonance 

483.  The  above  explanation  of  the  effect  thus  observed  was  pointed 
out  at  the  time  by  Glazebrook,2  Lodge,3  and  others  :  but  the  theory  of 
thewholematterwasreallygiv.n  th>t  bv  .Maxwell  in  the  paper  cited 

In  that  paper  Maxwell  points  out  analogies  to  inductance,  capacity 
and  resistance.  The  inductance  of  the  primary  coil  acts  like  inertia, 
resisting  the  starting  and  stopping  of  the  current  in  the  same  way  as 
the  inert  ia  of  a  Ixxly  resists  a  push  or  pull  tending  to  set  it  into  motion, 
or  to  bring  it  to  rest.  The  capacity  of  the  condenser  acts  like  a  spring, 
which  must  be  bent  or  compressed  if  the  body  is  accelerated  or 
retarded,  a-,  for  example,  when  railway-buffers  resist  the  motion  of  a 
carriage  towards  an  obstacle. 

11'  then  imagines  as  an  example  a  boat  floating  in  a  viscous  liquid, 
and  kept  in  place  by  buffers  at  the  bow  and  stern  abutting  against 
fixed  obstacles.  If  there  were  no  obstacles  a  long  continued  pull  would 
move  the  boat,  however  great  its  mass.  But  on  the  other  hand 
alternate  pulls  and  pushes  would  produce  very  little  motion.  With  the 
buffers  in  position,  however,  alternate  pulls  and  pushes  in,  or  nearly  in, 
the  period  of  the  springs  would  produce  in  a  snort  time  considerable 
backward  and  forward  motion  of  the  boat.  The  work  spent  in  each 
impulse  is  in  great  measure  stored  up  in  the  springs  in  consequence  of 
their  resilience,  and  a  very  much  greater  motion  results  than  could  have 
been  obtained  with  the  boat  free.  This  agreement  of  the  period  of  the 
alternating  impulses  with  the  free  period  of  the  springs  is  called 

When  a  circuit  is  closed  without  a  condenser  the  current  in  it  is 
like  the  motion  of  th  lien  free  in  the  viscous  liquid,  and  under 

an   alternating    electromotive    force    the    amplitude    of    the    cun 
produced  is  small.     But  when  a  condenser  is  applied,  and  the  perio<i 
the  alternating  electromotive   force   is   that   of  the  discharge  «>f    the 
condenser,  the  relation  between  the  inductance  and  the  capacity  is  such 
as,  for  that  value  of  the  period,  to  give  a  very  much  greater  alternating 
current. 

484.  The  greatest  amplitude  of  K  is  attained   \\h--n  »  is  so  chosen 
as  to  make  the  quantity  (1  —  n*CL)1  +  n*C*R?  as  small  as  possible  with 
the  given  values  of  C,L,  R.     For  thi*  purpose  n*  should  have  the  value 

1  Eltdrieian,  Dec.  IP,  1890.  '  Kltetrifia*,  Dee.  26, 1890. 

•  Ibid,  April  24,  1891.  «  \\toCotltdtd  Paper*,  V,,'.  II.  , 
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(2Z  -  CR*)]'2CIA  If  R  be  so  small  that  CR1  is  negligible  in  com- 
parison with  2L  this  gives  ?i2  =  l/CL,  that  is,  n  is  then  2?r  times  the 
natural  frequency  of  vibration  of  the  condenser  and  coil  as  arranged. 
We  have  then 

amplitude  of  V       1      /  L 

-«r    ~~*v~c  .....  (64) 

which  will  be  much  greater  than  unity,  since  CR~  has  been  supposed 
negligibly  small  as  compared  with  2Z. 

Primary  and  Secondary.    Inductance  and  Capacity  in  Primary  with 
Harmonic  Electromotive  Force 

485.  We  now  consider  the  problem  of  a  primary  circuit  arranged 
as  in  the  case  just  considered,  with  the  addition  of  a  secondary  circuit 
containing  no  electromotive  force.  The  equation  of  the  primary  is 


Since  we  are  concerned  only  with  the  forced  electrical  oscillations, 
and  these  will  be  simple  harmonic  and  of  the  same  period  as  the 
impressed  electromotive  force,  we  see  that 


Therefore  if  L\  —  Zx  —  l/Cnz  the  first  of  the  above  equations  may  be 
written  in  the  form 


1  dt  dt  l^1          °S1  '     ' 

The  equation  of  the  secondary  is 

j/^Zi  +  L  ^  +  K.      =  0  (67) 

The  problem  is  therefore  the  same  as  that  of  a  primary  without 
condenser  and  with  self-inductance  L\  =  L^  —  I/Cn2,  and  a  secondary 
without  condenser  and  without  electromotive  force.  If  however  the 
secondary  contained  a  condenser  of  capacity  C2,  we  should  only  have  to 
put  for  Z2the  expression  Lz  —  l/Cznz  to  take  the  condenser  into  account. 

Eliminating  <y.2  by  operating  on  (66)  by  R.2  +  Lzd'dt  and  on  (67)  by 
Md/dt  we  obtain 

if   r          a./g\      If  I 
\L\L-2  -  M    )-Jrt 

sin  (nt  -  e)     .     (68) 
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when-  e  =  tan  -'<-/</;,  -A',).     Tin-  solution  «>f  this  equation  is  f, 
oscillation- 

' 

«   •"• 


[;AV,-_.     «=,/.•,/,-  jf  «)}»+•«•-  /•,/.• 

wh« 

M\L,-  M*)\  +  „/,,/.  /:.  +  /,.,*,) 
///.  /       .i/-  .  £,#,); 

Similarly  f'..r  the  forced  oscillations  in  the  secondary  we  obtain 


' 


in  which 

°-  =  n(L\Ka  +  LJiiJT         '     '     ' 

It   i-  easy   t,i   verity    from   these   results   that    the   phase   ,,f  the 
primary  current  i^    in    advance  of  the  secondary  by  the  an^le  TT  2  —  e. 
ition  ((i!i)  can  be  written  in  the  form 

A  \  / 


. 

- 


* 


which    shows   that    tin-   eft'ect    «,f  the    >e<-,,ndary    1:  virtually   to 

increase   the   iv>iMan<v  of   the  priinary   by  n*M*]i.,  (/.'.,-  -f  n-  A,.-  .  and 

diminish  the  inductance  l.\  -  !/  /.  ,  (Rf+  n'l.  >  similarly  t  In 
eiirieni  in  the  >i'cnndai-y  circuit  can  lie  seen  \<>  lie  the  same  a>  it  \\oiild 
be  if  the  circuit  were  independi-nt.  ami  '-..ntained  a  harmonic  electro- 
motive force  of  amplitude  A'  ,.!//;  (//,'  +  //•'/-,-')',  and  had  a  iv^i-tance 
P  u  ,  //,-  +  ,,-/,,-)  and  a  self  inductance  Zs  -  **M*L'l/(Bl*  +H«Z,2). 

These  results  are  due  t.»  Clerk  Maxwell.1 

The   reader  may  easily   verity  by    jnitt.in^  /?,  =  X    that  the   re-nlts 
alreadv    MtaUished    for   a    single    circuit    containing    a    condi  i 
obtained. 


Conductors  in   Parallel,    and    Containing    Resistance,    Inductance,   and 
Capacity.    Equivalent  Resistance  and  Inductance  of  Parallel  Circuits 

Is7     \\       iM.iv   take    ne\t    the    important    case   of  a    numl><  • 
«lnctor>  joined    in  parallel    between    t\\o    p..ini>.    .I.//  to  which   a    Dimple 
harmonic  difference  of  potential    I  'plied.      Th 


1  A  Dynamifttl  Theory  of  the  Eltdrow  /,  I'hil.  Tmiu.  I  lv.  (1865),  or 

Y 
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shown  in  Fig.  130  is  a  case  in  point.  Fig.  133  shows  another.  We 
suppose  that  in  each  conductor  there  is  resistance,  self-inductance, 
and  capacity,  of  course  generally  different  for  the  different  conductors, 

and  that  there  is  no  mutual  inductance 
anywhere  in  the  system.  By  what  has 
been  stated  above  the  capacities  need 
not  appear  in  the  equations,  and  we 
may  work  as  if  their  values  were  infinite, 
provided  we  regard  the  L  of  any  con- 
ductor as  denoting  for  it  self-induct- 
Fio.  133.  ance  —I/Cnz,  where  C  is  the  capacity  of 

the  corresponding  condenser.  Distin- 
guishing the  quantities  relating  to  the  various  conductors  by  suffixes, 
we  obtain  the  equations 


2  dt 
The  typical  solution  is 

where 


This  solution  applied  to  each  of  (75)  gives  the  currents  in  the 
different  parallel  conductors.  Adding  these  together  (neglecting  as 
usual  the  exponential  terms)  we  find  for  the  total  current,  F  say,  at 
any  instant  entering  at  one  of  the  points  and  leaving  at  the  other 


This  may  be  written  in  the  form 


.     •     •     •     (77, 


by  writing  R  for  A/(A2+nz&),  L  for  E/(A2+n*B*)  in  which  A  denotes 
ZE/(&+n2L*),  B  denotes  2Z/(/i!2+rc2^2). 

The  total  current  is  thus  the  same  as  if  the  points  A,B  were  con- 
nected by  a  single  conHuctorpf  resistance  R  and  inductance  L.  These 
may  be  called  respectively^tKe^effective  resistance  and  inductance  of 
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the  system  of  parallel   conduct..^.     Tin-  angle  <f>  is  the  lag  in  phase 
«>t'  tin-   total  runviit    entering  "i"    lea\ing  the   parallel  i  at  any 

nl  behind  that  of  the  impi  v--,-d  diffeivne,-  ,,f  jM.t.-ntial. 

Til.-  effect  i\,-  rapacity  i't'  tin-  s\-tem  of  parallel-  i-  in  L,'.-ii.-!-al  in- 
determinate. and  i-  nf  no  practical  importa; 

\"\v  let  the  circuit  of  AB  be  completed   by  a  -ingle  conductor 
of  resistance   11,  inductance   /..  ami   containing  an   electromotive  force 

n  (iif-\-£).  so  that   Z  i"  'li'1  L-IU  "!'  'h«-  ditV.-ivnc,-  ,,['  potential   I 
behind  th«-  ,-1,'ct  nnuot  i\  e  t'.-n-,..     Th.-  solution  for  the  cause  in  which  thi-> 

Im-t-.r  aU«.  contains  a  condenser  C  will  be  obtained  by  putting 
/,  —  1  :Cn  -  i-  >r  L.  The  current  in  this  conductor  i>  I1,  so  that  \\«-  ha\e 
for  the  dirt'erential  ei|iiati'«n 

L--  +  KT  +  rosin«<  =  £0sm(nt  +  {). 
ut 


•  stitutiiuj   the   value  of  r  already  t'.  >und.  and   ivnieinlierin^  that 
the  identity  thereby  obtained  muM  hold  for  all  value-  «i  /.  \s«-  ea-il\ 
that  it  -i\es  the  two  equati'-ns 

F.  (R*  +  n«-L*)> 

|(R  +  (L  + 


Instead  of  the  first  of  (77)  we  therefore  ha\e 

r  -  I(R  +  «r-  /V  -+i«  8in  ''"'  -  <{  +  *)!  •  (79) 

The  first  of  these  shows  that  the  amplitude  of  the  impressed 
difference  of  potential  bears  to  that*  of  the  \\hole  electromotive  force 
in  the  circuit  the  ratio  of  the  effective  impedance  of  the  s\>tem  of 
parallels  to  the  effective  impedance  of  the  whole  circuit.  The  second 
e.  piat  ion  -how-  that  the  la^  in  phase  of  tin  current  behind  the  electro- 
motive top-e  i.  given  by  substituting,  in  the  expresMnn  (7.">)  alread\ 
found  f«  >i  onu  of  the  jmrallels  and  the  impressed  difference  ,,f  p..tentia'l. 
the  whole  elective  inductance  and  re-i-t.m,-,.  ,,f  the  circuit  f,,r  th-- 
corriis|M)nding  quantities  relating  to  the  -m^le  ci.ndnctor.  Th.  -e  iv-nlts 
to  l>e  anticipati-d. 

A-  .in  e\ampl>-  take   the  arrangement    >h,,\\n    in    Ki^.   L80       I.   '  the 
inductance  ..f  the   branch   containing   the  cdl/'be   /..p,.  and    /.' 

/,'  the  indii."  i  re-i-tance   ,,f  tin-   branch  c,.ntaii: 

the   ma^Mieto-electric  machine.      The    inductance  and   resist  ih,- 

branch   containing    the    c..nd,  -hall    MjpjH.-e    to   b  m<l 

de||'»te    ti.  !  V    b\     C.        We   easily    find 


1  4-  ii*C*]{*'  1    f  n*f*Itf 

from  which  the  current  can  be  found  by  (7!>)  and  the  second  of  (• 
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Action  of  Induction  Coil,  or  Inductorium,  with  Condenser  across  Break  in 
Primary.     Case  I.  Secondary  Closed 

489.  A  very  important  practical  case  of  a  circuit  containing  a  con- 
denser is  found  in  the  ordinary  induction  coil,  or  inductorium,  Fig.  l'J4. 
for  producing  high  electromotive  forces  in  a  secondary  coil  by  breaking 
the  circuit  of  a  primary.  The  primary  is  a  coil  of  comparatively  few 
turns  of  thick  copper  wire  wound  round  a  cylinder  enclosing  a  core  of 
soft  iron,  preferably  a  bundle  of  thin  iron  wires,  sufficiently  insulated 
from  one  another  to  prevent  sensible  currents  from  being  induced  and 


I; 


\L 


FIG.  134. 

Circulating  in  the  iron.  The  secondary  is  a  coil  composed  of  a  great 
length  of  highly  insulated  thin  wire  and  is  wound  in  a  large  number  of 
turns  on  a  cylinder  outside  the  primary.  To  avoid  damage  to  the  insula- 
tion by  internal  sparks,  the  coil  is  wound  in  sections,  so  as  to  avoid  placing 
close  together  parts  which  may,  when  the  coil  is  in  action,  be  at  a  great 
difference  of  potential.  Owing  to  the  large  number  of  turns  in  the 
secondary,  the  change  of  total  magnetic  induction  through  it  produced 
by  stopping  or  starting  the  current  is  very  great,  and  if  the  change  is 
effected  suddenly  the  electromotive  force  reaches  a  high  value,  though 
of  course  its  amount  varies  during  the  passage  of  the  secondary  current. 
Coils  have  been  constructed  of  such  power  as  to  give  sparks  of  over 
3  feet  in  length  between  the  terminals  of  the  secondary.  Further 
practical  details,  and  calculations  regarding  the  mutual  induction  in 
actual  cases  are  reserved  for  a  later  chapter. 

The  circuit  of  the  primary  is  made  and  broken  by  a  vibrator  of  one 
or  other  of  the  two  forms  shown,  one  in  Fig.  134,  the  other  in  Fig.  135. 
In  the  former  a  brass  arm  mounted  on  a  spring  support  carries  at  one 
«nd  a  piece  of  iron,  atHhe  other  a  platinum  wire  which  the  spring  tends 
to  make  dip  into  a  cup  oT~merctiry  as  indicated.  The  iron  piece  at  the 
other  end  is  placed  just  above  the  projecting  end  of  the  core  or  of  an 


N    OF   CURRENTS 


iron  armature  attached  to  the  mil.     To  hinder  sjurkin. 
the  mercury  i-  co\,-ivd  with  an  insulating  layer   of  alcohol,  from  which 
tin-  win-  is  n»t  withdrawn  when  tin-  In.  ak  is  in  action.     A  ells 

of  low  internal  re-istance  i-  placed  in  one  direction  ,,r  tlit-  other  in 
s. Tie-  with  the  primary  liy  mean- of  a  . onimutator.  ami  tin-  circur 

ipleted  by  the  contact  of  the  platinum  point  with  tli.-  mercurv. 

When  a  current  Hows   in   tli.-   primary  and   tin-  .-.,1 

the  piece  of  ir..n%  being  ma^n.-t  i/.-d  indnctiv.-ly,  is  pulled  do\\n  and 
raise-  ilu-  platinum  win-  at  tin-  oth.-r  «-nd  from  tin-  mi-n-urv.  thus 
ln-.'akin.L:  tin- circuit.  \Vli.-n  the  circuit  i>  broken  flic  in.n  ,-,-n-  loses 
it-  ma^neti-iu.  the  spring  is  allowed  to  act.  and  the  contact  \\ith  the 
m.-rcury  i-  re<to|-.-d.  A-  -park-  do  not  tak«- 
so  readily  in  alcohol  as  in  air,  mi  account 
of  it>  greater  dielectric  strength  or  powet 
to  resist  rupture  ]i\  electric  -tiv— .  tin-  formation 
of  a  spark  is  nearly  if  not  wholly  prevented. 

In  another  form    of   contact   breaker  m< 

ly    employed,    tiie     contact     i-   made   and 
broken  by  the  action  of  an   upright    -«prin#  ]) 
{Fig.  135)  and  the  attraction  of  the  magnet i/ed 
•n  an  iron  piece.  H.  carried  by  the  spring  at 
it-  upper  end.    <  )i  ••}  'i  hi-  contact  \n- 

shod    \\ith    platiniiin.  is    held    ]>y    the    -pring 

:i-t  another  piece  of  platinum.  1'',  mounted 
on   one    end    of  an    adjusting    screw,   and  so 

ipletes   the   circuit.     Soon  after  the  circuit    i-  completed.  ! 
it  is  interrupted    by   the  magnetization    of  th  m<l   the    cur 

quickly  cea- 

The  -econdary  coil    i-    for    the   most    part    u-ed    to    <^ive    di-ch., 
OM    a    -park-gap     of    adjustable    width     between    point-    or    knobs 

..•lied  to  it-  terminal-  ;  and  the-e  di -charge-  are  rendered  uni- 
directional by  occurring  at  the  break,  not  at  the  make,  of  the 
primary,  owin^  to  the  greater  -uddeinie—  \\ith  which  the  break  can 
06  effected  The  ele.-tromoti  depending  a-  it  doe-  on  the  nit e 

of  decav  of  the  primary  Current,  i-  enhanced  by  an\  arrangement  which 
increase-  that  rate.  (  )ne  of  the-e  i-  the  immer-ioii  of  the  break  in 
alcohol,  another  i-  the  attachment  of  a  -mall  condenser,  u-ually  made 
of  -heet-  of  tinfoil  separated  by  parath'ned  paper  or  silk,  and  contained 
in  the  wooden  base  of  the  instrument.  NIK-  -et  of  pl.ite-  of  this  are 

Connected     to     one     ^|de     of    the     break,    tile     other     to     the     o|  hel'     -ide;     fo| 

mple  one  to  the  lower  end  of  th<-  metal  pie,      'I  >•  other 

to  the  metal  block  supporting  the  *-\>\  'I    similarly  in   any  ..th.'r 

make  and  break  arrangement. 

The  act  ion  of  t  he  coiiden-ei    ha-  b.  ,  n  the  nil  -.me  dj- 

lon.      The    following:   explanation    j-   due    to    l,ord    Ha\  N-igh.1  but    it 
inie-  a  cl  ndary  in  which  CUM.  i  diiced  in  the  manner 

above.      In    most   cases    of     n-,-    of    an    induction-coil     the 

1  Phil.  U,i'i.  .Tun.-.  1870. 


Flo.  135. 
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secondary  cannot  be  regarded  as  closed  in  the  ordinary  sense  except 
when  a  spark  is  passing,  and  the  rfyime  of  the  current  is  therefore 
\ cry  different  from  that  here  supposed.  We  shall  return  presently  tO' 
this  point. 

We  suppose  then  that  the  secondary  is  closed,  that  the  discharge  of 
the  condenser  which  takes  place  at  break  of  the  circuit  is  oscillatory, 
and  that  the  diminution  of  current  due  to  resistance  may  be  neglected, 
as  only  the  first  one  or  two  oscillations  are  concerned.  The  equations 
of  the  primary  and  secondary  arc,  if  the  variation  of  the  inductano- 
produced  by  the  iron  core,  be  neglected, 


....     (79) 

M^ll+L,^  =0\ 

dt  2  dt  ) 

These  give  by  elimination  of  7., 

(L.L.,  -  J/2)  -^i  +  -£\y,dt  =  E  .  (80) 

ft  t  r       I 

Also  the  second  of  (79)  integrated  is 

My  i  +  Zay3  =  My0 (81) 


where  70  is  the  current  in  the  primary  just  before  the  break  begins. 

Equation  (80)  shows  that  the  oscillation  in  the  primary  is  the  same- 
as  if  the  secondary  did  not  exist  and  the  self-inductance  of  the  primary 
were  changed  from  Zt  to  Ll  —  JHf'2/Z2.  Since  the  period  of  oscillation  is 
2-7T-V/Z6'  (Art.  473),  where  L  is  the  effective  inductance,  the  secondary 
diminishes  the  period  of  oscillation  in  the  primary.  It  may  be 
remarked  here  that  if  two  coils  be  made  up  of  wires  coiled  side  by  side 
so  as  to  be  nearly  identical  both  in  geometrical  arrangement  and  in 
position  ZXZ2  will  be  onl  slightly  greater  than  M2  and  the  period 
will  be  exceedingly  short,  y 

Equation  (81)  indicates  that  the  two  currents  oscillate  together,  the 
current  in  the  secondary  being  at  its  maximum  when  that  in  the 
primary  is  at  its  minimum  and  vice  versa.  After  half  a  period  has 
elapsed  from  the  beginning  yl  has  changed  to  —  70  and  we  have 

M 

7-2  =  27-7o» 
Li 

and  this  is  the  largest  value  that  j.2  can  have.  It  is  double  the 
maximum  the  secondary  current  would  have  in  the  case  of  a  simple 
break  in  the  primary  however  suddenly  brought  about. 

It  is  thus  the  oscillatory  discharge  of  the  condenser  in  the  primary 
that  according  to  thws  theory  gives  rise  to  the  enhanced  value  of  the 
secondary  current,  ahd — it-4s  the  first  maximum  of  current,  of 
approximate  amount  2M/L.2.y0, Nwhich  produces  such  effects  as  the> 
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_;neli/.ation  <>:  irround.d   by  the  second.  1 

found  by  Lord  Rayleigh  :hat  the  magnet  i,  '  ..f  the 

induced  current   in  a  s.vo  ndary  coil   produced  .-it    break  of  tin-  prim 
'he  smaller  tin-  number  of  turns  in  tin-  M-rmidarv.  th;' 
•he    smaller    /,.,,    \\hirh    i-    in    accordance    uith    tl»t-    forey. 
theoretical  result. 

It  may  ea-ily  !>.-  \eritied  in  practical  cases  whether  tin-  as-imi|> 
mad.'  above  that   n.>  -eri»u-  damping  has  been  brought  about  during 
the  tir-t  few  ..-.-illation-  i-  \\.-ll  ti.undfd.     It  is  only  necessary  that  th.- 
period  27TV/-C'  should  !><>  Miiall  in   coinpari^i'ii   with  th.-   time-fin-1 


Action  of  Condenser  in  Induction  Coil.     Case  II.  Secondary  Open 

4f»l.  If  the  secondary  l>e  unclosed  and  have  no  sensible  capacity 
very  little  current  will  be  set  up  in  it,  and  </-/.,  dt  will  be  alwavs  intinite- 
simal  since  then-  is  i\»  sudden  chat;.  threat.  The 

foregoing  explanation  i<  th.-reton-  hanlly  applicable,  and  \\e  must  look 
at  the  matt'-r  from  anotlu-r  point  <>f  view.  Now  •when  there  is  no  Con- 
denser in  the  primary  the  electromotive  force  of  self-induction  in  the 
I  )iimary  acting  with  the  current  brings  about  a  ditV.  nn«',  ()f  potential 
between  the  two  surfaces  of  the  contact  breaker  which  starts  a  spark  a- 
soon  as  the  surfaces  of  the  contact  breaker  have,  >o  to  -peak,  be^un  t«» 
-eparate.  and  the  discharge,  owing  to  the  breaking  down  of  the 
di.  I  kept  up  as  the  -in  tar.  >  further  separate.  Thus,  dropping 

Mifh'xes  I'm   tlie    primary.  //-/  -//  never   becomes  great,  inasmuch   a-  the 
How  is  maintained  aen—  the  -park-gap  until   the  initial  energy  \L-j 
tin-  current  i-  di—  i  pa  ted  in  the  -park  and  in  the  \\iiv  of  the  circuit. 

(  )n  the  other  hand,  with  a  condenser  the  ri-e  nf  potential  i-   nioiv 

lual  at  tir-t.  a-  tin-  capacity  »i'  the  terminal-  i-  -,,  much  greater,  and 
the  spark,  it'  it  occur-   at  all,  is  delayed.     The  n  -ult  i-    that  the    n- 
potential    at   the    terminal-,  tailing    behind    that    required    to   prodih 
>park.  is  wholly  etVective  in   reducing  the  current,  -o  that.  pm\  ided  the 
capacity  of  the  condi-n-i-r  i-   n«>t    U  ken  great  »-r  than   i-  ju-t   i. 
to    pre\eni    the  -park    from   occurring,  the     \alue    of    dy]  ,lt     ; 
\erv  m  nd  there  i-  a  corn-pondih  !ect  nuiiot  i\e 

force    in    the   secondary. 

Tli--   i.  (nation   of    DOW    of    electricity    in    the    priman  :i    in 

Art.  47:{al»-\e.     The  greatest  \alm-  .,t   the  electromotive  force  in  the 

n    It.-   deduced   from   this   by  calculat  ii  .md   tin-i 

for  what  value  of  t  this  isa  maximum.      If  the  discharge  of  the  c..nd.  : 
in  the  primary  is  non-oscillatory  dy  dt  will  ha\e  it-  great  e-t   \alii.    at  th. 
li.  -iiiiiin^    -t'  the   break,  and    when,  as   in    mo.st  cases,  the   di-char^< 
o-.-illat..r\  .  the   maximum,  it  IB  obvious   without    calculation,   \\ill   take 
place  about   a   quarter   p.-n..d   alt.-r  the   begimiii,-  ..f  the    '  The 

r.-ader  may  ea-ily  obtain  an  exact  solution  for  him-.-lf.1 

!M  nloo  «  letter  by  Ixxlge  in  the  Eltftriciin,  Jane  14,  1889. 
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Mechanical  Illustration  of  Action  of  Induction  Coil  with  Condenser 

492.  The  action  of  the  condenser  may  be  mechanically  illustrate  I  as 
follows.  Imagine  a  carriage  on  a  railway.  Its  inertia  is  analogous  to  L 
and  its  velocity  to  7,  so  that  the  kinetic  energy  is  the  analogue  of 
\Isf-.  Now  let  there  stand  across  the  path  of  the  carriage  an 
obstacle,  say  a  light  carriage  provided  with  spring  buffers,  and  imagine 
this  rendered  incapable  of  motion  along  the  mils  in  the  direction  i  <  > 
meet  the  first  carriage,  while  left  free  to  move  the  other  way.  Let  this 
obstacle  have  connected  to  it  at  each  end  a  series  of  cords  running  from 
it  parallel  to  the  rails  in  the  direction  opposite  to  that  in  which  the 
carriage  is  moving,  and  passing  in  the  same  direction  round  pulleys  on 
a  horizontal  shaft  running  in  fixed  bearings  at  right  angles  to  the 
railway.  The  cords  are  so  arranged  that  when  the  shaft  is  turned  in 
the  direction  to  tighten  them  they  become  taut  in  succession,  first  one 
cord  at  each  side,  then  a  little  later  another  at  each  side,  and  so  on,  the 
cords  already  tightened  causing  their  pulleys  to  slip  on  the  shaft,  .so 
that  they  are  not  broken  as  the  shaft  goes  on  turning. 

When  the  carriage  touches  the  buffers  let  one  shaft  be  started  so  as 
to  tighten  the  cords.  [This  corresponds  to  the  beginning  of  the  break 
in  the  circuit,  and  the  cords  represent  the  interposed  dielectric  in  the 
break].  If  the  spring  is  very  stiff  the  force  on  the  obstacle  may  be 
sufficient  to  break  the  first  cord  before  the  second  has  been  tightened, 
then  break  the  second  and  so  on,  the  obstacle  being  pushed  forward 
by  the  carriage.  If  the  inertia  of  the  obstacle  and  the  resilience  of  each 
cord  be  small  the  carriage  will  not  be  very  greatly  retarded,  that  is  the 
quantity  corresponding  to  dy/dt  will  be  small.  The  breaking  of  the 
cords  represents  the  spark,  and  the  stiff  spring  a  condenser  of  so  very 
slight  capacity  as  to  allow  the  spark  to  pass  readily. 

If  however  the  spring  be  sufficiently  long  and  weak  the  compression 
of  the  spring  will  have  to  be  considerable  to  produce  force  enough  on 
the  obstacle  sufficient  to  break  a  cord;  and  before  that  amount  of 
compression  has  been  reached  the  turning  shaft  will  have  moored  the 
obstacle  by  a  greater  number  of  cords  than  one.  The  compressed  spring 
however  will  push  the  carnage  back,  and  so  diminish  its  speed.  The 
more  quickly  the  shaft  acts  the  stiffer  is  the  spring  that  may  be 
employed,  and  the  greater  is  the  recoil  on  the  carriage.  To  diminish 
the  velocity  of  the  carriage  at  the  greatest  rate  the  shaft  should  run  as 
quickly  as  possible,  and  the  spring  should  be  just  weak  enough  to 
prevent  the  breaking  of  the  cords.  Obviously  the  greatest  recoil  force 
exerted  by  a  given  spring  on  the  carriage  is  attained  about  a  quarter 
period  of  the  spring  later  than  the  beginning  of  the  impact. 

This  action  corresponds  precisely  to  the  prevention  of  the  spark  by 
the  condenser,  and  the  thereby  enhanced  value  of  dy/dt,  and  therefore  of 
the  electromotive  force  in  the  secondary.  The  best  arrangement 
is  that  in  which  the  break  is  made  as  rapidly  as  possible,  and  the 
•condenser  has  no  more~-eapacity  than  is  sufficient  to  prevent  the  spark. 
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Dynamical    Theory  of   Vibrating   System,  having  only  Kinetic  Energy 

and    Acted    on    by    Dissipative    Forces.     Effective     "  Resistance "    and 

"Inductance."     Illustration  by  Mutually  Influencing  Circuits 

4!>:J.  Thf  formation  of  the  equation-  of  current  l»y  the  Lagrangian 
method  from  the  e\piv— i"ii-  for  the  energy  of  the  system  leads,  as  h.i- 
n.  to  an  extension  of  the  rule  -tated  in  Art.  ±2~>  altove,  which, 
with  the  principle  of  continuity,  leads  to  the  equations  of  steady  current-. 
Indeed  the  rule,  as  already  stated,  suffices  tor  currents  in  variable  ,-.</, 
if  the  electromotive  forces  of -elf-induction  and  mutual  induction  ate 
reckoned  alon^  with  the  other  electromotive  forces  and  with  theii  pi 

e  it  has  not  been  n>ff--ary  to  refer  to  the  Lagrangian 
equations  in  the  examples  worked  out  above  \\  -hall  now  ohtain 
-oine  important  results  l>y  direct  application  of  the  Lagrangian  method. 

due  to  Lord  Rayleigh.1 

Some  of  these  results  as  well  as  some  of  the  example-    \\orked  out 

al>»\f  aiv  intere sting  examples  of  general  dynamical  theorems,  dm*  to 

Lord  Kehin  and   M.  Bertrand,  and  analogous  theorems  due   to   Lord 

ii,  hut    we  have  no  space  here  to  enter  into  the  di-cu— ion.     The 

ter  to  Lord  Rayleigh's  pap.  r-  and  his  Tfaory  of  Son n -I. 
4!>4.   Consider  a  system  in  which  a  harmonic  force  ^  corresponding 
to  th"  co-ordinate  -V/TJ  is  applied  to  the  system.     Let  tin-   -\-tem   1. 
>  potential  energy,  hut  he  acted  on  liy  dis-ipative   foiv,--,   ^,\,.M    | 
functioi.  above),  which  is  a  homogeneous  quadratic  function 

of  the   velocities   ^j,    x/r2  .  .  .  of   the  system.      Let   also  the    functioiix 
7' and  /'  contain   no  products  of  velocities  except  those  in    which 
appears.      \\'e   have 

liy  (71),  Art.  2(52,  tin-  equation-  of  motion  are 

<s:i, 


M 


Iii  iv>pon-.  -to  the  force  M',   the    motion  of  the   system    will    IK-   simple 
harmonic  in  the  -aim-  period    !  I'lm-  r.-pr.  -•  nt  in^'  any   *fr    l-v 

li'-r<:  /=x/—  I  \veget  \jr=  i/n//-  and  th  l»ecomes 

+  (tna,2  +  613)^,  -h  (i»a,s  +  bl3)^3  +  ----  - 

"  ° 

+  *is)^i  +  (inan  +  bn>h  -  0  ^ 

1  Phil.  Mag    (Ser.4)  49,   March,  1875,  »ud  Serf.,  21,   M«y,  1886;  Tktory  of  Sound, 

Vol.  I.  (2nd  edition)  p.  433. 
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Substituting  in  the  first  of  (84)  the  values  of  \js<,,  \js3,  ....  obtained 
in  terms  of  ^  from  the  remaining  equations,  we  get 

( ITKt-t  .->   ~|~    c)-i ,j  /             ( '?irt        ~l~   0      )"  • 

I J )/T        -1.    /j        _     ^**  _•          _     _          IQ lo*      __  I  .T      r__    ^jy        / Q  X \ 

The  factor  in  brackets  on  the  left  is  a  complex  quantity,  and  may 
therefore  be  written  in  the  form  R'  +  inL',  where  R'  and  L'  are  real. 
WTe  may  call  R'  the  resistance  of  the  system,  and  L'  its  self  inductance. 
Separating  the  real  and  imaginary  parts  of  the  factor  in  brackets  in  (85) 
we  easily  find,  if  there  be  m  co-ordinates 


-  af,  i,  b]  i>  )2 


.      .     (86) 


ahh(b\h 


It  is  clear  that  as  the  frequency  HJ^TT  increases  R'  increases  and  L' 
diminishes  towards  the  limits 


h  =  m 


A      /« 


„    .     -     (87) 


Thus  when  w  is  great  L'  is  independent  of  the  J-coefficients,  that 
is  the  resultant  inductance  is  not  affected  by  the  dissipation. 

It  is  to  be  observed  also  that  if  there  is  no  kinetic  energy  of 
the  system  the  third  term  in  (87)  does  not  appear  and  we  have  the 
same  minimum  of  resistance  as  when  the  frequency  is  very  small. 

When  n  is  very  small 


A=2 


bhh 


\-     •     (88) 


that  is  R'  is   independent  of  the  inertia  coefficients,  and    L'  has  its 
maximum  value. 
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4!>">.  These  results  lind  immediate  illustration  in  electrical  problem*.. 

For  example  take  the  case  of  a  primary  and   secondary  circuit  already 
fully   treated   in   Art.   4s">  alx.\e.      We   ha\e    \\nh    the'  i,,.tatiou    ti. 
adojited   //u  =  Z,,  </12  =  M,  u.>.,  =  fj.,,  l>n  =  Rl,  I'!*  =  0,  ?'j0  =  7/.,,  and   tl 
the  effective  iv>istance  and  self-inductance  are,  for  "the  primary, 


L    = 


1       B9'  +  n*L* 


....     (89) 


Thus  if  the  frequency  be  \« TV  small  the  secondary  has  no  effect  on 
the  primarv.  If  the  fre<|iiencv  lie  \erv  i^n-at  2i' v  ajinmach-^  the  limit 
Ht  +  .M  fi  /  andZ^to^-J/ 

For  tin-  s.nuulary  we  get  as 


L  -      *-'  +  B*  +  n'V 

'  I 
L .,  —  /,.,  -        . 

/[^  4-  /i 

the  limning  \alue>  of  which  are  7,',.  /. .  for  \ei\  >mall  fre«pieiicy,  and 
7t., -f  M-fiJl*}*,  L2  —  M'ijLl  for  great  frequency. 

496.  The  reader  may  work  out   f»r  himself  the  case  of  a  series  of 
c.-nductors   forming   primary.  -.-••-, ndary.  t.rt iary,  &c.,  circuits,  but  such 
that    no    mutual    induction    exists    except   between    the    j»rimary  and 
secondary,  the  secondary  and  the  tertiary,  and  so  on. 

For  example  consider  four  circuits.  The  current  in  the  fourth  is  due 
to  the  inductive  action  of  the  third.  The  reaction  of  the  fourth  in  the 
third  causes  the  latter  to  have  an  effective  resistance  K3  and  self- 
inductance  L\  at  once  calculable  from  (89)  by  substituting  for 
Rlt  Zj,  R2,  Z2,  M  the  quantities  JZ3,  Z3,  R4,  Z4,  3/M.  Then  if  Ka,  L'3  be 
used  as  the  resistance  and  self-inductance  of  the  third  circuit  the 
fourth  may  be  ignored.  The  effective  nsi-tance  and  self-inductance  ,,f 
the  second  circuit  due  to  the  reaction  of  the  third  can  he  found  in  the 
same  \\ay.  and  the  third  then  ignored.  Finally  the  effect i\  -nee 

and  self- inductance  of  the  primary  can  be  found  by  another  application 
of  the  same  formula. 

When  the  alternation  is  very  rapid  it  will  be  found  that  the  phases 
of  the  current*-  in  the  different  circuits  of  the  series  depend  in  the  case 
of  very  rapid  alternation  on  the  induction  coefficients  only,  and  differ 

essively  by  half  a  period. 

497.  Another  of  Lord  Rayleigh's  examples  (loc.  ci'.\  is  the  ease  of 
two  parallel  conductors,  of  resistances  /?,,  J?J(  self-induct. i  Zr 
and  mutual  inductance  Mt  joining  two  parts  of  a  circuit   in  which  an 
alternating  current  is  flowing.      It  7  l>e  tne  total  current  the  portion  »y,. 
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7.2  into  which  it  would  divide  itself  between  the  parallel  conductors 
were  there  no  inductance  would  be  R9j/(Rl-\-Rz),  R1y/(Rl  +  R2).  We 
may  take  7  as  the  velocity  for  one  co-ordinate,  and  for  the  other  velocity 
a  quantity  7'  such  that  the  current  in  the  first  conductor  is 
7.>17/(7i1  +  ^2)+7'  and  in  the  second  R1yf(Rl+R2)  —  y'.  We  obtain 
easily 


_  ^Rf  +  ZMR^  +  LJt*        (Ll-M)Bt-(Lt-M)Bl     ,, 
~<fr  +  Btf          ~7  '  ~Bl  +  B. 

(91) 


It  is  supposed  that  there  is  no  energy  of  electric  charge  to  be  taken 
into  account. 

The  literal  coefficient  of  the  first  term  in  the  value  of  T  is  «u,  that  of 
the  second  term  is  alz,  and  that  of  the  third  is  a22.  Similarly  the 
coefficients  of  the  terms  of  F  are  Z»u,  &22  respectively,  and  bn  =  0.  Thus- 
we  get  at  once  for  the  effective  resistance  and  self-inductance  of  the 
parallel  connection 


-  -2M  +  L.,  [     l   •  (Bj_  +  Bz)*  +  n\L^  -  2M  +  L.2 


As  noticed  above  L-^L^  —  Mz  is  necessarily  positive,  though  it  may  be 
made  very  nearly  zero  by  winding  the  two  parallel  conductors  together, 
Also  £l  —  2M+L2  is  essentially  positive  as  it  is  twice  the  kinetic  energy 
of  the  system  when  the  current  in  the  first  conductor  is  +  1  and  that 
in  the  other  —1. 

The  reader  will  notice  that  when  n  is  very  small  R'  =  RlRJ(Rv-^-R^)f 
while  that  of  Z'  =  (i1^02-l-2^J?1J?<)+Z2ft12)/(JR1+^2)2,  and  that  when  n 
is  very  great  R'  =  {Rl(L2-M)z+R2(£l-]^}/(Ll-2M+Lzy-,  £'  =  (1^ 
—  J/2)/^  —  2JHf+Z2).  He  may  also  find  from  (91)  the  currents  in  the 
two  conductors  at  any  instant,  and  their  phases  with  reference  to  the 
total  current. 

Another  very  interesting  example  is  obtained  in  the  Wheatstone 
Bridge  arrangement  of  conductors,  when  inductances  as  well  as 
resistances  have  to  be  taken  into  account.  This  will  be  fully  dealt  with,. 
however,  in  the  discussion  in  Vol.  II.  of  methods  of  comparing 
inductances.  (See  also  Absolute  Measurements,  Vol.  II.,  Part  II., 
Chapter  VIII.). 


CHAPTER  XI 

i  HAL  ELECTROMAGNETIC  THEORY 
SECTION'  I. — Electromagnetic  Theory  of  Light 

Electromotive  Intensity  at  Element  of  Moving  Conductor.     Total  Electro 

motive  Force 

498.  We  have  seen  above  (Arts.  420 — 425)  that  if  an  element  of 
conducting  material  move  with  velocity  4  [rr^  +  y2 +  .£*)*]  in  a  fit-Id  in 
which  the  magnetic  induction  at  the  element  is  B  (components  a,  b,  c), 
an  impressed  electric  intensity  e  is  produced  which  is  equal  to  the 

tor-product  of  &  and  B.  For  the  components  P,  Q,  R  of  e  w.  ohtain 
l>\  the  process  of  Art.  387  above 

(P,  Q,  R)  =  (cy  -  bz,     az  -  ex,     bx  -  a//)      .     .     (1) 

Tin  direction  of  c  is  found  to  be  that  in  which  a  right-handed  screw  would 
advance  if  the  handle  were  turned  round  from  the  direction  of  B  to  that 
of  A  (See  Fig.  136.) 

J5ut  ;it  any  point  of  the  field  the  value  of  B 
may  be  changing  with  tin-  time.     Tin-  line-in- 
tegral of  the  electromotive  intensity  just  found 
taken     round    a    linear    conductor   forum 
i-iivuit.    tfive*    what    is   sometime.-    called    the 
total  electromotive  force,  so  far  as  that  is  due  to 
motion  of  the  circuit.     To  this  there  mu- 
added  the    total    elect  rom-.tiv  in     the 

circuit    din-    to    that    p  'he    time-rat 

pe    of'    magnetic    induction     through     the 

circuit     which    i-    independent    of    in  the  circuit.      The     total 

elertroiimti\f  f.,rce  from  all  .somve>  in  thi-  circuit  \\ill  lie  ulitaim-d  by 
taking  the  I  in. '-integral  of  E  round  the  circuit,  \\ln-re  E  i-  the  re-ultant 
electric  int.-n-ity  and  ha-  the  component* 

IF  to  a*  .  •//   a*\ 

(P,Q,X)-(*-l  ,._...,  to.ay._.J    (2) 

c  o 
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Here  F,  G,  II  are  the  components  of  vector- potential,  and  ./',  y,  z  are 
the  components  of  the  velocity  of  the  element  of  conductor,  considered 
as  cutting  across  the  tubes  of  induction.  This  velocity,  it  must  be 
noticed,  is  the  velocity  of  the  conductor  relatively  to  the  tubes,  and 
not  with  reference  to  any  system  of  axes  connected  with  moving  matter. 
The  function  ^P  includes  the  electrostatic  potential,  and  also  any  other 
terms  giving  components  of  electric  force  which,  integrated  round 
a  closed  circuit,  give  a  zero  result.  For  example,  when  the  total 
•electromotive  force  for  a  moving  conductor  is  deduced  from  the  time- 
rate  of  change  of  the  line-integral  of  vector-potential  round  the  circuit 
considered,  there  appear,  besides  the  terms  of  the  components  in  (2) 
depending  on  the  vector  potential,  terms  which  are  respectively 


and  which  vanish  when  integrated  round  a  closed  circuit. 

499.  We  have  here  considered  electromotive  force  due  to  variation 
of  the  magnetic  induction  through  a  closed  circuit,  but  we  are  now  led 
by  phenomena  which  have  to  be  explained  to  take  the  view  that  when- 
ever a  portion  of  matter,  whether  conducting  in  any  degree  or  not,  is  in 
motion  in  a  magnetic  field  so  that  it  cuts  across  tubes  of  magnetic 
induction,  inductive  electromotive  intensity  given  by  (1)  is  produced  in 
it,  and  further  that  electromotive  intensity  is  set  up  wherever  magnetic 
induction  is  varying  in  value.  In  an  insulator,  however,  no  ordinary 
conduction  current  producing  dissipation  of  energy  can  exist,  but  the 
substance  is  the  seat  of  an  electric  field  intensity,  the  value  of  which 
may  be  constant  or  may  vary  with  the  time.  If  the  latter  is  the  case, 
the  time-rate  of  variation  of  the  corresponding  electric  induction 
divided  by  4-7T  is  taken  as  an  electric  current  which  with  the  con- 
duction current  constitutes  a  circuital  system  of  currents  producing  the 
magnetic  field,  and  is  subject  to  all  the  laws  of  currents.  The  justifi- 
cation of  this  assumption  lies  in  the  agreement,  so  far  as  investigation 
has  yet  proceeded,  of  its  results  with  observation.  By  its  aid  we  regard 
all  currents  as  closed  ;  for  example,  when  a  conductor  is  being  charged 
from  an  electric  machine  to  which  it  is  connected  by  a  wire,  the  electric 
field  surrounding  the  conductor  is  undergoing  change,  and  a  current 
exists  in  the  dielectric  which  renders  the  charging  current  in  the  wire 
circuital. 

The  hypothesis  is  perfectly  reasonable  from  the  point  of  view  of 
flow  of  energy  already  referred  to  in  Arts.  145-148  and  elsewhere 
above.  Into  the  wire  there  flows  across  its  lateral  surface  a  certain 
amount  of  energy  which  is  dissipated  in  the  conducting  substance, 
producing  heat ;  into  a  portion  of  the  dielectric  in  which  the  electric 
field  intensity  is  being  increased  there  flows  an  amount  of  energy 
which  is  not  dissipated,  if  the  medium  is  a  perfect  insulator,  but  remains 
stored  as  energy  of  electric  strain. 
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Flow  of  Energy  in  the  Insulating  Medium,  and  Dissipation  in  a  Conductor. 

Displacement  Currents 

It'  tin-  win-  or  other  conductor  receiving  energy  from  the 
medium  were  a  perfect  conductor,  there  would  be  no  dissipation  in  it, 
but  energy  would  enter  it.  Into  an  ordinary  conductor  energy  can  be 
comey,  •<!  in  consequence  of  the  fact  that  it  has  to  some  extent  the 
properties  of  an  insulator  as  regards  supporting  electric  strain,  tem- 
porarily at  least,  so  that  electrical  strain  penetrates  its  outer  strata, 
ainl  fii.  -r-y  is  dissipated  in  tin-  matter  in  tin-  interior  in  consequent 
of  tin-  ultimate  l»i.  a  king  down  of  the  strain  which  is  there  set  up. 

Thus  th.-  inward  Mow  of  electric  energy  upon  any  portion  of  the 
dielectric  medium  occasions  a  time-rate  of  variation  of  tin-  electric 
induction,  which,  to  a  numerical  factor,  is  related  to  the  rate  at  which 

•eived  per  unit  of  volume,  as  is  the  conduction  curreir 
the  rate  of  dissipation  of  energy  per  unit  of  volume  in  the  conductor. 
It  is  the  Mow  ..f  energy  in  the  medium  of  which  the  magnetic  fie!' 
an  accompaniment,  win  i,  \«-r  it  occurs:  the   ultimate  disposal  of  the 
energy  as  increase  of  electrical  -train  and  corresponding  stress,  an.  : 
increase  of  elect  mkinetic  energy,  or  in  the  production  of  heat.  does  not 
itself  have  any   effect   except  in  so  far  as  it   indirectly  reacts  on  the 
march  of  the  phenomena. 

The  dosing  of  the  circuits  of  all  currents  in  conductors,  by  means  of 
displacement  currents  in  the  dielectric,  const  it  ut<  s  the  mo-t  remarkable 
feature  of  Maxwell's  theory,  and  leads  at  once  by  a  natural  develop! 
to  his  great  generalisation,  the  electromagnetic  theory  of  light.  This 
we  shall  now  endeavour  to  explain,  referring  the  reader  for  a  most 
instructive  dis.-ussion  of  electric  displacement,  and  displacement  to 
•ticles  on  Electromagnetic  Induction  and  its  Propagation.1 


Impressed    Electric    Force.      Illustration    by    Ideal     Magneto  Electric 
Machine.      Energy  is  received  by  System  at  Seat  of  Impressed  Forces 

.")()!.    Returning  now  fora  little  to  a  conductor  moving  in  a  magnetic 
ti.-ld.  take  the  OMB,  described  in  Ail    4'2~>  ,d»..\e.  m  \\hicha  conduct. 

it  right  angles  to  the  tul>es  of  magnetic  induction,  is 
mo\ed  a!  a  uniform  speed  in  a  direction  at  right  angles  at  one.-  to  the 
wire  and  to  the  induction.  The  electric  state  of  the  wire  remains 
unchanged  while  the  motion  continues.  A  ditVei  electric 

potential  between  ite  extremities  M  maintained  which  it   is  consistent 

with  experience  to  take  as  the  line-integral  of  e  along  tin-  coiidu 
This  difference  of  potential  of  course  tends  t»  pioduc,  a  hacku.ud 
current  in  the  conductor,  and  thus  to  annul  itself,  and  is  piv\,-nted  from 
doing  so  by  the  inductive  electromoti\e  tone.  An  electric-  nVId  is  thus 
produced,  surrounding  the  moving  conductor  and  maintain-  d  1>\  the 
inductive  action. 

1  Metrical  Paper*,  Vol.  I. 
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502.  This  is  an  example  of  impressed  electric  force  at  each  point 
balancing  an  electric  force  which  otherwise  would  set  up  a  current,  and 
involve  redistribution  and  dissipation  of  energy.     For  although  as  the 
wire  moves  carrying  its  electrification  with  it,  the  electric  displacement 
is  being  continually  changed  in  position  in  the  medium,  once  the  steady 
state  has  been  set  up  there  is  neither  expenditure  nor  gain  of  energy 
in  continuing  the  motion.     The  energy  stored  in  the  electric  state  is 
dissipated  when  the  motion  is  stopped. 

The  impressed  electric  intensity  is  the  electric  intensity  at  every 
point,  which  balances  that  due  to  the  electrification  produced.  Thus  we 
have  an  illustration  of  the  important  fact,  insisted  on  with  great  force 
by  Heaviside,  that  in  considering  electric  and  magnetic  intensity  and  the 
Consequent  flow  of  energy  in  the  field  it  is  necessary  to  take  account  of 
the  impressed  intensities,  and  make  a  sharp  distinction  between  them 
and  the  intensities  set  up  in  consequence  of  changes  of  the  medium 
produced  by  them. 

503.  If  the  wire  we  are  considering  touch  at  each  end  one  of  two 
parallel  rails  of  conducting  material,  which  are  connected  elsewhere,  a 
current  of  amount  7  will  flow  round  the  circuit  as  shown  in  Fig  116. 
The  electromagnetic  force  on  the  sliding  wire  will  tend  to  stop  the 
motion  which  produces  the  current,  and   if  I  be   the   length   of  the 
slider  its  amount  will  be  Sly.     To  keep  the  slider  in  motion  therefore, 
work  will  have  to  be  expended  on  it  at  rate  Ulyv.     But  Bv  is  the  im- 
pressed electric  intensity,  e  say,  along  the  slider  at  each  point,  and  the 
time-rate  at  which  energy  enters  the  system,  from  without,  per  unit 
length  of  the  slider  is  67.     When  dissipation  in  the  slider  is  taken  into 
account,  the  actual  rate  of  flow  of  energy  to  the  medium  per  unit  of 
length  of  the  slider  is  -  £7,  where  El  here  denotes  the  actually  existing 
electric  field-intensity  parallel  to  the  slider,  and  the  rate  of  dissipation 
in  the  slider  itself  is  (e  +  E)^.  It  is  to  be  remembered  that  E,  which  is 
the  field-intensity,  is  opposed  to  e. 

504.  Thus  in  considering  the  delivery  of  energy  to  any  system  from 
without   we   have   to   bring    the    impressed  forces  properly  into   the 
account.     So  far  we  have  dealt  only  with  impressed  electric  intensity, 
but  the  same  thing  holds  for  magnetic  intensity.     If  we  had  such  a  thing 
anywhere   as   a  magnetic   current  G,  and  h   denoted   the   impressed 
magnetic  force  at  the  place,  .the  energy  delivered  there  per  unit  time 
would  be  h£.      We  shall  consider  the  flow  of  energy  later  in  the  present 
chapter,  and  again  in  Vol  II.,  when  we  shall  have  further  to  consider 
impressed  forces,  and  to  classify  them.     The  reader  should  however  refer 
to  Heaviside's  Electromagnetic  Theory,  Vol.  I.  Chapter  II. 

Complete  Specification  of  Current  in  Imperfect  Conductor  or  Imperfect 
Insulator.    Fundamental  Circuital  Equations  of  Field. 

505.  The  total  current  in  a  not  perfectly  conducting  material  is  the 
sum  of  the  ordinary  conduction  current,  the  displacement  current,  and  a 
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current  which  we  shall  consider  in  ;i  later  section  of  this  chapter  d-; 
inoraiig  matter  carrying  with  il  an  electric  charge,     The  t<.tal  current 
in  the  «lir.M-ti..n  My  point  ix  thus 

t*  =  *P  +        1>  +  ex       ......     (3) 

where    tc   denotes   tin-  conduct  i\ity   of  the   medium.    /.    tin-    dielectric 
inductivity,  and  «  the  electric  charge  per  unit  of  volume  ..t'  tin-   m«. 
matt.  -rat    tin-  point  in  o,iiextion.     The  product  <-.i   may  ]»••  taken  a- 
definition  of  tin-  im-a-ur.-  of  tlif  c,,n\ecti«.n  current  at  any  jx.int. 

Similar  f(jiiati.»n«j  in  <J,  (J,  //,  Jt,  A,  z,  h.ild  for  tin-  ••..nijM.nn.- 
th»-  total  runviii-. 

A]>plyin^  the  circuital  theorem  obtained  in  A  !>o\...  ti, 

;min^  that  the  e\p(-nui,.iital  r.->nlts  \\hieh  have  ]>een   f.mnd   tn  hold 
for  oircMiital  coiiductional  currents  hold  also  for  cunvn!^  in  lital 

by    di>placeineii!    cm-rent-,   and    for  convection   cunvnN   with  circuits 
however    completed,    we    olitain    for   matt.r  ,,  .  latively    to    tin- 

medium  (kj>  -f-  ITTK  )  E  =  curl  H,  where  j>  xtands  f,,r  < 

")<n;.  Attain  we  have  another  circuital  theorem,  namely,  that  the 
total  electromotive  f,,ive  round  a  circuit  is  e.|iial  t..  the  time-rat.-  ..f 
diminution  of  magnetic  induction  through  it.  This  tor  an  intinit.-.simal 
eiivuit  may  lie  expressed  l>y—  y*B  =  curl  E.  To  complete  tin-  analog 
between  this  equation  and  the  one  stated  al»o\e  Mea\i-ide  intro<luc 
non-existent  .juantity  //H,  which  may  he  regarded  as  4?r  times  the 
magnetic  current.  Thus  we  ..Main  the  two  eon-ex]*  Hiding  circuital 
equations 

(kp  +  47nc)E  =      curl  H  | 
-  curl  El 


From  th.-e  t  wo  ivlat  imix  Heavi-ide  has  d«-ri\ed  his  xi.lut  \,,n-  ••!  pr..- 
,,t  \\a\e  propagation,  and  they  arrfijuival«-nt  to  a  form  into  which 
II  ••'•!/.  has   thrown    Slaxwdl's  e.juations  and  which  he   h.ix  u-  d   in   hix 
theoretical  research  ex  ..n  electromagnetic  nuliat  ion. 

Since    there    is    no  divergence   «)f  the    current    anywh.iv    and    the 
jnetic  induction   is  aU,,   \\ithoiit  divergence.  \\e   hav      the  additional 
•|iiat  io||x 

•liv.  E      n.     ,iiv.  B  -  0  ......     (5) 

the  tirxt  ..f  which  holds  at  all  jx.iii1  where  th.iv  jx  ,  !  i.,n. 

the  x,.e..nd  at  .-very  point,  \\heth.-r  within  or  without  ma^n- 

Here  we  xiijijH.xe  that  there  ix  no  i  mjtr.  'x.x..  1    |,,iv.     magnetic  .>r  elec- 
tric, to  he  taken   int..  account,  and  that    the  -tat.-  c..ii-!«l.  i.  d    i- 
iij)  l»y  an  electromagnetic   \\a\e   pro|.a-at  ui^'  it-.  -It.      I:    may  h-.v. 
remarked  that  no  jx.lar  ell  ii.-tic  mtenxiti.  x  that  is  mteiiM' 

d.-Hvahle  from   ]H>t.-ntial  tiinct  iotix,  can  enter  thex  .....  (uatioiix 
ax  the  ciir]  .,!  ;ch  intensity 
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Propagation  of  a  Plane  Electromagnetic  Wave 

507.  Let  the  electromagnetic  wave  be  a  plane  wave,  propagated  along 
the  axis  of  z  with  wave  front  parallel  to  the  axes  of  x,  y.  That  the 
equations  are  consistent  with  such  a  disturbance  it  is  easy  to  show  by 
eliminating  E,  say,  from  (4).  Thus  we  obtain 

(jtp  +  47T#)  (kp  +  4™)H  =  V2H     ....     (6) 

the  well-known  equation  of  wave  propagation.  Precisely  the  same 
equation  could  have  been  found  for  E  by  eliminating  H.  It  will  !>•• 
noticed  that  H  and  E  are  directed  quantities  at  right  angles  to  one 
another  and  both  by  the  restriction  imposed  in  the  disturbance  lying  in 
the  wave  front. 

Taking  g  =  0,  we  have  for  the  periodic  solution  of  (6)  according  as 
E  or  H  is  the  quantity  sought, 

(E,  H)  =  (E0,  H0)  exp.  i(mz  -  nt)  .     .     .     .     (7) 


where  1=^—1,  and  2?r/n  is  the  period  of  vibration.     Substituting 
from  this  in  (0)  we  find  that  the  condition 

=  0       .....     (8) 


must  be  satisfied.  Thus  since  we  suppose  n  to  be  real,  wi-2  is  essentially 
complex,  and  therefore  so  also  is  m.  Writing  m  —  q  —  ri,  wrhere  q  and 
r  are  real;  squaring  and  equating  real.  and  imaginary  parts  we  obtain 

g2  _  r2  =  ntfa      qr  =   -  ITTK^I       ....      (9) 


Since  r-  must  be  a  positive  quantity  since  r  is  real,  these  equations 
give 


.     .     .     (10) 


in  which  the  radicals  in  each  case  have  the  positive  sign,  and  r  is  made- 
negative  for  the  reason  that  the  disturbance  is  not  to  increase  in 
amplitude  as  it  travels  out  from  the  source.  Thus  q  is  a  positive  real 
quantity. 

By  (9)  the  solution  becomes 

(E,  H)  =  (Bo,  H0)  exp.  rz  exp.  i(qz  -  nt}      .          (11) 

We  are  only  concerned  with  the  real  part  of  the  quantity  of  the  right 
of  (11)  in  the  phenomenon  observed.  Hence  we  obtain  finally 

(E,  H)  =  (E0,  H0)  exp.  rz  .  cos  (qz  -  nt}  .     .     .     (12) 
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when-  tin-  /.TO  of  time  is  so  chosen  that  E0,  HO  are  the  maxiintnn  value- 
of  B,  H  in  tli«-  plane  :  =  0. 

Thi<  r.-siih  givei  t'..r  tin-  wave  length  and   velocity  of  propagation   I" 

the  val' 


U2  , ,  (13) 


2£(JP  +  16«Vn*  +  *)» 

9  I   s  'I 

and  f..r  the   ratio,  at    any  time,  of  the  amplitude  in  any  plane  :  =  X,  t<> 
that  in  the  plane  z  =  0. 


exp.  ?-X  =  exp.  -  -  .     .     (14) 

+  *)* 


Tim-  tli-  •  \vav<-  li-ngth  and  velocity  of  propagation  are  !••»,  and  the 
rate  of  diminution  of  amplitude  with  distance  from  the  source  is  greater 
the  greater  the  conductivity,  other  things  remaining  th<-  same. 

\i  K  =  o,  that  is  if  the  medium  is  an  insulator,  r  =  0,  and 


q  = 


Plane  Wave  in  JEolotropic  Dielectric,  Principal  Wave-Velocities 


\Ve  -hall  iio\v.  tollouin^r  Maxwell,  suppose  the  medium  to  be' 
aeolotropic  as  r.^ar(l>  electric  induct  i\  it\  .  Imt  at  the  same  time  isotropic 
as  regards  magnetic  inductivity.  Taking/,  g,  h  as  before  as  components 

of  el.-ctrie  induetioii.  \\e  ha\eas  iii  Art.  168  ab<>\.- 


11  I'.'**  13       I 

**  K\.>"  +  K.ftQ  +  H     A      - 

=  k.»P  +  k.,  Q  +  k   R) 


/ 
/      /    /   +  k.^Q  +  lc,3R  J. (16) 

I, 


If  we  suppose  the    induction    taken   in   a   direction    in    \\hidi    it    is 
.llel    to    the   electric  intensity,   then,    denoting  the  electric    induc- 
tivity tor  that  direction  l»y  /. .  putting  /•'/'.  kQ,  kR,  for/,  gt  h  in  (  Hi),  and 
eliminating  /'  ','  R  we  get  the  detei  nnnanial  e.juati«m 


I       -  I          I- 
*n        • 


/.         /. 

A>         •   . 


*13  '• 


•  0 


(17) 


which  is  a  cubic  in  /.  with  three  real  roots/  ulu.-h 

to   three  directions   at   right   angles  to   one   anot  I    i    it    /. 
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be  the   direction  cosines  of  one  of  these  we   may  write  (16)  in  the 
form 


three  equations  from  which  by  substitution  of  kv  k2,  k3  the  three  corre- 
sponding sets  of  values  of  /,  ra,  n,  namely  lv  mv  nv  12,  ra2,  n2,  13,  ra3,  ns, 
can  be  found.  It  can  be  verified  easily  that  I1I.2  +  mlm.,~+nlnz  =  Q,  &c. 
These  directions  we  call  principal  directions. 

509.  We  now  find  the  corresponding  equations  of  wave  propagation, 
taking  components  of  induction  in  the  principal  directions.  In  so  doing 
we  shall  suppose  the  conductivity  K  of  the  medium  to  be  zero.  The 
circuital  equations  (4)  above  for  the  determination  of  the  three  com- 
ponents P,  Q,  E  of  electric  intensity  in  the  three  principal  directions 
yield  three  equations  of  the  form 

.       :  *^-w     >(|?+*  +  i?).   .   .   (is) 

ctl  dx\ox        dy        czj 

since  dPjdx  +  dQ/dy  +  dR/dz  is  not  in  this  case  zero. 

Consider  now  a  plane  wave  travelling  at  right  angles  to  the  plane 
Ix  +  my  +  nz  =  0,  with  velocity  F.  The  disturbance  may  be  expressed 
by  the  equation 

o,- 
(P,  Q,  R)  =  (P0,  QQ,  R0)  exp.  —  (fa  +  my  +  nz  -  Vt)     (19) 

Substituting  from  (19)  in  (18)  and  writing  v^,  v2z,  v3z  respectively  for 
A,  \jk.-ji,  1/&3/4  we  obtain  the  conditions  expressed  by 


(F2  -  v^P  +  v*l(lP  +  mQ  +  nR)    =  Q\ 

(Vz  -  v.*)Q  +  v*m(lP  +  mQ  +  nR)  =  0  V    .     .     (20) 

(F2  -  v32)R  +  v*n(lP  +  mQ  +  nR)   =  oj 

These  by  elimination  of  P,  Q,  E  yield 

'2  v22mz  v^zn2 

~          +  = 


T7"  O  o      '        179  9  I7*>  ? 

y  £»    __    M  £t  F         tJ  w         ~~"    *y 

123 

which  since  lz  +  ??i2  +  7z-2  =  l  may  be  written 

*2         •  w2  nZ      _  n  /2n 

^2  _  v  2  +  yt  _  vz+  yz  _"^1 

This  is  Fresnel's  equation  connecting  the  velocity  of  light  in  an 
seolotropic  body  with  the  direction  of  propagation,  and  v^,  vzz,  v3z  are 
the  squares  of  the  principal  velocities  of  propagation.  These  are  the 
velocities  of  an  ordinary  wave  in  the  three  principal  directions,  that  is 
the  velocities  in  three  different  isotropic  dielectrics  characterised  by 
the  constants  kv  k2,  k3. 
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510.  Let  T,  w',  n' be  the  direction  eo-ine-  of  the  electric  induction. 
The  components  are  proportional  to  /,./'  ,  and  these  by  t 

siiuv  < ,-  =  I  /-,/i,  &c.,  are  proportional  to  //(  F*-  /-,-  -f»*),  >' 

—  <-.  i.    Hence  H'  +  mm'  +  »m'  =  0.  or  the  displacement  i<  in  tin-  \\;i 

Taki-  the  direction  of  propagation  as  tnat  of  r.  ami  tin-  direction  "t 
tin-  electric  induction  as  that  of  //.  then  n  =  l,l  =  m  =  0,  tn'  =  !,/'  =  •/».'=<). 
But  since m' <xm  (  /'-—  /•.,-),  and  //»  =0,  we  have  K=  t ...  Similarly  \\h«-n 
th«-  electric  induction  is  in  the  direction  of  x,  V=~c,r  In  the  former 
case  we  have  an  ordinm-ii  wave  travelling  al«m^  :.  Hut  l>v  optii-al 
experiinent.  it  is  kno\vn  that  an  ordinary  ray  of  light  travelling  parallel 
to  a  principal  axis  ..f  a  ei-ystal.  f«»i-  example,  at  right  an^le^  to  the 
"pt:  >f  a  uniaxal  crystal  >uch  as  lei-land  ^|iar.  i^  polari/ed  in  a 

plane   jKiralK-l   to    the   axis   and    the    direction   (,f  projMigation.      H- 
the  electr.'ina^netii-   theory  -ive-   thr  direction   of.-lectric  di-pla<-ei. 
a-  at    ri^ht    angles   to   the    plan.-   of  polarixatioii.     This  conclusion    ha- 
liei-n  veritied  l»y  the  experiments  of  Hertx  and  of  Trouton. 

Question  of  Relation   of  Electrical   Vibrations  to  Elastic  Vibrations  of 

Ether 

-"il  1.  The  question  as  to  whether  the  direction  of  the  electric  inteii- 
-iiy.  or  that  of  the  magnetic  intensity,  coincides  with  the  direction  of 
the  vibratory  motion  attributed  to  the  ether,  in  the  ordinary  dynamical 
theory  of  the  luminiferoiis  ether  as  an  elastic  sul  i  ran-mitt  in- 

by  it-  great  rapidity  waves  of  distortion  at  the  \elocity  of  light,  is  not 
«>ne  that  admits  of  answer  at  present  There  is  first  of  all  the  question 
<>f  what  action  in  the  matter  conn  lie  ether,  if  it  is  matter 

|i ing  inertia,  corresponds  to  the  electromagnetic    vibrations,  and 

on  this  ime-tigation  so  far  has  thrown  little   if  any   light.     It  ma\  I- 
that  there  is  no  direction  of  vibration  of  the  matter  of  the  ether  in  the 
ordinary  sense  at  all,  and  that  the  whole  affair  i^  electromagnetic. 
may  be  that  the  explanation  is  an  affair  of  the  motion  of  electron*,  that 
is  atoms  of  matter  carrying  electric  charges.     Whatever  may  turn  out 
to    be    thr    final    result    in    thi-    inquiry,    the    relation    of    the    electric 
\ihration  to  the  plane  of  polari-at  ion  i-  perfectly   clearly   made   out,  and 
stated  above. 

Determination  of  Velocity  of  Propagation    Ratio  of  Units 

")!•_'.   Clerk     Maxwell    regarded    light    :is  an    el.  ^netic   di-tur- 

. bance  in  the  ether,  and  put  forward  the  theo,\  of  uhich  a  -k--tch  ha- 
ju-t  .i.n  a-  one  of'  the  propagation  of  light  pure  and  simple. 

II   -  vie\\-  ha\e  -ini-e  I  ••  -  1 1  Mrikiiigly  continued    by    the    experiments   of 
Hertx  and  tlmsi-  who  followed  him.  on  the  pri^luction  and  propagati- 
electromagnetic    \\a\e-;    and    of    these    rcflearchos   We    shall    gi\.     -..in- 
•uut  presently.      Hut    |.ie\i,,ii-  to  thi-dn., 
of  the  theory  had  been  found  in -inking  agre,  meiit  \\ith  actual  fact- 
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For  according  to  the  theory  the  ratio  of  the  numerical  value  of  a  quantity 
of  electricity,  measured  in  electrostatic  units,  to  the  numerical  value  of 
the  same  <|iiant  ity  when  measured  in  electro-magnetic  units,  ought  to 
be  a  definite  velocity,  coinciding,  if  the  electro-magnetic  theory  of  light 
is  cnnvrt.  with  the  velocity  of  light.  This  ratio  has  been  determined 
and  found  to  be  almost  exactly  the  same  as  the  velocity  of  light  as 
measured  by  the  methods  of  Foucault  and  Fizeau. 

513.  To  make  this  matter  clear  we  shall  use  an  illustration  due  to 
.Maxwell,  modifying  however  the  mode  of  applying  it  to  suit  the  ideas 
adopted  in  this  book,  according  to  which  k  and  /u.  are  fundamental 
physical  qualities,  depending  on  the  nature  and,  in  some  cases  no  doubt, 
the  state  of  the  medium  as  regards  electrification  and  magnetization. 

It  has  been  shown  in  Art.  387  that  the  electromagnetic  force  on 
an  element  ds  of  a  conductor  carrying  a  current  7  in  a  magnetic  field  is 
Brsin&fe  if  B  be  the  magnetic  induction  at  the  element,  and  6  the  angle 
between  the  element  and  the  direction  of  the  magnetic  induction. 

If  the  field  be  produced  by  a  current  7'  in  an  infinitely  long  straight 
conductor  parallel  to  ds  at  distance  b  from  it,  we  get  by  integration  of 
the  expression  y'smO'ds'/r-  the  value  2y'/&  for  the  magnetic  field  inten- 
sity. Hence  if  p  be  the  permeability  of  the  medium,  the  electro- 
magnetic force  on  ds  is  2fvyy'ds/b,  and  if  the  first  conductor  be  straight 
the  force  on  a  length  &/2  of  it  is  fjuyy'. 

The  quantities  of  electricity  conveyed  by  the  two  currents  in  time  t 
are  <yt,  y't.  Let  these  be  used  to  charge  two  conducting  spheres  whose 
centres  are  at  a  distance  apart  great  in  comparison  with  the  radius  of 
either.  The  electrostatic  repulsion  between  the  spheres  would  then  be 
yy't-/krz.  If  r  be  chosen  so  that  this  force  is  the  same  as  the  attraction 
between  the  conductors  exerted  on  a  length  equal  to  half  the  distance 
between  them,  we  have  fvyy'  =  yy't'2/kr-  or 


<22> 


that  is  1/x/M  may  be  expressed  as  a  velocity.     This  result  holds  what- 
ever hypothesis  as  to  dimensions  is  adopted  for  /j,  and  k. 

514.  This  is  moreover  a  perfectly  definite  velocity.      For  if  tf2/7*2 
remain  constant  the  repulsion  between  the  spheres  remains  unchanged,. 
while  these  charges  are  increased  at  the  rates  7,  7'  respectively.    There- 
fore 1/+//J&  is  equal  to  the  velocity  with  which  the  spheres  must  be 
separated  in  order  that  their  mutual  repulsion  may  remain  equal  t0  the 
force  of  attraction  on  a  length  of  either  of  the  parallel  conductors  equal 
to  half  the  distance  between  them.     It  has  just  been  shown  that  \l*J]ik 
is  the  velocity  of  propagation  of  an  electro-magnetic  wave  in  an  iso- 
tropic  perfectly  insulating  dielectric. 

515.  If  now  we  denote  by  v  the  ratio  of  the  electromagnetic  to  the 
electrostatic  unit  of  quantity,  the  charges  on  the  spheres  expressed  in 
ordinary  electrostatic  units  are  vyt,  vy't,  if  7,  7'  now  denote  the  ordinary 
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electromagnetic   me..  tin-  cun-.-ut-.     H.-M.-.-   ii. 

tin-    t\v..  >pheivs  is  r*yy't*/Kr-.   where    A'  (Ifii..  t,-   the  >|H-citic   inductive 
rapacity   of  the   medium,  defined  in   tin-   ordinary    uay    a-    tin-    ratio  of 
th.-    electric     inductivity    of  tin-     medium    to    thai    i.V  tin-   medium    •  •!' 
reference    (air  or  vacuum,  for  example).      Hut   if  OJ  denote    tin-   ordinarv 
electromagnetic  value  of  th,-  permeability   defined  a-  in  Arf  7'J  al, 
Wyy'  =  l  that   i> 

r1 

r2  =  uTA' 

or  l.y  c2-2) 

-A 


N  m   i»r  air  A"=l,  w  =  1  and  we  ( 


tliai  .(iial  t«>  th<-   \rl..city  <>{  |ir<>pagation  of  an  elect  runia^n.  -tic 

di>tiirl»ance  in  air. 

For  a  full  account    of  niea.-mvment>  »     <•   the  reader  may  ivter  |,. 

the    author's    Treatise   on   AI>*<>/«''    M>  "^"/-  //M  //'s   i»    Electricitti   "»// 

\'ol.  II..  I  'art  II.,  Chapter  \!      Some  acootml   ..f  reoenl 

work  on  thi-  -uhject    will  l.e  found  also  in  Volume  II.  of  the  j.r,-ent 
work. 

Electromagnetic  Radiation.    Hertz's  Solution  of  Maxwell's  Equations. 
Vibrating  Electric  Doublets 

">hi.  The  mathematical  theory  given  above  isnol  very  well  adapted  for 

the  Complete  invent  i  Cation  of  the  radiation  in  a  Held  in  which  thechais 

due  to  harmonically  varying  electi-ic  chaiur<^  "ii  a  conductor  or  con- 
diu-toi-x  which  have  been  charged  in  a  particular  manner  and  then  left 
to  them-elv,-.  Such  a  case  we  have  in  the  oscillatory  di-char^e  of  u 
coiiden-,  -I'  di-<-iissi-d  in  Chapter  X.  aln.ve;  though  tlh  .\a- 

noticed,  n<>  account    vva-    tak«-n  of   th,-   radiation  "t  in    liriii^iii^- 

the  action  to  a  -L.  p.      A  ^om.-what   ditlei-i-nt   theoretical  di^cu^ioii 
^iveii  liv   tin-   la'  •'    for  the  rase  of  an  electric  doublet  . 

that    i-    t\\,.  eipial   and    opposite   electric  charges  concentrated   at    t  v\  o 
point-   intinitelv  near  to  one  another,  or,  more   properly,  at  a  diM.r 
infinitely  small  in  comparison  with   the  distance   from  either  charge  of 
any    jMtint    at    which    the    electric   or    magnetic    for.-,-    i-    OOOBoerecL 
\\    >liall  deal  here  with  \\\\^  -imple  arrangement,  nerieodag  h"w- 

at    first    the   damping   of  the    vibration:    that    i-.  If8    -hall   -ii|-poxe  the 
moment  of  the  <loui»let.  that   i-.  the  product  of  either  charge   into  the 


1   \Vifilfiii:iiin's  Amialcn.  Jan.  issp,  and  A'nfu/r,  F«-l».  21,    1889,  *!»•'    II     '        Kltdrif 

' 
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distance  between  the  two  points,  to  vary  as  a  simple  harmonic  function 
of  the  time,  but  to  retain  throughout  the  same  maximum  value. 

517.  Such  a  source  of  electromagnetic  waves  or  electric  vibrator,  MS 
it  is  called,  may  be  regarded  as  physically  realised,  except  for  points  at 
distances  from  it  comparable  with  its  dimensions,  by  two  equal  and 
oppositely    charged     spheres     connected    by    a     straight     conductor 
<Fig.  137).     Such  was  the  vibrator  employed  by  Hertz  in  some  of  his 
most   important   researches.     The   spheres   were   charged  to  opposite 
potentials  by  an  induction  coil,  and  then  discharged  into  one  another. 

The  discharge  was  oscillatory,  and  set  up 

z  electromagnetic  waves  in  the  surrounding 

medium,   which    were    propagated    out- 

p  wards  from  the  vibrator  in  all  directions. 

The  existence  of  the  waves  in  the  medium 

i      /\  was  detected   by  a  simple  receiver,  or 

.  ra/  resonator,  as  it  has  been  called,  which  in 

'"TO ~'~Y      one  form  consisted  of  a   circle  of  wire, 

^  complete  with   the   exception  of  a  very 

small  spark-gap  between  two  small  knobs 

which  tipped  the  ends  of  the  wire,  and 

was    properly    placed    relatively   to    the 

FJG.  137.  vibrator. 

It  is  to  be  observed  that  the  vibrations 

here  set  up  were  a  rapidly  damped  out  set  of  electrical  oscillations, 
and  that  in  consequence  it  was  not  necessary  that  the  natural  period 
of  electrical  oscillation  of  the  receiver  should  be  made  very  nearly 
<3qual  to  that  of  the  exciter  (see  Art.  539). 

518.  We  shall  now  give  Hertz's  solution  of  the  equations  of  the 
•electromagnetic  field  for  an  electric  doublet,  the  moment  of  which  is 
subjected  to  simple  harmonic  variation  with  the  time.     The  axis  of  the 
doublet,  that  is  the  line  joining  the  charges,  will  be  supposed  to  lie 
along  the  axis  of  z,  and  the  origin  will  be  taken  at  the  point  midway 
between  the  two  charges.     Since  everything  is  symmetrical  round  the 
axis,  it  is  only  necessary  to  consider  the  disturbance  at  any  instant,  at 
a  point  distant  z  from  the  origin,  and  p  from  the  axis.     Calling  planes 
through   the   axis   meridian   planes,  and  a  plane  through  the   origin 
perpendicular  to  the  axis  an  equatorial  plane,  we  see  that  the  electric 
intensity  at  every  point  lies  in  a  meridian  plane,  and  that  the  lines  of 
magnetic  intensity  are  circles  round  the  axis.     The  foundation  of  the 
theory  are  the  two  circuital  equations  (4),  with  the  relations  (5). 

Taking  a,  y9  as  the  components  of  magnetic  intensity  at  any  point, 
in  a  plane  at  right  angles  to  the  axis,  we  have  7  =  0,  and  da/dx+dfi/dy  =  0. 
Thus  ady—fidx  is  a  complete  differential  of  some  function  of  x,  y.  We 
take  this  as  dH/dt  so  that 

a  =  ~,    ft  =  -c-^ (24) 

ctcy  ctox 
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The  first  circuital  relation  give-  for  the  c.  >mpon.  n1-.   /'.  '/   II,  of 

electric  intensity  the  equations 

CP     yn       ag     5>n  r'2 

vate'     fc"&aB»'  ~ 


These  indicate  that  the  values  of  tin-  quantities 

a*n  r2n  ?2n     e*n 

**       ~    ^    ~    >        *V  ~  —  ^~>        ***    T    ~     5    T    ~  —  a 

.   ,/- 

iii'l.  -j>.  ndent  of  <,  and  cannot  therefore  ha\«-  any  iiiHu.-ncc  mi  th.- 
propagation  of  wa\.-.      \\  .    th.  i.  t..r,   a—  nine 

11  ii  /a*n     .-ii 

*P  =  r-r-,      kQ  =  r-^,      kR  =»  -  (  ^-5  +   -r-;  )        .      (25) 
•  //•  :  \  ex* 


The  >eo,nd  circuital  equation  applied  to  these  g\\>  - 

(26) 


Thus  the  quantity  in  brackets  is  a  function  of  z,  t  only  and  wr  writ.- 

3?  -5 


\\  '  may  putj^2,  0=0  witlmnt  atVccting  tin-  d.-ct  ric  and 
fields.  For  let  11  =  •/>(  >\  >/,:,()  In-  a  solution  of  (2(5).  Since  «-a«-li 
(•"inponent  of  electric  or  magnetic  force  involve-*  ditVeivntiat  i«.n  with 
respect  to  x  or  y,  they  will  be  given  also  by  the  solution  II  =  <b  (x,  y. 

ni 


iiei-e  ^  (z,  0,   is    any    function    of   ;    and    t.     Tnis    would 
the  iliti'efential   rijuation   (26)  with    the   addition  of  a   t.-rm  ^-i 
on    tin-    right    arising    from    \/r(:./).      \\"e    may    choos»-    ^(  'hat 

<')  +  x(*,0  =  0.  ;lll(|  th.-ivf,,iv  puitii  0  in  rJ7>  will  n 

the  electric  or  magnet  if  intensity  at  any  point.     Thu>  \\e  have  Mually 
for  the  ecjiiati  ......  f  pr-ipa^at  ion 


N        f-  ?/'+  :'  or  xVJ~t-  -:'"-    ''"'    X1  -nei-al    *»\n\\  ......  f    thi«> 

equation  i> 

n-i{/'  •  •  rl)|    ....     (29) 


\\here  r=  I  N//.-/A,  and  t\.  /  :  unctions. 
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A  solution  adapted  to  the  vibrator  imagined  is 

<t> 

n  =       sin  (mr  -  nt)  ......     (30) 


where  m  =  2ir/\  and  nlm  =  v=l/+>/kfjL.  This  satisfies  the  differential 
equation  and  is  of  the  form  (28).  Moreover,  if  we  take  <I>  as  the 
maximum  moment  of  the  doublet,  we  see  that  in  the  immediate 
neighbourhood  of  the  origin,  that  is,  at  any  point  whose  distance  from 
the  doublet  is  a  small  fraction  of  the  wave-length  of  the  disturbance, 
the  electric  field  should  at  each  instant  precisely  correspond  to  that 
of  a  small  magnetic  doublet  of  the  same  moment  numerically  as  that 
of  the  electric  doublet  at  the  instant  in  question.  The  lines  of 
intensity  for  a  magnetic  doublet  are  shown  in  Arts.  29,  30  above,  and 
the  field  is  there  derived  from  a  potential  F=  —  m9(l/r)/9#.  Writing 
<I>  sin  nt/k  for  m,  we  see  that  the  electric  intensity  to  correspond  ought 
to  be  given  by  a  potential 


V  =  —  -r 


-r^>sin  nt~  (-)• 
k  3z  \rj 


But  since  for  the  region  considered  mr  is  a  very  small  angle,  we 
may  write  approximately  for  all  points  very  near  the  doublet 


n  =  - 


and  by  (25)  the  electric  potential  in  the  field  near  the  vibrator  is 

1  ?n      1  3  /1\ 

V  =  -  -  —  =  T  $  sin  nt  —  (  -  ) 

k  cz       k  ite\r/ 

which  agrees  exactly  with  the  magnetic  analogue. 

So  far  the  solution  agrees  with  what  we  should  expect  to  be  the 
•case.  Again  it  gives  electric  and  magnetic  intensity  everywhere  zero 
at  an  infinite  distance,  which  also  must  be  the  case  on  account  of  the 
•divergence  of  the  waves. 

• 
Electric  and  Magnetic  Intensities  in  Field  of  Doublet 

519.  For  the  sake  of  a  generalisation  of  this  solution  to  come  as  a 
succeeding  article  the  three  components  P,  Q,  R  of  electric  intensity 
have  so  far  been  retained  in  the  analysis.  But  in  order  to  calculate  the 
•electric  and  magnetic  fields  of  the  doublet  we  now  take  account  of  the 
fact  that  the  electric  intensity  is  everywhere  directed  along  a  meridian 
plane,  and  is  symmetrically  distributed  about  the  axis.  It  is  sufficient 
therefore  to  use  cylindrical  co-ordinates  z  along  the  axis  from  the  origin, 
and  p  at  right  angles  to  the  axis.  (See  Fig.  137).  Identifying  p  with  y, 
we  have  Q,  R  for  the  components  of  E  in  the  meridian  plane  at  the 
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point  considered,  while  the  magnetic  intensity  then-  redu--:  s  i->  a       \\ 
'•an  tin  I   these  components  fr«>m  the  s(,|uti«>n  ::{())  by  the  second  :unl 
third   i>t'  cJ")  .  and  tin-  first  of  (24».  by  putting  p  for  y,  »  =  V/r  +  :'-.  and 
writing    tin-    third  equation  »l'  (25;  in   tin-   t'nnii  proper  t««  symmetry 
round  tin-  axis  of  :.  nanu-ly. 


(31) 


Thus  \\v  Hnd 


i  /%      3$  f/i     wV^v    .  vl 

1 1  1 — )  sin  (mr  -  nt)  -  mr  cos  (mr  -  nt)  ',  sin  6  cos  0 

r"  l\          3  /  J 

W?  =  -     i1 !  sin  (mr  -  n<)  -  mr  cos  ( mr  -  nt)\ 

-  [3  sin  (mr  -  nt)  -  3mr  cos  (mr  -  nt) 

-  m-r-  sin  (mr  -  nt)'.  sin  -6 


a  =  — 5  Jmr  sin  (mr  -  nt)  +  co.s  (m/-  -  nt)'t  >in  " 


points  very  near  the  vibrator  these  equations 

3<t> 
£#  =  -     sin  (mr  -  nt)  sin  0  cos  0 

&#  =• sin  (mr  -  nt)  sin  -0 

r3 

a  =        cos  (mr  -  nt)  sin  0 


.     . 


.VJo.  'I'll,     expression    here    j^ivcn    for  a    is    that   of  the    ina^n- ti«- 
intensity  \\hich  according  t«»  Art.  :{!U   above  would  be  ]»I.M|IK,<I   I 
i-nrn-nt  7  in  an   element   nt'  I'-n^th   </.s  such  that  7"          'I' 
But   «4>cos(mr  — n<)    is  the    aetnal   enrrent    in    the    doublet    at    tin. 
multiplied   by  the  length   •>}'  the    element.      Km-   p,.int-   \.  i\    n-.u    the 
doublet  thei,  t,, i,- the  theory  leads  to  the  e\p i. --ion  -tated  MI  A 
and  hence  to  that  expression  for  the  magnetic  intensity  pr..due. 
point  r,  0  l>y  an  element  of  a  steady  enm-nt. 

When  r  i-  \<T\   ^reat  equation-  ('.VI)   become 


/.  V  sin  (mr  -  /i/)  uin  0  cos  0 

<t> 
&ff  =  m2  sin  (mr  -  nt)  sin  S0 

a  «•  '<()  sin  0 


.     .      .     (34) 
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Direction  of  Vibration      "  Longitudinal  Light."    Rate  of  Propagation  in 
Different  Directions  and  at  Different  Distances 

521.  From  (34)  we  obtain  some  important  conclusions.     Since  Q,  R,  a 
all  involve  sin  (mr  —  nt)  as  one  factor,  with  others  which  are  numerical 
or  dependent  on  0  and  r,  the  electric  and  magnetic  intensities  are,  at  a 
great  distance  from  the  origin,  propagated  together  with  velocity  n/m, 
jind  are  in  the  same  phase. 

Again  (34)  gives  Q  sin  6  +  R  cos  0  =  0,  that  is,  the  electric  intensity 
E  has  no  component  along  the  radius  vector  r.  The  direction  of 
electric  vibration  is  therefore  at  a  great  distance  from  the  origin 
perpendicular  to  the  radius  vector  from  the  centre  of  disturbance  to  the 
point ;  that  is,  it  is  transverse  to  the  direction  of  the  ray.  The  mag- 
netic intensity  is  in  the  same  plane  and  perpendicular  to  the  ray,  and  of 
course  being  perpendicular  to  the  meridian  plane  is  at  right  angles  toE. 

For  points  very  near  the  origin,  however,  the  direction  of  the 
resultant  electric  intensity  is  not  at  right  angles  to  the  ray,  but  has  a 
longitudinal  component.  To  obtain  so-called  "  longitudinal  light " 
therefore  it  is  not  necessary  to  go  outside  of  Maxwell's  theory  of  the 
electromagnetic  field.  The  longitudinal  component  of  the  electric 
induction  along  the  axis  is  given  by  kR  in  (32)  with  6  put  equal  to  zero. 
Thus  we  have 

2<j> 

kR  =  —  {sin  (mr  -  nt)  -  nir  cos  (mr  -  nt)\ 

2^> 

=  -       \/l  +  ?/iV2  sin  (mr  -  nt  -  e) (35) 

where  tan  e  =  mr.  The  transverse  component  kQ  of  the  induction  is 
here  zero,  so »  hat  the  vibration  along  the  axis  is  wholly  longitudinal. 
It  will  be  observed  that  at  points  on  the  axis  the  value  of  a  is  zero. 

On  the  axis  of  the  vibrator  therefore  there  is  a  very  special  state 
of  things.  There  is  vibration  of  the  electric  induction,  but  that  is 
wholly  longitudinal,  and  .there  is  no  magnetic  induction  whatever.  If 
there  are  special  phenomena  which  can  be  produced  by  light  of 
longitudinal  vibrations,  and  consisting  of  only  one  kind  of  Tvibration, 
they  should  be  looked .  for  along  the  axis  of  a  vibrator.  It  will  be 
noticed  that  as  the  amplitude  of  the  longitudinal  component  varies  as 
the  inverse  cube  of  r,  its  value  will  be  very  small  in  comparison  with 
the  induction  elsewhere,  as  given  by  (32),  except  near  the  origin. 

The  velocity  of  propagation  of  electric  intensity  along  the  axis  of  the 
vibrator  is  to  be  found  by  calculating  drfdt  from  mr  —  nt  —  tan~1mr  =  0, 
and  is  therefore  n(l  +  mzr2)/m3r2.  It  is  very  great  when  r  is  small  and 
approaches  the  value  n/m,  or  1/^/k/j,,  as  r  increases. 

522.  In  the  equatorial  plane  on  the  other  hand  the  value  of  kQ, 
which   is  here   the  longitudinal   component,  is  zero,  and  TcR  is   the 
resultant  electric  induction.     The  directions  of  kR  and  a  are  at  right 
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:>•>  to  inn-  another,  tin-  former  in.  the   latter  at    ri^ht    ai  the 

meridian  plane  through  the  jM.int.     Tin-   values  -.1"  these  >\  . 
i  with  -in  0=1.      Hence 

4>     / 

kR  =  -  .,  \'l  -  m*r*  +  in  t)\ 

f* 

•     (36) 
/I«P    i 
a.  =  —    \/l  +  11,  f  -  nt  -  e') 

when-  tan  e  =  ////•  (1  —  ///  .'=—], 

He  velocity  of  propagation  of  electric  induction  in  tin-  equatorial 
plane  is  thus  /((//'V  —  111*1*  +  l)/msra(m'trt  —  2).  This  i-  ^reat.-r  than 
tin-  velocity  ali»n^  th  \cept  of  course  for  gn-at  valm-s  «.fr,  where 

it  i-  111  tlii-  •  »t  In  T  case.     Moreover,  it  i-  intinit.-  wh.-n  /•  =  0.  ainl 

win  11    ,•-  =  "2  in-.    ..I-   r  =  X/(7r^/2),  and    is    m^atm-    at    iiitcnm-diate 
pointa 

\\  •     ulitain    thtTrturt-   the   \t-ry  r«-inarkal»l»-    n-siilt    that    tin-   ••!• 

bidtiction  is  propaffated  outwards  and  inwanls  in  thr  equatorial  )' 

from  a  point  ont-idc  th<-  vilmitor.     In  tin-  n-pn-^-ntat  ion  of  the  lines  of 

•fie  inti-n-it\  (and  indm-tion)  in   thr  .-Irctrii-   tii-ld   ^\\>-t\   l»«-l..w   in 

l:'.S      141,  this  point  i<  tin-  r.-ntiv  of  the  -mall  rin-le  seen  on  each 

of  the  \il))-ator  in  Fi^.  141.      At  this  point  the  electric  for.-,-  attain- 

an\   value  which    it    there   take-  aliont     I  '_'   of  a   perio<|  hefore  the  corre- 

•  lined  at  the  origin. 

The  magnetic  induction  and  intensity  are  propagated  in  the 
equatorial  plane  with  a  velocity  )i(  I  +  //»-;>2)/wsr*,  which  i-  al-.i  infinite 
when  /•  i-  x.-ro.  l»ut  diminishes  as  /•  i-,  increased  towanl»  the  limr 


523.  The  reader  may  verity  that  the  interval  in  which  a  /.TO  or 
iiiaxiinuui  value  of  the  magnetic  intensity  trav.-ls  out  in  the  equatorial 
plan.-  from  the  origin  t-  I  di-tan.-.  /  ^  and  tli 

/••ro  \.-due  of  the  electric  intensity  travelling  out    in    the   -aine   plane 
from  a  point  in  the  circle  of  radiu-  X  ITTN'-  >.  round  the  \  il.rator.  reach.  - 
a  point,  di-tant   /•  from   the  origin,  in  the  interval  /•///  /(  —  T  2  alter  the 
in-tant    at    which    tin-   /.-p.    value  r.-ached  the  origin.      \Vln-n.ho\\. 
t  hi-  /.ero  \alue  reache-  t!  the   cm-rent    ha-   it-   maximum  \alue. 

and  -o  ha-  the  magnetic  inten-;:  \        In  the  succeeding  int.  ;  ,i  — 

T/4,  this  maximum  travels  .nit  a  dist.i  th«- 

electric  intensity  ha-  arn\ed  .-arli.-r  l.v    7'  \    M  that  at 
the  electric  inteii-itv  is  a  maxiiiiiiiii  at   the  same  instant  a-  the  ina^n 
intensity,  in  accordance  with  .-.piat 

Th.  ;  ......  t  ve|,,cit].-    in    the   e.|iiat<>nal    plan. 

it-   essential     particulars    taken    fnuii    a    paper   l.y    Tn-uton    in   the  I 

:     Mii'li      IM»().    to    which    the    reader    n 
information. 
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Electromagnetic  Theory  of  the  Blue  Sky 

.">24.  The  action  of  Hertzian  vibrators,  it  may  here  be  remarked,  is 
very  instructive  in  connection  with  the  dynamical  explanation  given  by 
Lord  Rayleigh 1  of  the  blue  colour  of  the  sky.  Let  a  beam  of  plane 
polarized  light  of  different  wave-lengths,  as  in  white  light,  be  propa- 
gated across  a  space  in  which  there  are  a  number  of  particles  all  very 
small  in  comparison  with  any  wave-length  of  the  light.  On  the  suppo- 
sition that  there  is  a  difference  in  the  density  of  the  ether  in  the  two 
media,  and  not  in  its  rigidity,  it  can  be  shown  on  the  elastic  solid 
theory  of  the  ether  that  these  particles  will  act  as  centres  of  disturbance 
from  which  light  will  be  radiated,  the  amplitude  of  which  will  vary  as 
the  inverse  square,  and  the  intensity  as  the  inverse  fourth  power,  of 
the  wave-length.  The  forces  acting  on  the  ether  within  the  particle 
will  be  in  the  wave-front  and  in  the  direction  of  the  vibration  in  the 
exciting  ray,  and  the  theory  shows  that  the  direction  of  the  vibration 
in  the  scattered  light  lies  in  a  plane  through  the  particle  containing 
the  direction  of  the  force,  and  is  transverse  to  the  direction  of  pro- 
pagation of  the  scattered  ray.  The  light  is  therefore  polarized  in  a 
plane  through  the  ray  at  right  angles  to  the  plane  just  specified. 

Further,  there  is  no  light  scattered  in  the  direction  of  the  force  on 
the  particle,  that  is  in  the  direction  of  the  axis  of  symmetry,  while  the 
maximum  of  intensity  is  found  for  rays  in  a  plane  through  the  particle 
perpendicular  to  the  axis  of  symmetry. 

When  the  exciting  beam  is  not  polarized,  the  light  scattered  by  the 
particle  in  any  direction  parallel  to  the  wave-front  is  wholly  due  to 
the  component  of  the  exciting  vibration  which  is  perpendicular  to  that 
direction,  and  is  therefore  completely  polarized  in  a  plane  through  the 
exciting  ray  and  the  scattered  ray,  which  in  this  case  are  at  right  angles 
to  one  another. 

These  results  are  found  to  be  in  accordance  with  experiments  on 
the  light  scattered  from  a  space  in  which  small  particles  are  suspended 
and  through  which  a  beam  of  plane  polarized  light  is  passed,  as  in 
those  of  Tyndall  on  light  passed  along  a  glass  tube  filled  with  carbon 
disulphide  vapour,  and  viewed  from  the  sides  of  the  tube.  Also  it  is 
found  that  the  light  received  from  a  part  of  the  sky,  distant  90°  from 
the  sun,  is  always  polarized  in  a  plane  through  the  sun. 

525.  Returning  to  the  Hertzian  vibrations,  we  have  found  [(34) 
above]  that  at  a  great  distance  from  the  vibrator  the  amplitude  of  the 
electric  vibration  is  inversely  as  the  square  of  the  wave-length  (and  the 
intensity  therefore  as  the  inverse  fourth  power),  is  a  maximum  in  the 
equatorial  plane  and  is  there  transverse  to  the  ray.  Each  ray  is, 
moreover,  polarized  in  a  plane  through  the  ray  at  right  angles  to  the 
meridian  plane  in  which  it  lies. 

On  the  other  hand,  along  the  axis  of  the  vibrator  there  is  no 
magnetic  intensity,  and  the  electric  vibration  there  is  comparatively 
1  See  Phil.  Mag.  Feb.  1871,  or  Jf'mc  Tlwory  of  Light,  Encyc.  Brit.  9th  edition. 
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-mail  and  is  longitudinal.      \NV  may  t '  account    f.,r  the  bin* 

the  sky  on  the  electromagnetic  theory  by  supposing  the   j»artic|es  to 
be    Hert/.ian    vibrat.  into   forced    electrical    oscillation    by    the 

electromagnetic    waves    passing    across    the    space    where    they    are 
situated 

It  is  to  be  observed  that  this  result  will  only  hold  at  a  distance  of 
many  wave-lengtha  from  the  particle-;  in  the  vicinity  of  the  vibrator 
tlu-  radiation  is  much  more  compl> 

\\  -  that  here  again,  the  vibraton  being  supposed  to  be  electric, 
the  din-ction  of  the  electric  induction  is  at  right  angles  t«.  the  plane  of 
polari/atioii  of  the  radiation.  The  real  proof  of  the  relation  of  the 
direction  of  the  electric  vibration  to  the  plane  of  polarization  will  be 
given  below.  To  show  that  the  present  result  is  not  conclusive,  it  is 
only  necessary  to  recall  that,  if  the  vibrators  were  magnetic,  the  mag- 
netic and  the  electric  intensities  in  the  present  investigation  would  be 
interchanged  without  alteration. 

Propagation  of  Electric  Potential 

'lution  here  given  is  equivalent  to  one  which  may  be 
obtained  by  the  following  process.  If  the  medium  is  at  rest  the  equa- 
tions of  electric  intensity  are  by  (2) 

dF      -I'  r*          //     r*\ 

a -5-    -  r-s)  <37) 

and   the    condition  of  zero   electrification   at   any   point   of  the   tit-Id, 
+  dQ/dy  +  dE/dz  =  0,  gives 


(38) 


where 


_    •/••    •>,      II 

J  -  v-  +  —  +    : 
cy         dz 


\alue  ot   M'  cannot    generally  IM-  taken  as  independent  of  the 
time,  in  the  case  in  which   tl  .arying  electric  charges.     Let  u- 

then    asinine     that    J=  —  kfju)ty/(>f.   and    inijuire   \\hat    this   assumption 
involve-.      In  the  first  place  we  obtain  b\   means  of  it^the  e<|iiation 


,  * 

-  *<* 


and 


(39) 


whi(th  art-  equivalent.      The  solution  o|  either  of  these  e.j  nations  gives 
and  J. 

D   D   2 
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527.  If  a  system  of  electric  currents,  of  components  u,  v,  w,  exist  in 
the  field,  it  is  easy  to  prove  from  the  values  of  the  vector  potential, 
given  in  (21)  Chap.  IX.  above,  or  the  same  modified  for  the  case  of 
propagation,  that  where  there  is  zero  divergence  of  the  current  (and 
this  must  be  the  case  where  there  is  no  electrification),  that  the  vector- 
potential  fulfils  the  condition 

J=  0. 

This  condition  is  fulfilled  throughout  the  dielectric  by  the  induction 
currents  there  existing.  It  does  not  hold,  however,  where  there  i> 
varying  electric  charge,  and  this  there  always  is  at  the  origin  of  the 
disturbance  if  the  waves  are  due  to  the  oscillations  of  electric  charges  on 
conductors.  Hence  we  may  consider  only  the  vector-potential  due  to 
the  currents  at  the  conductors  at  which  the  changes  of  electrification 
are  proceeding. 

Modifying  the  expressions  for  the  vector-potential  of  the  system 
of  currents  in  the  field  to  provide  for  propagation,  with  velocity 
l/^//*/^  =  n/m\  of  values  of  the  vector-  potential,  in  the  case  of  simple 
harmonic  time-variation  of  the  currents,  we  obtain 


(F,  G,  11}  =  ^  LooB  (mr  -  nt)dv 

where  (UQ,  v0,  w0)  cos  nt  are  the  components  of  current  at  the  element 
dw  of  volume,  and  r  is  the  distance  of  the  element  dw  from  the  point 
at  which  (F,  Gr,  H)  is  to  be  "found.  The  integral  is  taken  throughout 
the  whole  space,  including  both  conductors  and  field. 

We  suppose  now  that  e0  sin  nt  is  the  electric  charge  per  unit  volume 
at  the  element  d-&  at  time  t.  This  of  course  is  confined  to  the  con- 
ductors at  which  the  disturbance  originates.  We  write  then 


1  f  e 

*  =  -  -  1  -°  sin  (mr  -  nt}d& (40) 

K  J  r 


where  the  integral  is  taken  throughout  the  space  containing  electric 
charge. 

It  can  easily  be  proved  that  the  differential  equation  (39)  is  satisfied 
by  the  solution  (40).  The  quantity  "SP  may  be  regarded  as  in  a  sense 
an  electric  potential  due  to  the  harmonically  varying  charges.  To  this 
potential  each  element  of  charge,  as  that  at  dm,  makes  a  contribution, 
which  is  propagated  outwards  in  every  direction  from  the  element, 
with  speed  n/m.  From  this  and  F,  G,  H,  as  shown  in  (37),  the  values  of 
P,  Q,  R  are  to  be  found. 

Further,  it  can  be  verified  that  this  value  of  ¥  with  those  of  F,  G,  H 
satisfies  the  equation  ' 


From  the  values  of  F,  G,  H  the  components  of  magnetic  induction 
intensity  can  be  calculated  and  the  field  completely  determined. 
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This   mode  of  solution    i»   applicable    i»    any    space   distribution    of 
pof  the  CMnvsp,  .ndinj;  amplitude  electrification  density  ev 
ntion  \v;i>  directed  i..  it  by  I'rofeflBor-Fit/t  i*-ral«l  in  1890.1 

-•'lution    agrees    with     that    of    H.-rt/    for    th<-    electric 
vibrator.      Remembering  that    here  th»-  only  place  where  J  is  not  zero  is 
in  tin-  vibrat-.r.  and  that  then-  t  he  rum-tit  is  along  t  he  axis  of  :.  \\e  I 
/"=  (),  G  =  (I,  and 


/.s  i^  th«-  di>tanci-  l>rt\vrcn  the  two  jHiint-char^i-s  of  tin- 
\\v  lia\«- 

*  =  _  ^l?5^8in(nir  _  (41) 

kdz     r 

\    M  1>\  t  '24)  al»ovr  fju)Tl/dt  =  If.  >iiit-«-  in  this  case  fta  =  '<H<>       But 
in  tli.  'Is4>  ^=  (iff/?:,  and  hence  \\v  ha\« 

3»H       '"//  ,3f       /// 

-  /*T^-  +  --  =  o,   */*—+--  =  o 

p  ai 


which  LT: 

Thu>  w«-  may  write  1> 


**=-—• 

fa 


which  is  the  value  <>f  II  u>ed  liy  Hertx. 


(42) 


Graphical  Representation  of  Field  of  Vibrator 

'     Very   instructive  dia_i;nim>   were  ^iveii   l»y  Heitx   in    ln>    | 


_ 

already  ret,  i  red  to,  illustrating  the  -nee,  --i\  e   eh.m^es  which  take  place 

n-  lu 


in  the   el.-ctric  fi.-ld  ..t  a  \ihrator   in    the   course  of  a  period.      Tin- 
of  electric  inten-it\  (and  induction  »  can    be  drawn   from    their  et|iia' 
which  i-  easily  found  \«  \» 

,,    " 


For  the  differential  equation  of  a  line  «,f  int.-nsity  is  easily  found  to  b. 

II  II 

—  (p—  }dx  +  r-  (pr-)dp  -  0 
<-p/ 

*  B.  A.  Rep.  1890,  aU  /'/,,/    M  18»6. 
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which  integrated  yields  (43),  in  which  substitution  from  (30)  gives 


-  {sin  (mr  —  nt)  —  mrcos  (mr  -  nt)}  8in20  =  c 


(44) 


where  c  is  a  constant  for  any  particular  line. 

530.  These  lines  are  given  in  Figs.  138  —  141  as  drawn  by  Hertz. 
Fig.  138  shows  the  electric  field  as  it  exists  at  the  beginning  of  an 
oscillation  when  the  vibrator  is  in  the  neutral  state,  the  remaining  figures 
of  the  series  give  it  as  it  appears  after  the  lapse  of  successive  eighths  of 
a  complete  period.  [N.B.  The  X,  marked  on  the  curves  is  one-half  of  the 
wave  length.] 

In  the  immediate  vicinity  of  the  vibration  the  lines  are  not  drawn, 
and  those  drawn  are  stopped  at  a  circle  surrounding  the  vibrator.     The 


FIG.  138. 

vibrator  is  of  a  dumb-bell  shape,  and  its  field  in  its  own  immediate 
vicinity  must  be  very  different  from  that  of  a  doublet,  though  they  will 
agree  at  some  distance  from  the  origin. 

Fig.  139  shows  the  field  after  one-eighth  of  a  period  from  the  instant 
of  zero  electrification.  The  lines  drawn  are  enclosed  within  the  circle 
given  by  (44)  for  t  =  $T,  and  c  =  0.  This  circle  travels  outwards  with 
the  velocity  of  propagation  of  the  magnetic  intensity. 

In  Fig.  140  another  |T  has  elapsed,  and  the  lines  and  enclosing 
•circle  have  spread  out  farther.  After  still  another  \T  (Fig.  141) 
a  remarkable  change  has  been  set  up  in  the  vicinity  of  the  vibrator ; 
the  lines  of  electric  intensity  have  begun  to  contract  inward  on  the 
source,  while  in  the  outer  parts  continuing  their  progress  outwards. 


XI 


KLK< TI'J>MA«;NKTI«- 


407 


Th.'  lines  thu^  a  iv   thn.ttl.-.l  |..-ak,  ami    break  offal    th«-    n.-ck 

into  closc.l  I-IU-N.-S,  which    -jirin^   up  HIM  in  tin-  interior  of  the  syst«-ui 
!IO\VM   l.y  thi-  Mnall  t-ir«-l.->  in-i«l.-  th«-  oiit.-r  lo,.j,  ,,t"  th«-  d 


at    th.-v,.    ].,iint>    thf    .l.-ctin-     int.'ii-it\     tak.  >   an\     ]...— ilil,'    \alu«- 
iv   th.    <-,.ii. -).., mlin^'   \altn-  i»   reached   at   the   origin.     Tlm»    in 
Yig.  141   flu-  ,-l(-.-trir  int. -n-.it\   ha>jiiM  beOOOie  MO  ttl  t  h"  -mall  m 
A  —  iioin  ^T  to  IT  the  cun-cs  break  off  successive  I  \   i'i-..m 
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within  until  they  have  all  broken  off  into  two  groups  of  closed  curves 
seen  to  right  and  left  of  the  origin  in  the  first  of  this  series  of  figures. 
These  are  the  cross-sections  of  what  we  may  call  an  electric  vortex; 
which  is  produced  at  the  points  shown  in  Fig.  141  and  remains  sym- 
metrically situated  round  the  axis  of  the  vibrator.  The  circular  axis 
of  this  vortex  travels  out  at  first  infinitely  quickly,  but  ultimately  slows 
down  to  the  velocity  of  light. 

As  time  now  goes  on  from  t=  ^T  to  t  =  $ T  the  lines  spread  out  from 
the  source  as  in  the  first  eighth  of  a  period,  except  that  they  are  now 
reversed  in  direction,  and  as  they  move  force  outwards  the  closed  tube» 
which  have  broken  off,  rendering  them  more  concave  and  more  elongated r 


so  that  they  approximate  more  and  more  at  all  points  to  lines  trans  verse- 
to  the  radius  vector  drawn  from  the  origin.  These  successive  groups  of 
closed  curves  in  which  the  direction  of  the  electric  intensity  is  alter- 
nately right  and  left  handed  are  cross  sections  by  a  plane  through  the 
axis  of  the  successive  half- waves  thrown  off  by  the  vibrator.  The  waves 
are  thus  each  made  up  of-  two  successive  so-called  electric  vortex-rings, 
each  consisting  of  a  system  of  tubes  of  induction  surrounding  its 
circular  axis. 

The  closed  tubes  of  intensity  and  induction  here  considered  travel 
out,  carrying  their  energy  with  them,  and  this  constitutes  the  radiation 
of  energy  which  is  continually  going  on.  The  energy  radiated  is  at  the 
cost  of  the  energy  supplied  to  the  vibrator,  just  as  the  energy  carried 
out  by  waves  formed  by  a  steamer  is  supplied  by  the  fuel  burnt  in  the 
furnaces.  The  vibrations  are  thus  damped  out  at  a  rate  much  greater, 
than  that  due  to  the  dissipation  of  energy  by  the  conduction  current  in 


xi  M-:I;AI.  I:U-:<TI;M\IA< 

the  r«td  I-..MIK  -.-tin-  th-  •  t\\«.  sphere*  and  tin-    -ph.-r.--   th.m--!\-~      Tin- 
rapid  dissipation  i-  the  chief  obstacle  in  tli.  iitninetl 

electrical  vil.rati'.n.s  .if  i,Mvat  |M.  \\.-r.      \\  .    -hall   r.-nirn   presently  to  the 
calculation  of  the   nit.-  of  radiation  of  energy  liy  elect  ri«-   \\a\«-s.  and    to 
ts  produced  l»v  tin-  damping  »ut  nt'th.-  vil»nitimi-. 

Experimental  Verification  of  Theory  of  Vibrator 

."-'!!.    Ht-rtx  vrritird  th«-  t  tli...i\  r\ji«-riiin-iitally.  l»y  making 

direct  obeerratioiifl  »n  electromagnetic  \\.i\-  -  \>\  m«-ans  nt  a  vilinitm- 

and    receiver  a-    d.--cnl.,-d    ;11.,,\,        Th«-    an-anp-ni.-nt     »f   up|taratu- 
>ln»\v!i    in     Fi-.    142.    .  \c.  jit     that    the    \  il»nit«n     \sa>    nu.diti.-d    1»\     tin- 
<ul)>tituti"n   ti-r    tin-    -*\>\  •  -planar    with    th-  Th'- 


/mimticn 


O " 6 


\  ilirat.tr    \\a>    diai-.-d    initially   l»y  an    induction   roil,   the   terminal 
which  were  c,,mi.-«-ted    t«.   tin-  tu..  >nle-,  ..t    the  sjHirk-^ip.      As  BOOH 
the  dinVi-.-nc,-  .,f  |t,,t.-ntial  l..-t\\.  .-n   th.    >|,her.  >  ./    .1    had  beOOOM  gfl 
enough,  a    -park    pa— .  d    and    electrical    .  .scillat  i-tii-  were   set    ui>.   which 
depended  f.,1-  their  |M-ri.,d  mi  the  diineiiM..ii-  ..t    th.-  apjurat  u-.  Imt   | 
en.trni.iiiM'y  nion-  ra|»id  tiian  the  action  (.f  the  c..il.     The  ..-.dilations  had 
therefore  time  t«.  !•••  damped  ..ut  \>\   radiation  and  di  —  ipat  imi  .-' 

|,,|1_  -,    II.  -Ued      l>\       the     coil.         Tllele      \\M-      til- 

-•xxi,,n    of  .•-cillat'.rx    di-'-h. ,!_;--  -..-(.arated    l«\    interval-  of  inaction. 

It     \\;l-     folind     that     the     1-  ''led     I.e-t      WJlell      It     \\., 

particular  -i/.  .  though    to  yi   it    t..   iv-|M,nd    fairly    \\.-ll    n 

timinir    IWW    i.-«|uir.-,|.      Thus    it    acted   t«.   -.m.    .  xt.'in 

th,.  ,  .11    later    in  c. .n-.. pience    tf  th.    rapid  •'  "Ut. 

an   impul-e  i-  -ji\.n   t.i  tin-  i  \\lucli   || 
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oscillation,  but  quickly  dies  away  leaving  the  resonator  finally  vibrating 
in  its  own  proper  period  with  a  much  slower  rate  of  subsidence. 

The  receiver  was  made  of  wire  2  mms.  thick,  and  the  diameter  of 
the  circle  was  35  cms.  The  spark  was  produced  between  two  small 
knobs,  the  distance  between  which  was  regulated  by  a  fine  screw,  which 
moved  one  end  of  the  wire.  In  some  of  the  experiments  a  receiver  in 
the  form  of  a  square  60  cms.  inside,  made  of  similar  wire,  was  used. 
In  this  the  spark-gap  was  at  the  middle  of  one  of  the  si<l<-s. 


Approximate  Theory  of  Hertzian  Receiver 

532.  The  following  sketch  of  a  rough  theory  of  the  resonator  is  all 
we  have  here  space  for,  but  the  action  of  both  receiver  and  vibrator 
will  be  considered  more  fully  in  Vol.  II.  in  the  account  there  to  be 
given  of  later  work  on  Hertzian  vibrations.     Denoting  by  P  the  electric 
intensity,  parallel  to  an  element  of  the  resonating  circle,  produced  by 
the  action  and  supposing  that  the  electric  intensity  is  oscillatory  with 
period  2,7r/n,  and  is  a  function  of  the  distance  s  of  the  element  from 
*ome  point  of  the  circle,  say  the  centre  of  the  spark-gap,  taken  as  origin, 
we  have 

P  =  (f>(s)  cosnt (45) 

If  <f>  (s)  be  a  periodic  function  of  S,  we  get  by  Fourier's  series 

°TT  2ir 

<f>(s)  =  A  +  B  cos  —  s  +  .  .  .  .  +  E'  sin  — -  s  +  .  .  .  .        (46) 
/b  >S 

-where  ?S  is  the  whole  circumference  of  the  circle.  The  terms  here 
exhibited  are  a  constant  term  and  the  two  gravest  simple  harmonic 
components.  The  second  of  the  two  last  must  disappear  also  for  the 
origin  at  the  spark-gap.  Hence  at  this  origin  and  diametrically 
opposite  we  have  respectively 

</>(*)  =  A  +  £,     <£(«)  =  A  -  B. 

533.  Hertz  took  the  view  that  the  action  of  the  vibrator  was  most 
•effective  on  the  portion  of  the  resonator  opposite  the  spark-gap,  that  is, 
that  the  vibration  set  up  depended  in  the  main  on  A— It.    The  vibration 
no  doubt,  consists  in  a  backward  and  forward  flow  of  electricity  in  the 
connecting  wire  from  one  knob  to  the  other  (which  is  of  course  only  the 
manifestation  at  the  conductor  of  a  surging  to  and  fro  of  the  induction 
tubes  in  the  ether),  which  gradually  increases  in  amplitude,  if  the 
period  of  the  receiver  is  nearly  equal  to  that  of  the  exciter,  until  the 
maximum    difference   of   potential    between   the   knobs   reaches   that 
required  to  produce  a  spark. 

Let  V  denote  the  difference  of  potential  between  the  knobs  at  any 
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time,  then,  on  the  supposition  that  tin-  .-xt-iting  \\l  dani]M-d. 

thoSC*    ill    till'    resol;  \\e    have 

/-T 

-r-j  4-  p-K  —  Ae-^simU    .....     (47) 

T  /•  be  the  natural  period  of  free  vibration.     The  solution  for  for 
vibration  is 

V=  --  *in(nt  -  «)    . 

J(nt  _  pi  _  ^  +  w 

where  tan  €  =  °2/nc  </<-  —  /•-- 

If  *  be  very  small,  F"  will  be   very  great  if  /)  —  /(.  and    will   lm\v   tin- 
same  sign  as  .4'  or  the  opposite,  a  ......  p  •>  or  <//.     lint  if  y  =  // 

tan  e  is  \.-rv  nr.-at  and,  e  =  7r  2.  a|i|»ro\iinat«-ly.     Thus   whrn-   M-S,,II;I: 
is  just  attaii)f«l  tlu-iv  i»  a  ilitl'«Ti-n(  .....  f  jihas.-  of  half  a  |n-rio«l.      \Vh»-n  * 
is  not   small   tin-  foiv.-d  vihration  is  a  maximum  whi-n  ir=ji--\-te'  2,  and 
this  maximum  i-  smalli-r  the  jjn-ut'-r  tc. 

'I'll.-  con-taut  t.-rm  in  <j>(s)  [4G]  givi-  a  term  -(4  cos?//  in  7'.  This  ha- 
the  samr  vain.-  at  any  instant  all  round  tin-  ritvlr.  It  may  )><•  inter- 
preted as  the  electric  intensity  s.-t  uj»  1>\  the  exciter  at  each  .•l.-m.'nt  of 
the  conduct..]-.  du«-  to  variation  of  magnetic  induction  <»f  thr  same  valin- 
At  every  point,  or  if  the  magnetic  induction  is  not  unifoi-m.it  is  that 
part  of  th«  electric  force  which  is  the  same  at  each  point  «>f  the  cin-le. 

If  We  denote    hyA'the    part  of    the     electric     illtell-itV    ili||iress«-d     on 

the  resonator  which  does  not  depend  <>n   variation   of  the   uniform    | 
•of   the   magnetic  induction,  and    is   due    in   part    to  other    causev 
example   the  potential  ^  of  Art.  .")2(i  above,  DT  ^r  the  angle   it    mak.--* 
with  the  plane  of  the  circle,  and   l>v  0  the  inclination  of  n>  projection 
on  the   plance  of  the  circle  to  the  nidi  us  through   the  >park-gaj>.  tin- 
tangential   component  at  the  spark-gap  is  —  A'  cos  ^r  sin  &>  Thu- 

the  amplitude  of  the  electromotive  intensity  producing  a  spark   is  of  tin- 
form  A  -f  Cs'm  0,  where  C  represent  s  —  /;  ,  ,  IS  yfr. 

Experiments  with  Different  Positions  of  the  Receiver 

.".:;!•.  In  the  experiments  it  was  sufficient  of  course  to  ol»- 
po-nioii-  "t  the  centre  of  the  receiver  at  ditlei-.-nt  points  ,,f  on,-  ,.f  tin- 
four  .(iiadiants  of  the  hori/.ontal  j.lane  mad<-  1-y  t\\..  i..-tangular 
hori/ontal  lim-s.  one  the  axis  of  tin-  \ilmi  tor.  th--  other  thr..iigh  tin- 
•centre  of  the  -park--ap.  Tin-  recei\er  was  use«l  with  its  plan,-  <|| 
vertical.  C2)  hori/ontal. 

In  ca-e  (  I  »  no  -.parks   passed    wln-n    tin-    circle    was    placed    \\Jth    its 
plan.-    \erti.-al.    and    the    diameter   through    th--    sp.uk  --.ip    li-i  i/.-ntal. 

rks  howevef   passed  with   increasing    jnt<-n  :ln-   tve, 

tunieil  round  in  iis,,s\n  plan.-  so  as  to   liring   this  diann-ter    n.-an  r   the 

•i.-al       Whatever   tin-    jx.sition   of  tin-   plan.-    ..f    tli  uas    th.- 
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sparks  passed  most  freely  when  the  gap  was  at  the  highest  or  lowest 
point  of  the  circle. 

According  to  the  theory  given  above  it  is  clear  that  for  any  vertical 
position  of  the  circle  A  =  Q.  For  a  vertical  position  of  the  gap 
the  action  of  C  is  equal  and  opposite  in  the  two  halves  of  the  circle, 

for   a   horizontal    position  its 
—  *•  action  is  most  effective  unless 


\ 


FIG.   143. 


When  the  gap  was  at  the 
top  or  bottom  of  the  circle,  if 
the  receiver  was  turned  round 
a  vertical  axis  there  were  found 
two  positions  in  which  the 
sparks  passed  with  maximum 
intensity,  and  two  in  which 
there  was  almost  extinction  of 

the  spark.     The  positions  of  maximum  were  180°  apart,  and  the  two 

positions  of  minimum  were  at  the  two  points  midway  between  these. 

For  the  former  i/r  =  0,  and  0  =  7r/2,  for  the  element  opposite  the  gap,  for 

the  zero  positions  -fy  =  7r/2. 

Fig.  143  shows  a  number  of  these  positions.     The  longer  lines  are 

the  positions  of  the  spark-gap  when  the  sparking  was  a  mimimum  : 

the  short  anwv-pointed  lines  are  the  directions  of  the  electric  intensity 

and  indicate  very  clearly  lines  of  electric  intensity,  which   near  the 

vibrator  resemble  the  lines  in  Fig.  139. 

On  the  other  hand,  Fig.  144  shows  the  positions  of  the  gap  for  experi- 

ments made  with  the  plane  of  the  circle  horizontal.    For  position  I  and 

the  gap  at  blt  or  b'vno  spark  was  observed  :  with  the  spark-gap  at«t,  c\, 

however,  equal  maxima  of  intensity  of  spark  were  found  to  exist.     It 

is   clear  that  in    position  I,  the  circle  received  a    zero    number   on 

the    whole    of    tubes   of   magnetic 

induction. 

For    position   II    the    magnetic 

induction  through  the    circle    was 

no    longer  zero.     Two  positions  of 

mimimum  sparking  were  found  at  1.2 

and  b'o,  and  two  maxima  of  unequal 

intensity   at   a.2  and  «'2.     The  line 

«2  «'2   was   at   right   angles  to  the 

electric     intensity,    and    thus    the 

action  was  represented  by  A+B  at 

one   position   and  by  A—B  at  the 

other.    The  two  effects,  the  electric  and  the   magnetic  inductive,  con- 

spired at  a,  and   were   opposed   at  a\.     The  spark  lengths  at  «2  and 

a'9  were  3'5  mms.  and  2'5  mms.  respectively. 

When  the  spark-gap  was  at  bz  or  b'2,  the  electric  intensity,  which 

was  at  right  angles  to  a2  «'2,  was  equally  inclined  to  the  circle  at  those- 


IV 


FIG.  144. 
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]M,int-.    ami   [  inponents    a  Ion  :,'  ,!„.  rj,vle    \\lii<-li   n.-utrali-.-d 

electric  intensity  due  t..  magnetic  induct  imi. 

In  potion    HI  th,-  t\\,,  mill  joints  w.-iv  found  clo^d   up   i. 

the   smaller  iiiaxiiiiuiii.    while    th.-   greater    \va-  illy 

opp,,sji,..      (her   a    considerable    iv^j,,,,   ..pp.^H,-   ,/  .   ,,|,K  .,    small   effect 
\\a-  obs.-iAed.      The  >park  length  at  ",  was  4-  n 

In  tin-  position-  I  \'  and  V.  IK.  portion-  of  extinction  u.  re  found  t'«.r  the 

but  unly  a  iiiaxiiiiuiii  ami  a  ininiiiinin.  at  >iv"\  in  IV.  ami 
\.      Tin-  lin.-  "  "  .  it   \\ilM..-  n,,ti.-,-.|.   ha>  t  um.-<l    nmiul   tin 
TT/2  in  tin-  jia.ssa^.-  tn-ni  111  t..  V.  in  <.nl.-r  !••  k.-.-p  alu.i  .  ;idicnlai 

to   the    rlrctrir    intrn>ity.       Tli.-   -park    Instil*    W( 
I  ")  nun.  at  «'  r  (I  nun-,  at  "v  and  '1  .")  nuns,  at  | 

p.iNitii.n>    "f  th.-    i-.-siniator  ^a\.-    iv-siiit-    in  BM    with 


tin  -«iry.  The  i-irdi-  ua^  plar.-d  in  p<i>itinii  V  ••!'  KIL;.  144-  \\ith  tin-  gap 
at  <'.,  and  tunird  rmind  the  dianift.-r  parallel  to  tin-  vibrator  so  as  to 
raise  the  gap.  During  tin-  d.  I'-inaiii.-d  v/2,  so  that  6'  n-ma 

-taut,  but  A  chan^.'d  with  tin-  inclination  ot  tin-  plan.-  of  tin-  riiv! 
the  horizontiil.     Thus  the  inclination  of   tin-  plan.-  of  th.-   .-in-l.-   »«»  tin- 
hori/oiital  b.-in^  $.  and  Atl  bcin^  tin-   vain.-  of  ./  for  <    =  <),  tin-  vain- 


A+Ji  changed    froin  AQ+B  through   sncct-ssiv.-   \alu.-»   of^0c 

to  A  B  for  the   higln-st  po>itioii  of   th.-Ljap.      Th.-    spark-1-  .ri«-<l 

from  (i  nuns.  t->  '1  nim-v 

As  the  next  .piadrant  was  tunn-d  throiixh  the  K|>ark-lrngth  [JHOOod 
through  /.TO  and  incp-a-.-d  a-ain  to  tin-  small.  -r  maximum  '2'~i  mm*. 
at  /''.  \\ln-ii  (/>  was  ISO.  Tli.-  action  was  th.-n  r.-pn-.-nt.-d  by  —  -/.,  +  //, 
and  —  J,,  pr.-jiond.  -rating  ga\i-  tin-  >mall.-r  (  in  -gat  iy.-)  maximum,  whih- 
b.-tw.-.-n  <f>  =  ir/2,  and  (f>  =  7r,  Alt  cos  <f>+/>  took  th.-  vain 

AB^WM  changed  from  «•  to  3v  _.  J,,cos0  +  /*chan^.  d  from  —  AQ+B 
to  /y  again,  and  so  th<-  -  park  length  changi-d   through    /.-ro   to   -J   mm-. 
on.-.-  note      A-  tin-  circle  was   tiirn.-d   through  the  last  .piadrant  t. 
original  position.  th«-  ^park-length  im-r.-i-'d  tr-.m  '2  mm-,  to  ti  mm-. 


Exploration  of  Electric  Field  by  Receiver 
5   The  experiments  jturi  d.-.-rib.-d  \\.-r.-all  madewifththeraoi 

n.-ar   tl).-    vibrator.      At    «li-tan<-.--   of   from    I    to    \  ~>    n  ..m    the 


vibrator,  Ib-rtx,  found  that  the  maximum   and   minimum    p.Mtion- 

not    clearK  d.-fined,  exc.-pt    for    ,-,  itain    position-,    but    iMM-ame   di-tm.-t 

!ii    at    di.-taii'  ni'-treH.      Fig.     14."»    -hou-    th< 

Held  as  rough  I  v  mapp.  -d  \>\    Hert/.  ill  a  VOOm  (N    II   nn-t  r«-s  1>\    I..'        I 
this    he    drew    the    following  condu-ioi,-     ,|,  Tl,.,  .nd 

:l    metres   the     electric    Jilt'  '  lie    oseil' 

in  tin-  main  to   magnetic   induction  (that  // 

terms  in  the  electric  inten-itv  comp,.  n.  ni-  in   ({}  above)      cJi    I 
taii.-e-,  less    than    1    metre   from    the    \ibrator   the  inlen-i' 

almost  wholly  •  •!•  'i   the    propagated  jx»' 
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tial  <^r).  (3)  The  electric  intensity  is  determinate  at  all  points  along 
the  axis  of  the  vibrator,  and  in  the  equatorial  plane,  but  within  a  certain 
region,  marked  by  the  asterisks  in  the  diagram,  becomes  indeterminate. 
The  effect  falls  off  much  more  rapidly  with  increase  of  distance  along 
the  axis  than  in  the  equatorial  plane. 

These  results  were  somewhat  puzzling  when  first  observed,  but^are 
quite     clearly     explained    by    the     theory 

worked  out  by  Hertz.     All  the  features  of        """ ~~  —  — 

Fig.  145   are  to  be  found  in   the  diagrams         —  — —  —  — 

of  Figs.  139 — 141  above.     The  so-called  elec-         —  _  . 

trostatic  field  near  the  vibrator,  the  region         

of  indeterminacy  beyond    it,   and,    in    the         ~#  ~^-<?~  *~ 
neighbourhood   of   the   equatorial  plane  at         ~*£r^  *j'-~'~  " 
least,  the  parallelism  of  the  electric  inten-        ^C^^S? 
sity  to   the  vibrator  where   the  sections  of        --*  ~  £\>*  *"~ 
the  rings  are  thrown  off  by  the  vibrator,  are        ~   —  « —  —  —  —  .— 
shown  in  the  plane  of  the  figures.  —  —  —  . — 

Hertz  made  a  large  number  of  experi-  FIG.  145. 

merits  on  the  effect  of  placing  conductors 

and  insulators  of  various  kinds  in  the  field  of  his  vibrator,  and  found 
that  the  distribution  of  intensities  was  disturbed  in  a  manner  to  be 
expected.  An  account  of  these  will  be  found  in  Electric  Waves,  p.  95, 
or  in  Absolute  Measurements,  Vol.  II.,  p.  803  et  seq. 


Period   of  Vibrator.    Determination   of  Wave  Length  and  Velocity   of 

Propagation 

536.  So  far  these  experiments  give  no  estimate  of  wave  length, 
though  their  results  are  most  instructive  as  a  verification  of  the  theory 
of  the  vibrator  given  above.  A  first  approximation  to  the  period  can 
be  obtained  from  the  dimensions  of  the  vibrator  in  the  following 
manner.  If  we  neglect  the  effect  on  the  period  of  the  damping^due  to 
radiation  and  to  dissipation,  we  may  take  as  the  period  ^ir^/LG  where 
L  is  the  self-inductance  of  the  arrangement  and  G  is  its  capacity.  It  is 
shown  in  Art.  408  above  that  if  A,  B  be  the  ends  of  two  wires  at 
which  currents  enter,  and  A',  B'  be  those  at  which  the  currents  leave 
the  mutual  electrokinetic  energy  of  the  system  of  two  wires,  T,  is  given 


A'B>  -  AB'  ~  A' 


in  which  the  integrals  are  taken  along  the  two  wires. 

Applying  this  to  two  parallel  filaments  of  the  conductor  connecting 
the  spheres  in  Hertz's  vibrator,  putting  /  for  the  length  of  each  fila- 


xi  M:|;.\|.    KUVTKnMA'iNKTH1   Till:' 

ment    and    B  their  distune*-  apart.  an<l   -upp  .-UIL;  yv  7.,  each  nnit\ 
obtain 

T  I  +  Jl*  +  ** 

—  -  21  log  -  +  3(x  -  N>/«  +  a?) 


if./:  /  may  !>'•  in  idected. 

Thi>   ma\    !>'•   extended   liy  integration  o\vr  the  cros--sect  n.n  ••: 
conductor.    it    we   know   ln»w   the  total  eiirr.-nt  is  di>tril»uted  among  thr 
different  filament-.      \\"e    ha\e  simply    to   take   instead  of  ./•  tin 

••trie  mean  distance1  of  the  current-carrying  section  from  itself. 
If  the  current  In-  only  <>n   the   surface  of  the  conductor  tin    <I.M  h 
•metric  mean  distance)  is  simply  the  radius,  n,  and  \\e  have 


(49) 


If  the   current    is   uniform   o\.-r  the    cross    section   log  (G.M  I1 

iiat 


(50) 


Taking  /u  a-  unity,  /  as  100  cm-..  -in.  as    in    ll.il/>   dunih- 

liell     a|)paratu-.    \\<-    olitain    /,-KK{~.      Tin-    spin  i  \:>    cm-,    m 

radius,  so   that  C=7'5/v-  whei.     p   i>  the  rati«»  of  the   unit-  (Art 
aho\e).     Thus  the  period  \\a-  I  .s.">  x  10"s  second. 

Rate  of  Radiation  of  Energy  from  Vibrator 

637.    It   may  lie  iulen-st  in^  to  calculate  from  the  period   the  amount 
of-  'Mated    in    the   time    nf  a    single    \iln-.itioii,   and    In-net-  -t.. 

mate  the  act  i\  ity  necessary  to  maintain   the  action   of  tin 
The  \il»rator,  t  lie  dimeii-ioii-  ,,f   which    ha\e    ji 


ha«l 

>|iheiv-   char^'-d  to  a   maximum   iMtVerein-,-    ,,f  potential    of   1  ci 
difference    "t    potential    between    the    spin  •  i  hu>  alioiit  tiO  (  '  « 

elei-tr«»tatic  unit-,  and  t!  !i   spher.  •    -  '    (\.S. 

nnils.     Thus   <I>  for   tin-   \il.rat..i    ua>    tiO  x   1")  x    K»Oand   tin   energy 
radial,  d    in    half  a    |.ein.d    \\a>    ffi  xlOOsX 

taken  in  cm-.  If  the  velocity  ua-  that  of  li^ht  the 
\\avi-lengthwas  about  .">()  cm-,  a  IK  I  lieiic.-  in  «  aeh  halt  |>.  rnxl  iilxmt 
I  L'O(K)  ergs,  passed  from  the  \il»rat..r  to  tin  surroundiin.,'  medium.  Tin 
whole  enerur\  of  the  vil»ralo|-  wln-n  charged  to  t  he  potent  ial  stated  a!. 

1  If  .V,.  X,  I..-  two  arena  in  the  Mine  pi  HP    aixl  having  any  Uuinilnriri.  ami  r,.l»  th. 
ilist  ..:  ?,  in  CHIC  Jiinl  an  clen.  tin-  otlicr,  thru  (I.M.D.- 

\//l°K  ru  rf-S''^!  '^i-si  «h«-ri!  tin-  intcgraUare  t..  Of  coune  wh«n  the  ana* 

,  .'ii.  tin-  G.M.I),  of  an  area  from  itwlf.    The  knowledge  of  geometric  mean 

.list  .r  ;.Mt  ini|H,i-t.iip  -  in  tin-  ralculation  of  inducUncrs  of  t«rallel  conductor,  an-1 

of  great  nuliiu. 
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was  i  x  2  x  GO'2  x  15  (  =  54000)  ergs.  Thus  about  £  of  the  whole  energy 
was  radiated  in  the  first  half-period,  that  is  the  amplitude  of  vibration 
suffered  from  radiation  a  diminution  of  roughly  ?,.  The  period  of 
vibration  being  l'85x!0~8  second,  the  average  rate-of  radiation  was 
therefore  about  l'34x!012  ergs,  per  second,  or,  approximately,  179 
horsepower.  Very  considerable  power  would  therefore  be  necessary  to 
maintain  the  vibrations  of  even  such  a  small  vibrator  as  that  of  Hertz. 


Reflection  of  Waves  in  Air  from  Metallic  Surfaces.     Standing  Waves 


Hertz  carried  out  a  series  of  experiments  in  his  lecture  theatre, 
a  room  15  metres  long,  14  metres  wide,  and  6  metres  high,  on  the  re- 
flection of  electric  waves  from  a  large  plate  of  zinc,  4  metres  high  by 
2  metres  broad,  which  covered  the  middle  part  of  one  end  wall.  The 
«lear  breadth  of  the  room  free  from  obstacles  was  only  8'5  metres,  on 
•account  of  a  row  of  iron  columns  along  each  of  the  two  sides.  The 


FIG.  146. 

«xciter  (which  was  an  instrument  with  plates  instead  of  balls  which 
had  been  used  for  experiments  in  propagation  along  wires)  was  placed 
with  its  axis  vertical  at  the  middle  of  the  end  remote  from  that  covered 
with  the  zinc  plate. 

The  waves  generated  were  thus  incident  nearly  normally  on  the 
conducting  plate,  with  the  electric  vibration  in  the  vertical  plane 
through  the  axis  of  the  vibrator.  The  same  receiver,  as  before  described, 
the  circle  of  35  cms.  radius,  was  carried  along  the  normal  through  the 
centre  of  the  vibrator,  and  the  positions  of  maximum  and  minimum 
sparking  in  the  neighbourhood  of  the  zinc  plate  observed.  The  positions 
I,  II,  III,  IV  of  Fig.  146  were  those  of  most  intense  sparking,  and 
V,  VI,  VII  those  of  least  intense  sparking.  In  the  former  set  the 
spark  gap  was  turned  alternately  in  opposite  directions,  in  the  second 
set  the  sparking  was  the  same  for  both  right  and  left  positions  of  the 
spark  gap. 
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When  the  -j Kirk  gap  was  at  the  t..|i  ..f  the  ancle,  so  that  the,-], , 
intensity  could  ha\e  luit  little  effect,  feeble  .sparking  (Hilv  was  pn-di 
in  jx»iti..n  V,  a  iiiaxiiiniiu  at  VI.  and  a  minimum  again  at  VII.     Thus 
the  magnetic  induction  was  evidently  a  minimum  at   V   ami    VII    .unl  a 
maximum  at    V  I 

Clearly  these  results  point  to  a  standing  \  lectric  and  mag- 

net ic  induct  i,>n  produced  as  represented  by  tin-  full  and  dotted  curves 
in  Fig.  14li.  Tin-  diagram  shows  that  the  electric  intensity  has  it-  phase 
changed  by  halt' a  p.-rii)d  relatively  to  the  magnetic  intensity,  so  that  in 
tht-  -taiiding  vibration  the  nodes  of  one  correspond  to  th«-  ih< 

other. 

Apparently  the  node  for  tin  t-K-ctric  intensity  was  behind  tin- 
\vali-surtac<-  about  -(i.S  m«-tn\  and  tin-  next  !<M)p  hut  ..n--.  ulhmt  6'52 
m«-tiv-  in  front  of  it,  so  that  thr  wa\.--l<-ngth  was  al>..ut  inim.-trea. 
With  th«-  i>c'riod  3x  10"8  second,  which  was  nearly  that  i.f  tin-  vihrntor, 
this  would  give  3'2  x  10l°  cms.  per  second  as  the  velocity  of  propagation 
of  the  \\a\-  -  in  air.  This  is  very  approximately  the  v.-|o»-ity  of  ! 


Multiple  Resonance 

539.   Ht  it/    experimented  on    the    rate    of   propagation  <•! 
waves    along   win--,   and    found    a   velocity   differing  considerably   from 
that  obtained   for  waves   in   t  '       i-t   amount,  of   work 

-inc.-  lii-en  done  mi  thi-  Milijeet,  and  we  i|.  'lisciission  to  Vol.  II 

But  the  general  nature  of  the  explanation  is  as  follows: 

It  has  been  suggested  by  Messrs.  Sarasin  and  I  )e  la  HIM-  that    the 
\\ave-li-ngth  observexl  in  free  >paee  may  depend  to  a  great  extent  ..u  the 
<liinen>ions  of  the   iv-miatnr.  and  nny  l>e  eonneeted  with  what  has  \> 
<-alled  uiiilt>i>li'  resonance.    It  has  been  noticed  by  these  experiment  «-i 
well  a-^  liy  Fit/(!erald  and  Trout  on,1  that  the  exciter  apparently  gives  : 
neither  to  a  -ingle  \il.rati«>nof  distinct  perio<|  nor  to  a  limited  number 
of  distinct   \il»rations,  but    ratln-r    to  >uch   a    complex    of  vibration- 
would  give  a  wide  band  of  continuous  spectrum.     Thu»  all   \ibration-. 

§  \\ith   possible  modes  of  \jbratiou  ,f  the  resonator,  won  M 
reinforced.     That  this   is  not.  contained   in  the  theory  is  true,  but   the 
them  ry  im-ompli-te.      It    is   hanl    to    believe    that    tl:  ons 

can  be  perfectly  simple. 

The  following  explanati.  .....  I  multiple   i.-onan..     hax   Keen    propoeed 

by  Poincar^.2      The    logarithmic    decrement    of    the   \  derations  of  the 

itei   is    probably    much    greater   than   that    of  the   r.-oi  I   ao 

the  vibrations   of  th  diminish  in  amplitude   more  ipiickly  t  han 

those  set    ii)i   in   the   resonator      This   is  continued   by   •  AJM-I  im.iits  on 
the  <lamping   of    the    vibrations   in   t! 
V.    lljerkiiev'1      Thus     the     resonator,     bejn^     start.  «l     by     the 


Xattir,  .v.  (1889-9).  p.  391.  •  fltdHeiU  tl  Optffw,  t*  P.t 

*  W\cd.A*n.  44  (is-.- 
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continues  its  own  vibrations  after  those  of  the  exciter  have  become 
insensible,  but  then  vibrates  in  its  own  proper  period,  giving  vibrations 
of  longer  period  and  of  greater  wave-length  than  those  which  excited  it. 
The  wave-length  being  determined  by  interference,  and  used  with  the  too 
short  period  of  the  exciter,  gives  too  great  a  velocity  of  propagation. 
With  this  explanation  Hertz  has  expressed  himself  as  practically  in  accord.1 
As  he  remarks,  the  oscillations  of  the  exciter,  represented  graphically,  do 
not  give  a  curve  of  sines  pure  and  simple,  but  a  curve  of  sines  the 
amplitude  of  which  gradually  diminishes.  Such  an  oscillation  causes 
all  the  resonators  receiving  it  to  vibrate,  but  those  in  tune  with  the 
exciter  more  violently  than  the  others.  This  agrees  with  the  theory 
given  in  Art.  533 ;  and  the  fact  that  the  apparent  spectrum  seems  more 
extended  when  wires  are  connected  to  the  vibrator  than  when  the 
propagation  takes  place  freely  in  air  may  be  due  to  a  greater  damping 
effect  in  the  former  case. 

Effect  of  Size  of  Reflecting  Surface 

540.  It  may  be  noted  here  that  it  has  been  found  by  Mr.  Trouton  2 
that  the  size  of  the  reflecting  sheet  has  a  great  deal  to  do  with  the 
distance  of  the  nodes  from  the  surface.     Using  long  narrow  strips  held 

(1)  so  that  the  length  was  in  the  direction  of  the  magnetic  component, 

(2)  in  the  direction  at  right  angles  to  that  component,  he  found  that 
the  node  was  in  the  former  case  shifted  outwards  from  the  reflecting 
surface  very  markedly.      For   example  with  waves  68  cms.   long  the 
distance  of  the  magnetic  node  varied  from  24'2  cms.  for  a  strip  16  cms. 
wide   to  17    cms.  (£  wave-length)  for  a  large  sheet.     This  effect  was 
due  no  doubt,  as  stated  by  Mr.  Trouton,  to  the  action  of  the  charge 
periodically  accumulated  at  the  edges  of  the  sheet. 

Smallness  of  size  in  the  magnetic  direction  carried  the  node  in 
towards  the  surface ;  and  this  may  very  possibly  have  been  the  case  in 
the  experiments  of  Hertz,  described  above.  The  breadth  of  the  sheet 
(in  the  direction  of  the  magnetic  force)  was  2  metres,  or  about  the  same 
in  effect  as  a  strip  14  cms.  broad  used  with  Mr.  Trouton's  68  cms.  waves. 
This  would  give  a  sensible  inward  displacement  of  the  node. 

Reflection  of  Electric  Waves  by  Mirrors.    Refraction  by  Prisms 

541.  Experiments  were  also  made  by  Hertz  on  the  production  of 
plane   polarized  waves,  by  means  of  a  linear  vibrator  consisting  of  two 
cylinders  placed  in  line  with  a  spark-gap  between  their  opposed  ends. 
The  cylinders  were  about  12  cms.  long  and  3  cms.  in  diameter  each,  and 
the  ends  of  the  spark-gap  were  well  rounded.     The  vibrator  was  placed 
vertically  in  the  focal  line  of  a  parabolic  cylindrical  reflector  made  of 
ordinary  sheet   zinc  nailed  on  a  wooden  framework  cut  into   proper 
parabolic  shape.     The  cylinders  were  connected  with  an  induction  coil 

1  Electric  Waves,  p.  16.  -  Phil.  Mag.,  July,  1881. 
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by  insulated  \\iros  passing  through  h-.l,--,  in  the  zinc  behind  them.    The 
mirror  was  about  -J  Q  length,  and  about  70  ems.  in  depth  nl 

the  axis  «>t'   the  parabolic  figure,  as  .shown  in    F 
The  exciter  thus  placed   produced  waves  oi 
the   direction     of   which    near    the   source     was    parallel 
to   its   axis.      These    were  received   by   the  mirror,   and 
reflected  into  a  parallel  beam  which  could  be  observed 
by  means  of  a  suitable    receiver.      In    most    of  the  ex- 
periment-  ho\\v\er  tlie  beam    was  received  by  a  .similar 
reflector  facing    the   former  so  as    to    concentrate    the 
radiation  on  its  focal  line  which  in  some  exp<  rim.-nta was 
parallel  in  others  at  right  angles  to  the  former. 

In  the  focal  line  of  the  otner  mirror  was  placed  a  receiver  made  of  two 
pieces  of  thick  wire  each  50  cms.  long,  placed  in  line  as  shown  in  Fig. 
148,  with  a  gap  of  about  5  cms.  between  their  ends,  and  completed  b\ 


Kio.  147. 


• 


Flo.  148. 


two  thin  wires  about  12  cms.  long  led  out  at  right  angles  to  the  rods  to- 
the  back  of  the  mirror.     Th-  ppcd  with  a  knob  and  point  as 

shown,  so  as  to  form  an  adjustable  spark-gap  which  could  be  conveniently 
observed  from  behind. 


Polarization  of  Electromagnetic  Beam.  Relation  of  Plane  of  Polar- 
ization to  Direction  of  Electric  Vibration 

542.  It  was  found  by  tin-  arran^em.-nt  that  electric  radiation  could 
be  detected  at  a  much  greater  distance  from  the  source  than  with  the 
ordinary  vibrator  and  receiver  used  as  described  above  without  reflectors. 
In  these  as  in  all  other  experiments  the  knobs  of  the  \iluator  have  to 
he  repeatedly  cleaned,  and  its  spark-gap  must  bo  screened  from  the  direct 
light  of  the  spark  in  the  induction  coil 

Clearly  a  parallel  beam  of  plane  polarized  light  was  thus  obtained, 
and  consisted,  as  the  experiments  showed,  of  electrical  vibrations 
parallel  to  the  vibrator  accompanied  by  i  ions 

at  right  angles  to  the  former  and  to  the  direction  of  propagation. 
Placing  the  axial  planes  of  the  mirrors  in  coincidence  gave  augmentation 
of  the  electric  effect,  crossing  the  mirrors  extinguished  the  effect  at  the 
receiver  in  the  second  mirror. 

I       !       _' 
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Again,  a  grating  of  parallel  copper  wires  placed  between  the  mirrors 
entirely  stopped  the  vibration  when  the  wires  were  at  right  angles  to 
the  vibrator,  but  allowed  it  to  pass  freely  when  turned  through  90°  from 
the  former  position. 

Also  it  was  found,  in  a  repetition  of  these  experiments  by  Prof. 
FitzGerald  and  Mr.  Trouton,1  that  the  electromagnetic  beam  was 
reflected  from  a  wall  about  three  feet  thick  when  the  vibrator  was  at 
right  angles  to  the  plane  of  reflection,  and  not  at  all  at  the  polarizing  angle 
when  the  vibrator  was  in  the  plane  of  reflection.  This  result  showed 
that  the  electric  vibration  is  at  right  angles  to  the  plane  of  polarization. 
This  is  a  very  important  result  as  it  settles  the  question  as  to  the 
relation  of  the  plane  of  polarization  to  the  electric  vibration.  The 
question  of  the  relation  of  this  to  the  ether  vibration  is  a  distinct 
question  to  which  no  answer  has  yet  been  given.  It  may  be  that  there 
is  after  all  no  vibration,  in  the  ordinary  sense,  of  the  matter  of  the  ether. 

543.  Hertz  found  that  such  an  electromagnetic  wave  was  not  only 
reflected  like  a  light  wave, but  is  also  refracted  according  to  the  same  law  of 
refraction.     An  immense  prism  of  pitch,  having  an  isosceles  triangular 
section  of  120  cms.  side  and  a  refracting  angle  of  30°,  was  made  by 
melting  pitch  into  a  wooden  supporting  case.     The  prism  was  placed 
with  its  refracting  edge  vertical,  at  a  distance  of  2'6  metres  from  the 
vibrator  (also  vertical),  and  the  beam  was  made  incident  on  the  face  at  an 
angle  of  65°.     The  receiving  mirror  was  estimated  as  2'5  metres  from  the 
prism  on  the  other  side,  and  showed  a  radiation  beginning,  reaching  a 
maximum,  and  falling  off  to  zero,  at  the  respective  deviations  11°,  22°,  34°. 

The  experiments  were  repeated  with  the  focal  lines  of  the  mirrors 
horizontal,  and  practically  no  difference  in  the  results  was  observed. 

The  index  of  refraction  for  pitch  given  by  the  experiments  was  1'69, 
which  nearly  agrees  with  the  index  1  '5  to  1  *6  found  for  pitchy  substances 
by  optical  experiments. 

Prof.  Oliver  Lodge  and  Dr.  Howard  have  made  observations  on  the 
•concentration  of  such  vibrations  by  means  of  lenses.2  Two  enormous 
lenses  of  hyperbolic  cylindrical  figure  were  constructed  of  mineral  pitch, 
and  were  placed  with  their  axial  planes  coincident,  and  their  plane  faces, 
or  bases,  turned  towards  one  another.  These  lenses  were  so  proportioned 
that  the  beam  produced  by  a  linear  exciter  in  the  external  focal  line  of 
one  might  emerge  parallel  from  the  plane  face  of  that  lens,  and  then  be 
concentrated  by  the  second  lens  on  the  corresponding  focal  line. 

Transparency  of  Ordinarily  Opaque  Substances  to  Electromagnetic  Waves 

544.  An  interesting  point  noticed  in  many  of  these  experiments  is 
the  perfect  transparency  to  these  vibrations  of  optically  opaque  substances. 
A  stone  wall  three  feet  thick  has  been  found  to  offer  no  obstacle  to  the 
passage  of  such  waves.     In  fact  in  some  experiments  made  by  Prof. 
FitzGerald  at  Dublin  the  receiver  was  placed  on  a  pillar  in  the  garden 

1  Nature,  loc.  cit.,  p.  417  above.  -  Phil.  Mag.,  July,  1889. 
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outside  while  th.-  exciter  \\a>  in  action  in  the  lab.  ThU  in  no  doubt 

a  phenomenon  of  aunilNr  character  pracucalU  t..  thai  «.t  the  transpar- 

•  ncy  lit"  a  thin  film  of  metal   t«>  light,  ami   is  conditioned  by  th< 

•  •t'  tin-  material  and  tin-  relation  of  tin-  wave-length  to  the  thickne*>- 
the  .stratum.      It  has  been  found  by  Maxwell,  Ll.  and  Mn<j.   V..I.   II 
Chap.  XIX.,  that  tin-  transpaivney  of  thin  metallic  films  is  greater  than 
that  given  by  the  electromagnetic  th'  •'ling  to  th.-  r..ndurtivit\ 
..f   th.-    mateYial.     [See   also   Win..   II  W.   A**.   :{.'»   (Isss).]     A  fon'n 
of  radiation,   which   appears    to   consist   of  waves  of  length  small  in 
comparison  with   that   of    \i.sibl«-    light,  and  to  which   sonic    kinds  of 
ordinarily    opaque    matter    ar«-   <|iiit.-    transpan-nt.    has    recently   been 

lovered  l»y  Kontgen  at  \VUrzburg,  and  has  attracted  much  attention 
Great  additions  to  our  knowledge  of  electrical  radiation  have  I 
made  during  the  last  few  J9iH  l'\  an  army  of  investigators  in  this  field 
in  this  country  and  all    over  the  world.     Some  account  of  their  work 
will  be  given  in  Vol.  II. 

SECTION*  II.  —  Flmo  of  Energy  in  tlte  Electromagnetic  Field. 

Motion  of  Energy  across  Bounding  Surface  of  a  Closed  Space.     Poynting's 

Theorem 

545.   If  \\e  as-uin.  .  as  has  b,-.-n    done   abo\e.  the   Walisation    «>t 
elect  rokinetic  and  electric  energy  in  the  field,  \v«-  obtain   tor  th- 
p.-r  unit  volume  at  any  point    the  value  /iH2;«7r4-^E'  HIT-      ^ 
terms  which  theory  show-  must  exist  in  the  romp!.  the 

energy.   ;is   shown    by    the   phenomena   disc,.\  eie.l    by    Hall,   and    other 
.  -fleets  more  or  less  small  in  amount  which,  if  not   yet  diM-o\.-re«l.  n 
be  held  for  theoretical  reasons  to  ha\<-  a  real  exist.-:. 

Now    consider    any    closed    spare    in    the    field,   and    let    the 
eneigy  within  it  at  any  instant  be  E-f  T,  where  E  denotes  the  el.. 
en.-rgy  and   7'  the  elect  rokinetie  energy.    Snp|M.sing  that  k  and  /x  do  not 
\.iry  with  the  time,  \\e  have,  if  «/nj  b.-  an   element   of  volume  at    which 
the  i  ......  pon.-nts  ,,(  electric  inteiisit\  ai.    /',  Q,  R  and  those  of  magi  i  • 

intensity  a,  /8,  7, 


dl  4,  dt  dt  dl 


where  the  integration  i-  taken  throughout  t  he  closed  sp 

I,  be  the  components  ,,t  the  total  current,  and  j>,q,r  thuMe 

of  the    conduction    current    (the    latter   in    th.    general  ca-  rely 

generating  heat  in  the  conductor)  we   have   for  those   of  th.    <! 

Iliellt    CMI  ' 

•i— >-c8-  ' 
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with   two   similar   equations.     Also   we   may   write   the   equations   of 
electric  intensity  (2)  above  in  the  form 

P,  Q,  R  =  F  +  of/  -  b~,     Q'  +  az  -  ex,     R'  +  bx  -  a>j   (53) 

From  these  we  obtain  by  differentiation 

da  _  d  /M  _  cG\  _  3Q'  _  9A" 

dt  ~  dt  \dy  ~  Hz)  ~  ~3z   "    dy    '     '     '     ' 

and  two  similar  equations. 

Substituting  from  these  in  (51)  and  using  (53)  we  obtain  on  re- 
arrangement 

' 

{(cv  —  bw}x  +  (aw  —  cu)i)  +  (bu  — 


\{ 
-  \(PP 


The  components  of  electromagnetic  force  (not  those  of  total 
mechanical  force,  which  include  forces  due  to  electrification),  on  a  part 
of  the  medium  moving  with  velocity  (x,  y,  z),  are  X,  Y,  Z=cv  —  biv, 
aw  —  cu,  bu  —  av.  Hence  we  get  by  integration  over  the  closed  surface 
of  the  space  and  transposition 

?(E  +  T^  +  [(Xx  +Yy  +  Zz)dv  +  {(Pp  +  Qq  +  Sr)d& 

-  Q'y)  +  m(P'y  -  R'<*}  +  n(Q'a  -  P'p)}dS    (55) 


\vbere  Z,  m,  n  are  the  direction  cosines  of  the  normal  to  the  surface 
element  dS  drawn  outwards. 

If  Z',  tn',  n'  be  the  direction  cosines  of  a  normal  to  the  plane  defined 
by  the  resultant  E'  of  the  component  electric  intensities  P*,  Q',  R1,  and 
the  resultant  magnetic  intensity  H,  and  drawn  in  the  direction  in  which 
a  right-handed  screw  would  move  if  the  handle  were  turned  round 
in  the  plane  of  E'  and  H  from  the  direction  of  H  to  that  of  E' 
•(Fig.  149)  the  element  of  the  surface  integral  on  the  right  has  the  value 
HE'sin#(^' -{-mm'  +  nn')l^iir,  where  6  is  the  angle  between  H  and  E. 
The  rate  of  flow  of  energy  per  unit  of  area  is  therefore  represented  in 
magnitude  and  direction  by  the  vector-product  of  H  and  E'  (that  is  the 
vector  HE'sin#  at  right  angles  to  the  plane  of  H  and  E')  divided  by  4?r. 
The  component  of  flow  across  unit  of  area  at  right  angles  to  the  direc- 
tion (V,  in',  n')  is  thus  HE'smd^l'  +  mm' +  nnf)/4>Tr.  The  direction  of 
flow  is  opposite  to  that  of  (I',  m',ri)  as  defined  above.  Thus  in  Fig.  149 
the  flow  is  in  the  direction  xO. 
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.rj4i;.   Til'-    t.  -mis    ill    equation    (")-")l    may    1..-    i! 

first  term  on  the   left    is  k&6  time-rate  of  mcVBMO  of  tin-  i-m-rgv  \\ithin 
the    closed    space,  the    second    is   id,     rmte   at    \\lii.-h    \\,,rk    i>  «l.-n.-   \>\ 
electromagnetic  forces,  and  tin-  tliinl  com- 
bines rh.-  rales    at     \\liirh 

'I  and  is  expended  in  producing 
chemical  changes.  and  tin-  equation 
that  tli«-  sum  of  these  rat.--  is  i-.jual  to 
ihaL  of  the  flow  of  energy  across  the 
bounding  surface  of  tin-  spar.-,  as  shown 
by  the  expression  on  the  ri^ht-hand 

>id«-.       This     tlirorrlil     1>    dll.' 

•it  ing   (Phil.    T  l;    >     IV"    VI 

1885). 

oergy  ia  conveyed  \\\i»  tin-  systi-m 
by  thf  arti.innf  iinjir»->-  I  arising 

from     aiiothi-r    sy>t.-m,    and    producing 
energy  within   tin-  space.  t-Tii^  niu^' 


added  to  (55)  taking  account   of  th«-  .-nrrgy  -•»  dfli\«nd.     This 
will  !>«•  fully  discussed  and  illnstrat«-«l  in  V..!.  II 

It  is  to  !><•  .)l)St-r\rd  that  tin-  addition  of  any  t«Tiu  (/<^-f  »u^-f  /»v 
of  proper  dini«-!ision»,  to  tin-  clcinrnt  of  tin-  integral  \\oiild  not  altrr  tin- 
value  of  the  integral  over  the  dosed  Mirlace   provided  <f>,  v,  yfr  an-  func- 
tions of  the  co-ordinates  fulfilling  the  condition  (  <j>  =0. 

It   is    thus   not    strictly   demonstrated    that    the   fjo\s  across  an  ,.|,.,, 
of  the  closed  surface  is  that  stated  al>o\e.      The  results  obtained  in  tin- 

following  t-xamples   (taken   from    1'oyiiting's  j»;ip' 
A  with  known  facts,  and  s,,  far  confirm  the  the- 


Kx  \Mi-i.rs— 1.  Straight  Wire  with  Steady  Current.  Energy 
Stream-Lines 

:, IT    Tak-  in-'  the  •  we,  illusti-ated  I.     • 

wire  of  circular  section    in    which 
em  -retigth  7  is  How  ing.     The  displacement  doea 

aj  ;s   therefore  n»  displacement  current. 

-*-  '  tic   intensity   is   ;  '•    to  a    normal  ci 

section    of    the    conductor    and    is    ..)    am.. in/     .'  The 

electric  intensity  is  parallel  to  tlie  conduct..:  '|U.d 

to   the   current    p.-r   unit    of    ai  I   '«y 

ih.  coiiductmtv  .-I  tlie  condiK-tor.  that  is  to  7  «r*«. 
The  rate  ,,f  How  ..!  energy  acnwM  unit  area  is  tlms  l.\  the 
theorem  rjv  <-t  wfJjr)/4r-7f/Jwir*«, and  thedn-ct,.,,, 

of    How      Is     I  iy     the     lllle      f..||lnl     :iln»Vr.     til  1  h-' 

simuunding  medium  to  the  wire.    Th  t '  tl..«  d 

upon   unit    l.-ngth   of  the   wire   is  thus  7  ml    acrow  I  IIIIIT 


150. 
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length,  is  y-l/Trr-K,  or  <y-R,  if  R  is  the  resistance  of  the  length  I  of  the 
\\iiv.     This  agrees  with  the  result  already  several  times  used  above. 

Thus  the  conducting  wire  controls  the  manner  of  arrangement  of 
the  electric  and  magnetic  equipotential  surfaces  in  the  field.  The  flow 
of  energy  is  along  the  lines  of  intersection  of  such  surfaces,  which 
may  therefore  be  called  energy  stream-lines,  when  the  intensities  are 
derived  from  potentials.  In  a  metallic  conductor  there  is  dissipation  of 
energy  received  from  the  medium ;  and  if  at  any  place  electrical  and 
magnetic  energy  are  utilised  in  doing  work,  this  by  the  theory  does  not 
come  along  the  conductor,  but  from  the  surrounding  medium,  along 
paths  peqjendicular  to  the  electric  and  magnetic  intensities,  the  dis^ 
tribution  of  which  is  conditioned  by  the  existence  of  the  conductor. 

2.  Discharge  of  a  Condenser 

548.  Let  a  charged  condenser  have  its  plates  connected  by  wires  to- 
another  pair  of  plates,  so  that  the  capacity  is  increased.  The  tubes  of 
electric  induction  formerly  existing  for  the  most  part  in  the  portion  of 
the  medium  between  the  plates  of  the  original  condenser,  and  entirely 
depending  for  their  arrangement  on  these  plates,  move  out  sideways 
with  their  ends  on  the  connecting  wires,  until  the  state  of  strain  has 
been  set  up  between  the  other  pair  of  plates.  While  the  motion  of  the 
tubes  is  proceeding,  magnetic  intensity  exists  in  the  field,  but  dies 
away  with  the  motion  of  the  tubes. 

If  the  change  proceed  slowly,  the  intensities  will  be  approximately 
derivable  from  potentials.  There  will  then  be  a  fall  of  potential  along 
the  wire  connecting  the  insulated  plates,  and  some  of  the  equipotential 
surfaces  must  cut  the  wires,  and  so  there  is  a  flow  of  energy  into  the 
conducting  wire,  which  is  dissipated  in  heat  according  to  the  law  of 
Joule. 

This  view  of  the  transference  of  energy  from  the  medium  between 
the  plates  of  one  condenser  to  that  in  another,  has  already  been  insisted 
on  in  Chap.  V.  above.  And  the  view  seems  eminently  reasonable.  It 
is  very  difficult  to  suppose  that  the  energy  has  been  transferred  along 
the  conductor  to  the  other  condenser,  and  there  inserted  between  the 
plates.  Step  by  step  with  the  process  of  charging  the  other  condenser 
has  gone  on  the  growth  of  electric  strain  in  the  dielectric  between  its. 
plates,  and  since  the  energy  is  certainly  stored  up  in  the  dielectric,  it 
is  natural  to  suppose  that  the  strain  has  been  propagated  through  the 
medium  under  the  guidance  of  the  conductors.  These,  as  we  have  seen, 
localise  the  electric  and  magnetic  equipotential  surfaces,  which  exist  in 
the  case  of  slow  change,  and  the  intersections  of  which  are  the  stream 
lines  of  energy. 

Let  the  plates  of  the  condenser  be  connected  by  a  wire  L,  M,  N,  a 
in  Fig.  151.     The  tubes  of  electric  induction  will  pass  out  with  their 
ends  on  the  ware,  and  will  shorten  as  they  advance,  being  swallowed  up 
at   each  end  in  the  wire  with  dissipation  of  their  energy.     Finally  > 


XI 


' ;  1 . N  K K  A  L   KLECTKOM  A< ,  ,11  KOB V 


ni 


;il)..iu   midway  l>et  wveii   tin-  ends  ,,f  the  conductor  the  last 
•    th"    tub"   disappear-    lat. -rally    int.i   tin-    conductor.     The 
juetic    tubes   of  force   which   eiicircl,-   tin-   conductor  contract    down 
UJHIII    it    ami   <li-ai>i».-ar  within   it.  ^ivin^  up  al^,,  the;:  ii.  \ 

Tin-    COTVea    in    tin-   fyjun-   XI"1NV"    int.-r- ••tiu^    th.-    r.ni.li. 
iiitciidfil  to   ri-pn-M-nt  the  intrr>iTtii.ii   «.t   tin-  <  .jiiip.it.-ut  ial  >urfaci - 
the   time  being  with   the   plan.-  «•!'  tin    (lia^nnn.     'J'h.-  rate  <•{'  ti«, 
again  along  th»-  lines   of   int.-i>.-eti-.n    of   tin-    magiu-tir    and 
•  •«|uip'«t.-ntial  BU  ^trictly  -p.-ak 


pt  in  oa>.->  ..f>l..w  (lix-hargr.  tin-  intensities  are  not  deri\al>le  t 

pofeentuUo, 

If  tile  Conductor   i-   <•('  -ueh    f.-rm    that   t  he  total  iiia^n.  t  ie  induct  i»n 
through   it    i-   \er\    great,   the   elertmkinetir   .nei^\    ,.t    the   Held    will 

become  very  great,  an«  1  the  \\n\\  BbtarptMrn  in  the  eondoi 

will  be  iiiueh  all.  red  Th"  till..-  ..t'  .  I. ctric  indn<-ti..M  will  then  n. 
with  Mill  a  eel-tain  amount  of  al»o|-pt  IOM.  though  niiirh  less,  in  th" 
e..ndiu-tor  until  their  end>  pa^>  .,m>  another,  when  th"  tul>«  n  turns 
iv\i-r-"d  to  tin-  diel-rtrir  l..t\s..n  th"  plates,  and  the  rondeiisrr  i^ 
charged  tin-  nppi.xit.-  ua\.  'I'hen  tin-  discharvtw  with  revtTHBl  AM 
In  ti'iv.  and  so  the  electric  oscillation  K(M.^  ,„,_  Ulth  radiation  ami  <\\*n- 
jtation  ot  until  all  em-rgy  has  diailppean  d  from  the  s\st. m. 

[Se.-  furth.-r  mi  oscillatory  discharge  and   radiation  Vol. 

II.          See     al-.     .1.     .1.     ThomMB     oil     B    I''  Tillies      l,|       I 

Researches  in  id  Magnttitm,  Chap.  I.] 
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3.  Radiation  of  Energy  from  a  Hertzian  Vibrator 

549.  Close  to  the  vibrator,  as  we  have  seen  above,  the  lines  of  electric 
intensity  alter  their  arrangement  in  such  a  manner  that  there  is  flux 
and  reflux  of  energy  across  a  closed  surface  surrounding  the  vibrator. 
The  flow  outwards  is  on  the  whole  greater  than  the  flow  inwards,  and 
thus  in  every  complete  oscillation  a  certain  balance  of  energy  is 
radiated.  We  shall  be  able  to  estimate  this  easily  by  considering  a 
closed  spherical  surface,  having  its  centre  at  the  centre  of  the  vibrator, 
mid  of  radius  r  containing  a  very  large  number  of  wave-lengths. 
Taking  the  expressions  given  in  Art.  520  above  for  the  intensities  at  a 
very  great  distance,  and  first  finding  the  rate  of  flow  of  energy  outwards 
across  a  zone  of  breadth  rdff  surrounding  the  axis,  the  intensities  E 
and  H(  =  a)  are  tangential  to  the  surface,  and  at  right  angles  to  one 
another.  Thus  for  the  rate  of  flow  across  the  zone  we  have 

-?5«-2  EH  sin  Ode  =  i  —  m*n  sin2  (mr  -  nt)  sin30d0. 

"  k 

Thus  for  the  total  outward  flow  across  the  sphere  in  half  a  period 
we  obtain 

r/2  TT 


Since  we  take  k  in  ordinary  electrostatic  units  and  the  medium  is  air 
Jc  is  taken  as  unity.     This  is  the  result  used  in  Art.  537  above. 

Several  other  examples  of  the  flow  of  energy  will  be  found  in  Prof. 
Poynting's  paper  loc.  cit.  See  also  Absolute  Measurements,  Vol.  II., 
p.  219. 

Distribution  of  Current  in  Cross  Section  of  Cylindrical  Conductor 

550.  As  a  final  example  for  the  present  of  the  results  derivable  from 
Maxwell's  equations  of  the  electromagnetic  field,  we  give  here  an 
investigation  of  the  distribution  of  the  current  over  the  cross  section  of 
a  long  straight  cylindrical  conductor  carrying  rapidly  alternating 
currents,  and  of  the  resulting  resistance  and  self  inductance  of  the 
conductor.  We  follow  here  Lord  Rayleigh's  l  mode  of  treatment. 

Let  the  axis  of  the  conductor  be  along  z,  the  component  w  of 
•current  parallel  to  the  axis  is  a  function  of  the  time  and  the  distance 
p  of  the  point  from  the  axis.  The  components  of  vector-potential  are 

1  Phil.  Mag,,  May,  1886.  Another  discussion  will  be  found  in  Absolute  Measurements, 
Vol.  II.,  p.  331,  and  a  third  by  the  Bessel  Function  Analysis  in  Gray  and  Mathews,  Bessel 
Functions  and  their  Applications  to  Physics,  p.  157. 
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F  =  0,  G  =  0,  and  //,  which  mu>t   \><-  a  function  of  the  same  variables 
<i.s  w.     Let 

//  =  A'  +  71  +  3"^-  -»-  T'.,/}4  +  ....-»•  r,^**  +  .  .  .  .       (56) 

in  which  S,  T,  Tv  .  .   .  .  are  fund i«m-  of  the  time  /. 
\'ow  by  the  circuital  e.|uati..n^  (4) 

<P 
4irio  =  ~  —  - 

H  ,  // 

fM  p,p 

And  ther. 

tfH      .'-// 

^-5    +   ^T-5    + 


//         !     // 

•53  +  -  "SI  +  *7r/uiu?  =  0 (07) 

dff        p   cp 

Fi.'ia  this  and  (56)  we  obtain 

-*  +  ....     (58) 


If  ic  be  the    conductivity    of  the    material,  the   component   elec- 
intensity  at   every  point  where  the  cuin-nt  is  w  is  IO/K. 
H.  iM-e  by  (2) 

w  _        H 

7  " 


when-  ^  is  as  before  the  potential  convsj  Minding  to  that  jwiit  of  the 
electromotive  intensity  whicn  does  not  depend  on  induction.  This  by 
<56)  u 

™  "       ds      </r 

-       -  -  l 


l- 
dt        dt 


:,S)  .in.)  |.') 
T. 


d*      dS      dT\ 
+  dl+  dt) 

,  .....     n---  - 


Putting  (iS/rf^  =  —  cW  r:.  which  i>  here  a»uined  to  be  a  function  of 
the  time  only,  we  obtain 

321  1  1  d*T 
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and  therefore 

dT        ,      ^d-T 

1  dnT 

+    ,  (07T>MKn  —  PZn~Z   + 

If  7  be  the  total  current  in  the  conductor 

7 


f* 

=    27Tl     U'pdp 

Jo 


where  a  is  the  radius  of  the  wire.     Writing  a  for  7razK,  the  conductance 
of  unit  length  of  the  wire,  we  obtain  from  (60) 

-  fj.y  =  ^o"^.    +  T2~o2  T/2   +  ••••  +  7~~n2~  ~fj7Ti  +  •  •  •  •     (6i) 

Outside  the  wire  H  does  not  depend  on  the  distribution  of  the 
current  in  the  wire,  but  only  on  the  total  current  7.  Hence  at  the 
surface  H  =  Ay,  where  A  is  a  multiplier  to  be  determined.  Thus 

Ay  =  S  +  T  +  T^-  +  ....  +  TnaZn  +  . .  .  . 
and  therefore  by  the  values  of  Tv  Tz,  .  .  .  .  found  above, 
dT        u?cr2   d-T  u,n<rndnT 

or  if  we  write 

«=  cr> 

<£(*)  =  V    7-^r (62) 

•^4    (n  !) 


71  =  0 


and  therefore 


Equation  (61)  may  also  be  written 

ddT 


Hence  elimination  of  dT/dt  between  the  two  last  equations  gives 
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But  since  dSjdt  =  —  8¥/dz,  dS/di  is  the  part  «.t  the 
intensity  at  each  point  which  does  not  <lt  JM-IMJ  ..n  tin-  in<lucti\ 
of  the  current.     \\Y  h;ivo  supposed  this  to  be  the  same  at  every  point, 
and  lii-no-,  if  E  be  its  line  integral  along  a  length  /  of  the  condu« 
E  =  IdSfdt.     The  last  equation  becomes 


,/       d\ 
\l» 


~>~>\.  It' tin •  currents  be  simple  h.-muonic  with  respect  to  th.    tim--, 
they  are,  to  a  constant  factor,  represented  by  the  real  part  of  cimt  wli 
n  =  ZTT/T  (where  T  is  now  used  to  denote  th«-  ]ieri<Hh.     \V.   h.iv.-  th«-n 
to  replace  in  (64)  d/dt  by  in,  and  we  obtain 


If  a;  be  small 

+W=i  +  lx    1**  +  '        -L«i4  JL, 

<4'(x)  8         12          48          180          8640 


and  therefore 


« 

1  80 


Thus  we  obtain 

1     u 


' 


since  Ifr  =  R,  the  resistance  for  stea<ly  <-iim-nt-. 
This  equation  is  of  the  form 


tf  -  Ky  +  inL'y  -  ^y  +  £'  ^    .  (66) 

where 

1    ^Vn^         1 


'  I.- 
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which  are  the  effective  resistance  and  self-inductance  of  the  wire  in 
consequence  of  the  rapid  variation  of  the  current. 

If  the  frequency  of  the  alternation  be  very  small,  the  resistance 
approximates  to  R,  and  the  self-inductance  to  l(A  +  |/z,),  the  values  for 
steady  currents.  This  gives  the  value  of  A,  which  depends  on  the 
situation  of  the  return  current.  If  the  conductor  be  enclosed  in  a 
perfectly  conducting  co-axial  sheath  of  internal  radius  b,  A  =  2log  (b/a). 

With  increasing  frequency  the  resistance  increases  without  limit,  and 
the  inductance  diminishes  towards  the  value  IA.  This  result  may  be 
obtained  from  the  analytical  theorem  of  Bessel  Functions  that  when  x 
is  very  great  <f>{x)  =  e2v/a;/(2/v/7ne)  so  that  in  this  case  (j>(x)(<f>'(x)  =  *Jx, 
and  therefore  ^ur/uft)/^'(toyift)  =  >v/£cr/i7t(l  +  i),  which  gives  by  (64') 


R  =  >J%t*lnR 
L'  = 


.     .     .     .     (68) 


552.  As  an  example,  take  an  iron  wire  '4cm.  in  diameter,  with  con- 
ductivity 1/1 04,  and  p,  =  300,  we  find  that  ^fj?l2ri*/Rz  is  for  a  period  of 
i-oVjr  sec-  about  47,  so  that  the  resistance  is  vastly  increased,  and 
the  self-inductance  diminished  by  the  rapid  alternation. 

For  copper  taking  /*  =  1,  and  K  =  1/1640,  this  term  is  about 
3  X  AV/IO8.  A  frequency  of  100  gives  therefore  12a4.  Thus  the 
effect  of  alternation  becomes  very  sensible  when  a  >  1. 

Taking  the  depth  of  the  effective  surface  stratum  of  a  conductor  as 
that  surface  stratum  which  would  offer  the  resistance  Rf  to  a  steady 
current  it  has  been  found  from  these  results  that  for  copper,  lead,  and 
iron,  its  values  for  different  frequencies  are  as  in  the  following  table — 


Frequency  of 
Alternation. 

Copper. 

Lead. 

Iron 
GA  =  300.) 

80 

719cm. 

2  '49cm. 

•0976cm. 

120 

•587  „ 

2-04  ,, 

•0798  „ 

160 

•509  ,, 

176  „ 

•0691  ,, 

200 

•455  „ 

1-58  „ 

•0617  „ 

For  further  information  the  reader  may  consult  Absolute  Measure- 
ments, Vol.  II. 


ilKNKKAI.    KI.K«  TK.iMACNKTK'    THK  ;  :; 

o?i  ///.  —  Moriny  Electric  Chargt*. 
Convection  Currents 

,     It   \va-  disco\.  -i-i-.l    l.y   I1'  !      A      I!  ,\\laild    in    IsTti1    that 


an   ekrtritied  ebonite  disk  turning  about  it-*  o\\n  ;i\js  i.n-lu«-.  d  a  mag- 
netic  tit-lil,  deflecting  tor  examp!  lie   placed   bttOH   »r  I 

\Vt-  have   thu>  t..  consider  a  moving  t-har-.-  of  electricity  as  11  curr- 
ami   to   impure    how    tin-    iil«-a   i»   to    ]><•    inti-«Hln»-ct|    into    <»nr 
Inia^in.'  a  jioint  ohaive  of  amount  7  nio\in^   with   speed  V  in  a   -traiLjht 
lint-  in  a  unit'onii  ilirlt-rtric.     If  it  wi-n-  standing  still   tin-  total  «•!••. 
induction  through  a  riivlr,  tin-  axis  ot'\\hi«-h  i^  tin-  lino  «>f  motion,  and 
distance  of  any  t-K-nu-nt  of  which  from  the  charge  is  r,  would  be 


• 
'.'777  f  >i 


where  6  is  the  angle  r  makes  with  the  a 

If  then  the  charge  be  moving  with  velocity  v  towards  the  circle,  and 
the  corresponding  change  of  displacement  be  supposed  for  the  moment 
to  take  place  instantaneously  throughout  the  Held,  the  value  .,f  the 
electric  induction  will  be  altei  unit  time  by  an  amount 

2^-5 sin  d'W  'If,  and  <?8fdt  is  obviously  vsintf/r.     Therefore  th,    rr 
increase  of  the  total  electric  induction  through  the  circuit  is  Zirqv  sinV/r. 
This  then  is  the  total  rate  of  change  of  the  electric  induct  ion  through  the 
circuit,  and  is  therefore  4?r  times  the   measure  of  the  total  displacement 
current    through    the  circuit  per  unit   of  time.     Hence   if  H   !>«•    the 
magm-t  it:    intensity    produced    at.    the  circle   we   must   have   by  the  ; 
circuital  theorem  of  Art.  5(Mi 

tin 

H  .  2irr  sin  Q  =*  2irqv  — 

r 

or 

H  (69) 

But  this  clearly  is  the  magnetic  intensity  that  would  be  produced, 
by  an  element  of  a  current  of  length  ds,  and  ca  7.  -iich 

that  yds  =  qv.     The  direction  of  the  magnetic  intensity   i  -  1  to 

that  of  the  current  in  the  manner  already  specified  several  linn*  above 
(>.y.,aee  Fig.  14!>,  Art.  546). 

554.  The  conclusion  is  suggested  therefore  that  the  m«»\mg  JH.HU 
charge    should   be    regarded   as 
spcal,  j»,  and  that  wherever  there  is  moving  electrification,  t  her-  should 

1  Bcr.  d.  Berl.  Akod.  1876,  p.  211.     Sc«  al»o  Rowland  and  Hulchiiwon,  /»Ai7. 

(1889). 
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be  taken  at  each  point  components  of  current  pu,  pv,  pw,  where  p  is  the 
volume  density  of  the  electrification  at  the  point.  Of  course  in  the 
actual  case  the  changes  of  displacement  in  the  field  are  not  propagated 
with  infinite  speed,  and  their  finite  propagation,  which  we  have  found 
above  to  exist,  must  be  taken  account  of.  This  we  shall  do  in  the 
following  articles,  following  a  method  due  to  Oliver  Heaviside. 

The  equations  of  propagation  as  derived  from  the  circuital  equations 
(4)  become  with  the  convection  currents  expressed 

/ay    zp  aa   ay  ?p   <u\\ 

,  ,  =  (^       £,  -       JL,  J        -) 

ct  dt  (t  /      \dy     dz    cz     ex    dx     iy/  f         . 


The  first  of  these  gives 

a  /a.R     a< 

^^r(^  -- 
ct\2          c 


which,  if  p  be  written  for  d/dt,  and  F2  for  I/A/*,  becomes  by  the  second 


Similar  equations  can  of  course  be  written  down  for  $,  »y- 

If  F,  &,  If  be  the  components  of  vector-potential  from  which  a,  /3,  7 
are  derived,  we  have 

/P*       \fiH    dG\        /a          a    \ 

1  175  -    V2  )  1  •=  --    —  )    =    47T  I  —  /5W    -    —  pW  ) 

\F2          /\fy        nz/  \cyr          dzr  / 

with  two  similar  equations.     These  equations  are  satisfied  by  putting 


I 


(72) 


F  =     4?rPM     =  _  v _\™j"?i_      .  (73) 


Hence  we  obtain  the  symbolical  solution 


V2 

with  two  others  for  G,  H. 

555.  Now  consider  the  equation 

A  solution  is 


11IKORV 


where  /•  i>  tin-  diManee  of  the  iH.int  o.nsid.  ;  the  point  at  wh 

pi'  i-  situated  at  tin-  instant  in  question.     This  may  be  written 


Therefore 


Tin-  svmltol   of  -nniinatioii    is   used  >inc,'  tl».'    \\li..l.-   <li-tril»uti.»n  of 

.-l.-ctrii-itx    i-  Ciun-.-m.-d   in  jtn.(ln<-iii^   /'.  (,'.  II.  ainl 
that    at    the    jx.iiit    ci>n>iili-riM|.     These   «>«|uat  i.tiis   eiiahle    the    n. 
intensit\  'ind.  and  hein-e  the  \\h-.le  j)r..l»l.-m  may  be  regarded  as 

solved. 

A-    a    j.artii-nlar  exanijile.  cmisider   the  case  of  a  point-char^ 
amount  •/  m..\in^  al..ng  the  a\i<  ..t  :  \\itli  vel.n-ity  f.     Then 

/'  =  0,     G  =  0 


1    can  1..-  \erirted  at  once  that   vV  "'  -  («  +  -><"  +  :*>'*. 
thai 


(n  +  -J)  (M  - 

Thus 

v-»i  =  ;:-  -'!  Ii *"lr*£;r( 

Again,  sine,'  the  origin  i-  at  the  nin\in-  rharge, 

p  -  -  ,, 

H.  II'-.-   lh,     M.lutiiill   heroin, -^ 

//  ^  +  rf»5*n^w *••••]  •  (75> 

It  is  easy  to  prove  that 

l*  .=  \-  .  3*.  -  1, 

-\    o,.  •• 

'  ".- 

tie  am;!.-  l..tw..n  the  dn  '«d  the  line  (of 

»  I 
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length  r)  drawn  from  the  moving  charge  to  the  point  considered.     Sub- 
stituting from  the  last  equation  in  the  series  for  H,  we  find  that 


3  w* 
8  7~4 


5   w6 
16  V~6 

-* 


(76) 


557.  It  will  now  be  convenient  to  use  cylindrical  co-ordinates,  and 
to  put  x  =  0,  and  y  =  h,  the  distance  of  the  point  considered  from  the 
axis  of  2,  along  which  the  charge  is  moving.  The  components  of 
magnetic  intensity  are  given  by 

dH      atf 


and,  as  in  the  suppositions  just  made,  x  does  not  enter  in  If,  and 
therefore  $  =  0,  the  magnetic  intensity  is  at  right  angles  to  the  planes 
of  v  and  h.  Thus  we  have  for  its  value 


I  - 


=  --^  =  -  IT  sin  0 


V* 


p. 


ck 


.     .     (77) 


558.  Fig.  152  shows  the  direction  of  the  magnetic  intensity  at  P 

the  point  considered.  The  moving 
point  charge  is  at  0,  and  has  velocity 
w  in  the  direction  of  the  arrow. 

It  will  be  observed  that  the  direc- 
tion of  the  magnetic  intensity  is  the 
same  as  that  of  the  intensity  due  to  a 
~    ~7     current  flowing  in  the  positive  direc- 
v  '/        tion  of  the  axis  of  z,  and  that  in  both 
y/t  the  lines  of  force  are  circles  round  that 

axis. 

Further,  if  w  be  small  in  comparison 
with  V,  the  magnetic  intensity  is  pre- 
cisely that  which  would  be  produced 
by  a  current  element  yds  =  qw  situated 
at  the  origin  and  directed  along  the 
axis  of  z. 

On '  the  other  hand,  if  w  =  V,  the  magnetic  intensity  is  zero 
everywhere  except  in  the  equatorial  plane  (0  =  vr/2)  through  the  moving 
•charge,  where  it  is  infinite. 

559.  We  have  now  to  find  tLe  electric  intensities.  In  going  back  for 
ihese  to  (70)  we  must  modify  the   equations   to  suit  the  cylindrical 


FIG.  152. 


XI  H    Kf.ECTRO.M  A'.NKi  ,)RY  ;:; 

c°-°n  j  '  '  chosen.    In  the  first  place,  since  7  =  £  =  0,  we  have 

"  -  al|(I  s""'"  *'•  »aw  'In-  ]H,inte.m^  ' 


•'  -  l-     i  l* 


Smee  ,  ct= —icdjdz,  these  equations  may  l.e  \\ntten 

•        C'jjf  ('d  f.'/i  O,  C*O 

"te'e? 

Tin-  tiiM  of  the- 

g  =  -la, 

kw 

1  ~  K« 


r« 


ill  be  found  that  th juati.m  for  R  is  satisfied  by  tin-  \alm- 


A/l 


.~ii;<).  Tli«-  .-l.-ctric  iiit.-n-ity  is  i h.-refore  radial.  Its  iuirn^ity  is  least 
ah  •MX'  tin-  a\i^,  and  L,M-.  atcst  in  the  equatorial  piano.  For  vrry  small 
val  .  houcver,  the  field  is  simply  that  of  a  stationary  point 

rx«'  at  0,  multiplied  by  a  correcting  motOT  of  Value  \-  T\  n..nl\  in 

\Vln-M  li'iu,  \,  r  greater  and  greater  values  of  w  an-  t •••n>id«  r.  il  th. 

intensity  becomes  x1'1'-'1'1'1' an<l  .i^i^'at"'!-  in  tin-  «lin-<-ti«»M  . 
;nnl   Mnallfi-  and  smaller  in  the  direction   aloiix  tin-   axis      Finally   for 
/'•=  V,  the  electric  int«-nsiiy  is  "till  radial,  lint  : 
at  points  in  the  i-cpiatorial  plain-,  and  tin-re  it  is  jntir 

\Vhi-n  /'•>  r  tin-  -olution  does  not  apply. ami  the  case  ii  >loalt 

\\ith   spi-eially. 

Th.   values  of  the  electric  forces  calculated  al»o\<-  \\ill  I.,    t-.un.i 
intr^i-ation   o\i-ra   >pln-rii-al  sin  tai-<-   with   its.  '>,  to  satisfy 

roinlition  that  tin-  integral  of  eli-etrn-  iinlneti \rr  tin-  -urface  ahould 

1"'  r.jllal    to   47T'/. 

")b'1.    \\'<    give    !  •  ;      t\vo  or  three  applie.it i-.n-  ix>8ulta  found 

aliov.-.     These  applirati.. us  are  al>..  du.    ;..  ||.  The  resulta  an* 

here   merely   stated    with   an   indication   of  how   th 

The  \\orkine  out   in  detail  is  left  to  tin-  read 

»     s 
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If  the  charge,  instead  of  being  a  point-charge,  is  distributed 
uniformly  along  a  line  of  finite  length,  lying  along  the  axis  of  z  and 
moving  in  that  direction  with  the  speed  of  light,  and  the  density  of  the 
charge  be  q  per  unit  of  length,  the  direction  of  a  is  everywhere  in 
circles  round  the  axis,  and  the  solution  takes  the  form 


<80> 


while  the  electric  force  is  radial  and  given  by  the  equations 


kQ  =  =2,     K  -  0     .     .....     (81) 

The  field  is  entirely  contained  between  the  two  infinite  planes  at  right 
angles  to  the  axis,  and  containing  the  extremities  of  the  line,  and  at 
every  point  of  that  space  is  given  by  these  equations. 

562.  If  a  perfectly  conducting  cylinder  be  placed  round  the  line 
coaxially  the  field  will  be  terminated  radially  by  the  cylinder,  which 
will  have  on  its  inner  surface  and  between  the  planes  just  specified 
a  quantity  of  electricity  uniformly  distributed  and  equal  and  opposite 
to  that  on  the  line.     As  the  line  of  electrification  moves  forward  the 
opposite  electrification  which  terminates  the  displacement  tubes  on  the 
cylinder  will  move  forward,  keeping  pace  with  it.     If  the  tube  and  wire 
are  parallel,  not  coaxial,  the  solution  gives  phenomena  of  just  the  same 
character.     The  distribution  of  forces  in  the  field  is  in  this  latter  case 
of  course  not  the  same  as  before. 

This  is  the  case  of  a  plane  wave  moving  along  a  wire  surrounded  by 
a  conducting  tube,  on  the  hypothesis  that  there  is  no  absorption  of 
energy  by  the  conductors  and  therefore  no  distortion  of  the  wave.  On 
the  hypothesis  stated  this  is  the  solution  of  the  problem  of  a 
rudimentary  telegraph  circuit. 

563.  Again  let  a  plane  infinite  in   both  directions   be  charged  to- 
uniform  density  q,  and  be  made  to  move  at  right  angles  to  itself  with 
any  speed.     The   solution  shows  that   the  magnetic  intensity  is  zero 
everywhere  whatever  the  speed,  provided  the  plane  be  infinite   both 
ways.     The  electric  intensity  is  %7rq,  the  electrostatic  intensity  which 
the  plane  would  produce  if  there  were  no  motion.     The  effects  of  the 
convection  current  are  in  fact  balanced  by  those  of  the  displacement 
current  which  exists  at  the  same  place  as  the  former  and  practically 
neutralises  it,  so  that  there  is  no  true  current  at  all. 

564.  Next  let  a  plane  infinite  in  both  directions  move  in  its  own- 
plane  with  steady  velocity  w.     The  magnetic  force  is  Zirqw,  at  every 
point  on  one  side  of  the  plane,  and  —  2jrqw  at  every  point  on  the  other 
side,  in  both  cases  being  parallel  to  the  plane  and  at  right  angles  to  the 
direction  of  motion.     There  is  here  no  displacement  current,  since  the 
displacement  at  no  point  changes.     Thus  the  electric  field  is  simply 
that  of  the  charged  plane. 


KI.K.  TI:MMA';NKTI<    THI, 

All  til.-.-  n-ults  rail  be  d.-diic,  ,|  tV..m  tin-  ftofal 

Integration  tor  a  valu.   of  ,/•<  }'  ulonjr  a  ribution 

es  the  total  effect  «lu.'  to  tin-  distribution   m.-  th, 

lin»-    nr    transversely    t..     it.    ..r    any    direction    coi,i].oun«l. 
Tli.-iii-.-  by  integrating  th.-  effect-  ,,t'  parallel  n  ,,l;i,,, 

distribution  result.-  tor  a  plan,  distribution  in  motion  an-  - 
Th.-  iv.-ult.-  enumerated  aho\,.  are  tin-  part i.-ular  .solution- 
circnmstancefl  >j>ecified. 

Further    researches    on    th,-   subject    are    contained    in    H 
and  hi-  K!'    '  -  j-ajM-r  1., 

-    rle,  Ph;!.  Tr        ELS   L87.A. 

further  d.-alt  with  in  Vol.  II. 

Radiation  in  a  Magnetic  Field.    The  Zeemann  Effect.    Theory 

~<^~->.    li     i-    imjiortant    to    notict-    that     .  |i  \;ives    are 

gc-iirratrd  l»y  flfctric  charges  iii  jM-ri.Mlic   moti.,n.     Consider,  for  -nn- 
plicity.  a  small   point-chai^.-.  or  an  i<>n  (an  ultiin;!' 

with  which  is  as-oriatcd  an  electric  char^.-)  nio\m^  \\ith  d.-tinit.-  p.  ri.nl 
in  a  rhvular  orbit.      A  periodic  change, of  its  electnc  and  ina-n.  tir  ti.-ld- 

t  up  which   is  propagated   with  -j.,-,-d    I   ^l.-p.     Tin-  motion  mi^'lit 
I..-  i,  -olv,-d  int..  tw..   rectilinear  components  of  which   th.-  «-.JM. 
motion  would  In- 

x  +  n-x  =  0,     //  +  n*-y  =  0       ...     (82) 

wh.-i,-.  if  th<-  tore.-  towards  tin-  centre  of  the  orbit  van 
meiit  from  that   point.  //  i-  a  constant    independent  of  the  radin-  of  the 
orbit.     To  the-,-  mi-hi    be  - 1 1 perai Id.-d   a   \ibration    in    the   direction  of 
\is  with  eipiation 

z  +  n*z  =  0 (83) 

From   the   first    two  components   will    emanate   waven  of  polai 
liLjlit,  that  set  up  by  the  ^-vibration  beini^  polari/.-d  in  a  plain-  through 
the  // axi-.  and   that  produced    by   the    -/-vibration    polari/-  d   in  H  p! 
through  the  ./•  axi-. 

This  circular  motion    may  b<-   in:  \t   that   of,  say,  a  p«r 

itive   ion-  symmetrically  placed   in   the    -.  //  plan.-   with  respect 
•ive  charges  situated    on     th.  ;p]K.s«Ml    (..    be    the  axisof 

rotation.      If  the  distance  of  'th--    r,\o|\m^    \»ii^  fr..m    th.-   axis  be  \ 
.-mail  in  comparison  with    their,  i  DtHD    tli«'  |x.-it  i\.-  chargvn,  ;<• 

the  electric  ivpul-ioii  bet  u.  en  them  and  any  other  f»rct»M call  benegUi 
in  comparison    \sith    the  force   toward-    the  ;i\|s   due    t,,    the    atti.i.  • 

•e.|      l.V    the      positive.  'I).'     latte|-fo|TC     Will     U*     of    thf    pr< -I 

amount  to  satisfy  equation-  ( t 

\..w  |,-t   a  ma-n.tic  tield    dn.-rted   parallel    to    th. 
impressed  on  th.  i  it  is  easy  to  see,  on  each 
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a  force  proportional  to  the  current  element  to  which  it  is  equivalent, 
that  is  to  the  charge  and  to  the  velocity.  These  forces  will  on  each 
moving  ion  be  in  the  direction  at  right  angles  at  once  fto  its  motion 
and  to  the  magnetic  field.  Thus  the  equations  of  motion  will 
become 

x  +  Ky  +  czx  =  0,     ij  —  K.X  +  czy  =  0  .     .     .     (84) 

which  are  precisely  analogous  to  the  equations  obtained  in  Art.  255 
above  for  the  small  motions  of  the  bob  of  a  gyrostatic  pendulum.  If 
H  be  the  intensity  of  the  field,  m  the  effective  mass,  and  e  the  charge 
of  the  ion,  it  is  seen  at  once  that  *  =  yueH/w. 

The  equations  of  motion  found  only  hold  strictly  when  the  velocity  of 
the  ions  is  small  compared  with  l/v&yu,  (see  Convection  Currents,Vo\.  II). 

If  we  suppose  that  the  motions  are  harmonic  in  period  2ir/ra  and 
suppose  the  displacement  to  be  proportional  in  each  case  to  eint  we  have 
the  conditions 


(c2  -  n?)x  +  ii&vy  —  0,     (c2  -  nz)y  -  iunx  =  0 
which  give  at  once  the  relation 

c2  -  nz  ±  Kn  =  0      ......     (85) 

Thus  we  obtain  two  values  of  n,  and  there  are  two  modes  of  vibration, 
the  period  of  which,  if  K  be  small,  are  given  by  n  =  c  ±  %tc. 

The  component  of  vibration  in  the  direction  of  the  magnetic  field  is 
not  affected  by  the  field,  but  remains  of  its  original  period. 

567.  The  two  linear  vibrations  of  period  given  by  c  +  |/e  are  equiva- 
lent to  motion  in  a  circle  in  one  direction,  the  others  of  period  C  —  \K 
to  motion  in  a  circle  in  the  opposite  direction.  Thus  the  radiation 
consists  of  a  beam  made  up  of  two  rays,  from  each  of  a  complex  of  such 
rotating  molecules,  which,  if  received  in  a  direction  at  right  angles  to 
the  magnetic  field,  will  be  seen  to  be  plane  polarized  in  planes  parallel 
to  the  field,  and  a  third  ray,  the  unmodified  component  of  vibration  in 
the  direction  of  the  field,  which  is  plane  polarized  at  right  angles  to 
the  field.  The  period  of  this  is  midway  between  those  of  the  modified 
components. 

Thus,  instead  of  the  single  line  seen  in  the  spectrum  when  the 
magnetic  field  is  zero,  a  triplet  of  lines  is  obtained  when  a  powerful 
field  is  applied.  The  polarization  is  tested  in  the  usual  way  by  means 
of  a  Nicol's  prism. 

If  the  beam  is  received  in  the  direction  of  the  axis  the  ray  of  mean 
period  is  not  perceived  since  the  vibration  is  end  on,  and,  as  explained 
above,  there  is  no  transverse  component  of  vibration  along  the  axis. 
The  beam,  however,  will  be  analysed  into  the  two  circularly  polarized 
rays  specified  above.  The  direction  of  polarization  will  indicate,  as 
Zeemann  has  pointed  out,  whether  the  motion  is  that  of  a  positive  or 
negative  charge. 
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Experimental  Verification 

3.  The  resall   thus  theoretically  obtained  wan  discovered  1>\  I' 

/•••maim   at    Leyden  '    ii  ml  \\u<-  tir-t  t  In  ..n-ticallv  e\p|.( 

Lorentz.    To  obtain  the  effect  a  aodiom  flame  wat  placed  beta 

poles  of  a  large  electromagnet,  and  tin-  light  emitted  was  exam 

mean-  .if  a  diffraction  grating 

Many  obs(-r\' -is   ha\e   -ince   re)M-ated   and    continued    the   re>ul' 

iiann.  and  recently  Mr.  Thoma-  Preston  of  Dublin  has  succeeds!   in 
obtaining  .-xcrllrnt    plmtngraphs  .,f  d.mlil.-t^   and  tripl.-t-  ..f  lines  pro- 
dur.'d   liy    tlii-   action   of  an   intni^,-  magnetic  field.1     In  S4iin«-  «-av.->,  m 
tin-  spectrum  «>t   iron  for  example,  th<-  lin«-  appeared  t«.   1>.    'jnadrup'- 
l)iit    thi>    r.-ult    Mr.    I'l-.-t.-n  -.n    t«>   attrilnit. 

the  central  lin.-  of  the  triplet. 

The  doubling  of  the  middle  line  of  a   triplet    ha-    b.-,-n  ol.-,-r\.-«l  for 
-odium,  magnesium   and    cadmium    by    M.  Cornu,3  but    h«-  dis- 

tinctly of  ..pinion  that  the  doubling   i-  real,  and   n«>t   due  to  reversal. 
The  two  middle  lines  obs.-nrd  \\ere  toiind  to  be  both  jMilai  ight 

N-s  to  the  magnetic  field.     Tin-  production  of  a  quadruplet   of  lines 
is  not  indicated  by  the  dynamical  theory  gi\eii  ab<. 

">ti!i.    Dr.  Larmor4  has  recently  di-.-u— .  d  vanoosintefBlting  '|Ui->tioBB. 
concerning  the   /, -, -mann  effect,  among  them    the    phenomena   t.. 
expected  if  the  moving  point-charges  are  electrons,  c-  of  ulti- 

mate indivisible  electric  charges,  without  inert  i  that  depend: 

on  their  chaiu-  >.      HI-   has   pointed   out  that  Otervab 

I  »et  \ve.-n    the    double    lines   and    bet\\e,-n  the    outside    line-  ..f    trip 
-lioiild  be  the  same  for  all  line-,  and  the  same  also  for  different  .-p. •• 
This   j-   a    le-ult    that    will   no  doubt   soon   be  eoiitirm«-d  or  di-jiroved 
by  expei-iment. 

The  order  of  magnitude   of  e  m    I.  rmined  by/ 

and  found  to  be  such  that  ///  i- about  1/1000 of  the  mass  ..t  the  molecule 
of  the  radiating  matter. 

»  fh  \\  ir.-li  ami  July.  1897.  •  /''  •  J«n-  «7.  18M. 

Kl'c(ri<iuft  Jan.  29,  1898.  :/.,  D 


CHAPTER  XII 

THE   VOLTAIC   CELL 

Volta's  Experiments  on  Contact  Electricity 

570.  We  have  seen  that  a  current  of  electricity  is  generated  in 
a  circuit  by  variation  of  the  number  of  lines  of  magnetic  induction 
passing  through  it,  whether  this  variation  is  produced  by  the  motion 
•of  the  circuit  in  a  magnetic  field  or  by  creating  or  annulling  tubes 
of  magnetic  induction. 

But  it  was  discovered  by  Volta  about  the  year  1793  that  if  a  chain 
of  different  metals  is  formed  the  metals  are  electrified,  apparently  at 
least,  to  different  potentials.  For  example,  when  zinc  was  put  into 
contact  with  copper,  the  zinc  apparently  became  electrified  positively, 
the  copper  negatively ;  further,  he  obtained  results  of  experiments 
.showing  that  the  difference  of  electric  potential  between  the  terminal 
metals  of  a  series  was  equal  to  the  difference  which  existed  between 
these  metals  when  put  into  direct  contact,  and  therefore  that  when  the 
terminal  metals  were  the  same  they  were  at  the  same  potential.  The 
following  table  (given  by  Volta)  indicates  a  series  of  metals  arranged  in 
such  order  that,  if  each  were  put  into  contact  with  the  one  next  below 
it  in  the  list,  they  would  be  respectively  positively  and  negatively 
charged. 

Zinc.  Iron. 

Lead.  Copper. 

Tin.  Silver. 

571.  It  is  unnecessary  to  go  into  details  regarding  Volta's  method  of 
experimenting.  The  following  is  a  sketch  of  his  procedure.  A  disk  of 
one  metal  was  soldered  on  another  so  as  to  form  a  double  plate,  for 
example,  a  plate  of  silver  was  soldered  on  one  of  zinc.  Holding  the 
<iouble  plate  by  the  zinc,  he  touched  the  lower  plate  of  his  condensing 
•electroscope  with  the  silver,  and,  while  this  contact  continued,  touched 
the  upper  plate  of  the  electroscope  with  his  fingers.  Breaking  the 
second  contact  first  he  then  removed  the  double  plate,  and  lifted  the 
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Upper   plate  of    the  electroscope.       'I  r$Ol\,  Olid  WflV    fullinl 

_;ati\ely  charged. 
Volta  thru  i  nn.  nt,  holding  the  double  plai 

silver.  and  l.rin^in^  tin-  /in,-  int..  ind;  ,,1^ 

of  tin-  ele.-t!  \  pressing  between  then, 

paper.     It  was  round  that  tli.-  >traws  of  i! 
p<.-itive  electricity. 

Interpretation  of  Volta's  Results 

"•7-J.      V.  ilia's  \ie\\s  a<  !.•   tin-   in.  •aniu^  of  hi-   iv-ult- 
eomenieiitly  expressed,  in  the    lan^ua^e  of  ni.Hl.-rn   -den.-,-.  l.\  nj 


that  In-  regarded  the  differences  of  potential  pr.Hluc.-d  between  djamnilar 

'/s    in    contact    a-    tin-    can-.'    ..f  th.-    How    ,,t"  el 
«-in-uit  ,  consisting  of  a  series  of  m.-taN  with  a  li<|iiid  «>r  liijui'ls  in- 
l).-iw.-.-n  its  t.-rniinals  to  c..inj.l,-t.-  th«-  .-hain  of  contact-.      On   th.-   .,th.-r 
liainl  th«-  current  which  in  -uch  cases  How.-d  was  held   l.\    I 
al't.-r  him  1>\  oth.-r  ezperimenteiR,  to  !».-  due  to  the  chemical  action  \vh 
it  was  -o,,ii   jieiveivrd,  t  o.  ik  ]>lace   in  the  circuit,  and  chief!  . 
itself  at  the  place-  of  contact  of  the  metaU  with  the  li.jui.k 

Volta's  view-,  on  the  other  hand,  w.-iv  -tr..n^'ly  def.-n.|,-.|  l.\ 
the   nio-t    eminent    phy-ici-ts  who   followed    him.  and  a  modified  \.> 
theory,  which  ascribes  the  production  of  the  current   to  the  •]• 
..f  potential  produced  by  contact,  and  accounts  f.,r  th- 

in  the  circuit  l>v  the  chemical   chan^e-s  in   the   circuit,  which    h 
for   the    ^ivater  j»art    lieeii    quantitatively   -tudi.-d    with    < 
•iracv  in  different  a  now  h.-ld   l»y  -.-\.-ral   eniinetr 

With  r."4aril  howe\er  to  the  m-1,,,,1  amount-  of  these  contact  differences, 
and  especially  as  to  whether  the  contacts  of  metals  with  on.-  .moth. 
of  metals  with  liquids.  ar«-  more  intimately  concerned  in  the  phenomena, 

ill  matt.-r  of  considerable  d.-l.at.-. 

\\  •    L(ive   here  a  lirief  account    of  -ome   of  the   chief  in\«-' 
ami  a  short  statement  of  t  h.-  pr.-.-nt  p..-ition  ,,f  the 


Objections  to  Volta's  Method.     His  further  Experiments 

:.7:>.    It   \\a-  ohj.-cted  l>y  the  chemical  theorists  to  V.,  It. 

lliellt   that    the   effect   prod  II.  '.-d   uas  due  to  tl  A|||| 

the   metal,  and   to  the  -,-cond   that    theinoi-t    cloth   «.r   |M|H  i    only   wait 
,-th'cai-iou-.       II'       "  -cordin^ly    repeated    the    •  in   the 

following  maim,  i        A  !  ir...f  \\luch  th.    inn.  i    CXMU 

,-onipo-ed  ,,f  copper  and  the  outer  of  tin,  had  its  n,  , 

dir.-ctlv  to  the    upp-'i-  plat.-    of  th--  condensing  .  |«-ctn«COp 


i  luitli.-i  information  th.-  r<-n.!.-r  ulioul.l  r«-frr  t«.  a  K.-p..rt,  On  tk*  8t*t  ftkt 

l.v  Profiler  O: 
1884,  p.  464.     Tlii-  l!«-i««it  In-  =<  li  »ai»Unw  in   the  jirrj«rmti«n  ••(  tb« 

'  -hajit.-r. 
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coating  was  joined  to  the  lower  plate  through  the  zinc-silver  double 
plate.  The  plates  of  the  electroscope  being  both  composed  of  copper, 
the  upper  plate  and  the  interior  coating  of  the  Leyden  jar  had 
equal  and  opposite  charges,  being  of  course  uncharged  before  being  thus 
joined  up,  but  were  at  the  same  potential,  Y,  say.  On  the  other  hand  the' 
difference  of  potential  between  the  lower  plate  and  the  exterior  coating 
depended  on  the  contacts  of  the  different  conductors  in  that  part  of  the 
arrangement.  Thus  denoting  the  difference  of  potential  between  copper 
and  silver  by  Cu/Ag,  between  copper  and  zinc  by  Cu/Zn,  and  between 
zinc  and  tin  by  Zn/Sn,  we  get  for  the  difference  between  the  lower  plate  of 
the  condenser  and  the  exterior  coating  of  the  jar  the  value 

Cu/Ag  +  Ag/Zn  +  ZnJSn  =  Cu/Sn  =  F,  -  1\  .     .     (1) 

if  Yj,  V0  denote  the  potentials  of  these  plates  respectively.  Hence  if 
Cj  be  the  capacity  of  the  electroscope-condenser  and  C.2  that  of  the  jar, 
Q  the  charge  of  electricity  on  the  upper  plate  of  the  condenser,  and 
therefore  —  Q  that  of  the  inner  coating  of  the  jar,  we  get  approximately 

Cl(V-  Fi)  =  &     C*(V9_-  V)  =  Q  .     .     .     .     (2) 
These  equations  give 

Ou/Sn  =  V,  -  Fx  = 


or 

Q^-^—  Cu/Sn  .......     (3) 


Thus  if  C.,  is  great  in  comparison  with  C1;  that  is  if  the  Leyden  jar 
employed  is  very  large,  Q  is  simply  the  charge  due  to  the  difference  of 
potential  Cu/Sn,  that  is  the  difference  is  simply  Cu/Sn.  On  the  other 
hand  if  the  condenser  does  not  exist  in  any  form  C.2  is  zero,  and  Q  is 
also  zero. 

Thus  Yolta's  second  and  improved  form  of  the  experiment  told 
nothing  about  Zn/Cu,  but  indicated  a  difference  between  copper  and 
tin  in  contact. 


Kesult  for  Chain  containing  Liquid 

574.  It  was  found  by  Yolta  himself  that  the  law  that  the  difference 
of  potential  between  the  terminals  of  a  chain  of  metals  is  the  same  as 
it  would  be  if  the  terminals  were  in  direct  contact,  does  not  hold  if 
there  are  liquids  interposed  between  the  metals  of  the  chain.  Thus  if 
the  chain  consist  of  copper,  zinc,  water,  copper,  the  two  terminal  coppers 
are  not  at  the  same  potential.  This  can  be  proved  easily  enough  by 
experiments  with  an  electroscope.  It  is  only  necessary  to  connect  one 
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terminal   to    the   lower   plate  ..t'   the   condenser,  and  thruugh 
it  with  tin-  gold  leaves  of  the  instrument,  and  the  ..th.  T  ,-.,J,|N  f 
upper  plat.-.     When  th«-  upper  \<  ,\  leaves  diverge 

with  positive  electricity  if  the  lower  plat.-  is  connected  with  the  copper 
which  is  in  contact  with  the  water,  and  with  negat 
lower  plate  is  connected  with  the  other  terminal. 

A  quadrant  electrometer  may  be  used  instea  electroscope, 

and  the  difference  of  potential  between  the  terminals  directly  nu-usu: 
In  the  case  supposed  a  difference  of  potential  <>f  aln. ut    7  n«l. 

According  to  the  ordinary  contact  the..r\  this  i>  held  to  IH-  due  to  the 
contact  difference  of  potential  between  copper  and  ano,whik  tin- : 
of  the  water  is  taken  to  be  that  of  simply  bringing  the  copper  and 
plates  immersed  in  it  to  the  same  potential. 

This  view  is  confirmed  by  the  apparent  ditV.-r.-nre>  ,,f  potential  found 
by    experiment    and   quantitatively    measured   by  a  great  m, 
experimenters.     We  give  here  a  short  account  of  s  -h.    m.-th.Hl-. 

used  in  these  researches, and  shall  then  n>nMder  the  int.  11  of  the 

ilts. 


Experiments  of  Kohlrausch 

575.  A  number  of  valuable  measurements  were  made  l»y  Kohlrauach,1 
who  an-anged  parallel  plates  of  the  metals  to  be  experimented  on,  so 
t  hat  they  formed  a  condenser.  The  method  consisted  in  bringing  tin- 
plates  close  together.and  connecting  them  tor  a  m.nuent  by  a  wire,  t 
separating  them,  and  bringing  one  in  contact  with  the  indicator  of  a 
Dell  man  electrometer,  the  other  with  the  earth.  The  defleotMO  -f  the 
•  •I.  ctn.met,  r  was  noted.  The  experiment  was  repeated  with  a  DunieH's 
eell  interposed  between  the  plates  in  the  connect  m  ;ien  with  the 

<-ell    reversed. 

The  theorv  of  the  experiment  is  as  follows.      P.y  the  Mr-  th«- 

two  plates  are  brought  to  different  pot.-ntial.-.  and   an-  OORMfWXlmgly 

charged.      Th.-y  are  then  -e|»arated  to  a   coiisi.l.ral.le   di-tance.  and 

diminished  capacity  of  each  plat.-  enables  its  potential  to  increase  so  t 
the    Dellman  electrometer  can   show  a   measurable  tl- 
liow.v.-i  the  Darnell's  cell  is  interposed,  thi-ditV.  r.-nce  of  jH.tential  M-I  up 
by  the  contact  is  increased  by  the  di;  .hi<  h  .\i>ts  between 

ninals  of  the  cell,  and  a  comparison  ofth.-  readings  eiiald.  ••.  the  former 
dirt'er.-nce  to  1..-  determim-d  in  terms  of  the  lai  • 

Thus  calling  M/JIT  the  ditV-  i  ntial  l>etwe,  n  the  ineUb 

wh.n  in  direct  contact,  D  that  bftwe.-n  the  term  main  of  a  1 
when  th.-y  are  form,  d  oi  th<   MOK    BK  'aLaml  putting  a,/3,  7  for  the  tl; 
<  I.  flections,  we  easily  find 

AflM'  -  ka,     M/U'  +  D  -  */3,     *ll*t'  -  D  -  Ay 


>  Poyg.  Ann,  Vol.  82  (1851). 
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account  being  taken  of  the  signs  of  a,  0,  y.     These  give 

D  or  MM'  =  -^—  D 


p  -  a  a  -  y 

so  that  there  is  a  controlling  equation  for  each  measurement. 

The  Daniell's  cell  afforded  a  standard  of  comparison  for  the  experi- 
ments in  different  pairs  of  metals,  which  could  hardly  be  carried  out 
always  with  the  same  initial  distance  between  the  plates. 

The  results  obtained  indicated  the  ratios 

ZnjPt  _  4-49      ZnlCu  _  3-99 
~1T~  =  T^S'     ~D~  ~  7^07 
and  therefore 

Zn/Pt  _  106-4 

Zn/Gu  =    100  ' 

These  it  vwill  be  seen  are  considerably  lower  values  than  wore 
obtained  later  for  the  contact  differences  of  potential  of  the  same  metals. 

Hankel'  s  Experiments 

576.  The  next  experiments  of  note  are  those  of  Hankel1  on  the  contact 
differences  of  potential  between  metals,  and  between  metals  and  liquids. 
The  apparatus  is  shown  in  Fig.  153.  L  is  the  liquid  contained  in  a 


FIG.  153. 

funnel  connected  by  a  tube  with  the  vessel  B,  in  which  dips  a  strip  of  a 
metal  M.  A  copper  plate  C  rests  a  little  way  above  and  parallel  to  the 
liquid  surface,  and  can  be  put  into  contact  with  M  by  a  platinum  \rirep, 
and  with  an  electrometer  by  another  platinum  wire  p'.  A  third  wire  p" 
kept  up  a  permanent  connection  between  M  and  the  earth.  The  method 
of  experimenting  was  as  follows  : — 

(1)  The  funnel  being  full  of  liquid,]the  plates  C  and  M  were  brought  into 
contact  by  the  wire  p.  The  contact  was  then  broken,  and  the  plate  C 
raised  so  as  to  come  into  contact  with  p'.  This  gave  a  deflection  a,  pro- 

1  Fogg.  Ann.  115,  126,  131. 
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portional  t,.  the  eontact  ditt  .iin  of  substance*.    T 

/>•  liein^  a   eonstant 

C*/Pt  +  PtjM  +  MIL  -  ka 

OK 

Ctt  J/  +   J/A  =*a 

l>y  Volt  a 's  la\v. 

(2)  The  funnel  is  emptied,  and  a  plat.-  of  the  m,  tal  .!/ laid  on  its 
mouth.  This  plate  is  brought  into  contact  \\ith  ''and  with  th.-  earth 
by  platinum  wires.  Then  the  contact  l».-tw,  .t.-of.l/ 

is  l.roken.  and  C  lifted  and  bmu^ht  into  contact  \\ith  /•'  as  In-torv.  ^-. 
a  deHection  y9.     This  gives 

)/  =  kp. 

'I'he  plate  of  copper  C  is  replaced  1,\  a  plat,   ,,(  /mi-  ;II,,|  th. 
rimeiit  repeated.      This 


/„<  M       ky 

\vhci-f  y  is  the  (Ifrifctimi. 

Prom  the»    <'.juati<ms  cliniinating  /.-  \\r  ..litaiu 


M  L  =  lC 
ft-  If 

AI->  th.-y  gfive  the  ivlati.ni> 

CufM      0 


Zn  M  =  -^—  Cv  J 


, 

p-y  P  -  y 

Hank,]'-   r,  -tilts  showed    v»-r\  ditVeivnt  \altie>  lor  t  he  , 
eiice   hetweeii    a    metal    ami    \\ater    nrci  >nliu^    as    tin-    test   Wn- 
iniiiiediately    UJHUI    iinincrsion    or   >onie    niiin  '\\aid-.      S,-\, 

n  iet  a  Is.  .Mich  a>  eojipej-,  ]  dat  i  n  mi  i  .  >:l\er.  k'«.l<|.  iron,  and  tin.  \\hich  sho\ 

•lential  relativels   to  \>.  -aiin-ju-t  a*,  st  r,m^|\   ne^ativ. 

after    iniiiiei>ion     fi.r    from     |<  '    minutes.       He    al>«.    t-.in 

the     contact     ditfeiviic,->    of    metaU     \aried     \\itli    the 
suil  to     polish,     and     dejieiided     also    t<>  •      II|MHI 

\\hether    the    siirfac.-s    had.   after    ha\m-    1»  .  n     jM,li-h,  d.    !•  >so«l 

to  the  air. 

Experiments  oonfirmatorj  "t  HankiTs  results  \\  a  httl« 

l.y  (Jerlainl  in  |si;s  and  Isiill  (Pogg.  . 

Lord  Kelvin's  Experiments 

">77.   The  ne\t  in\,  ~i  i^atioii   ofimjM.i1,  l\    iviti 

made   a)>out    1862.      A  d    metal    arm    \\  .M  SOflpendcd  1  ill\. 

li\  a  toi-sjon  thread.  over  the  I  i  ...inition  between  •  'ilar 

.   one    of  COpper,   th-   Othei   -t    /inc.     The    arm    In-inij    |H. 
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•charged,  was  deflected  towards  the  copper  when  the  metals  were  put 
in  contact,  showing  that  the  zinc  was  positively  electrified.  When, 
however,  a  drop  of  water  was  made  to  bridge  across  the  gap  between 
the  semicircles  they  were  found  to  be  at  the  same  potential.  This  seemed 
to  prove  conclusively  that  the  water  had  merely  the  effect  of  equalising 
the  potentials  of  the  two  metals,  and  led  Lord  Kelvin  to  conclude  "  that 
two  metals  dipped  into  one  electrolytic  liquid  will  (when  polarization  is 
done  away  with)  be  at  the  same  potential." 

By  his  invention  also  of  the  quadrant  electrometer,  Lord  Kelvin  put 
into  the  hands  of  experimentalists  an  instrument  immensely  superior 
to  any  that  had  ever  before  been  at  their  disposal,  and  thus  greatly 
facilitated  further  investigation.  This  instrument  he  has  himself 
applied  to  the  measurement  of  contact  differences,  by  the  method  of 
balancing  the  contact  difference  by  a  known  fraction  of  the  electro- 
motive force  of  a  Daniell's  cell,  from  two  points  in  a  resistance  connecting 
the  terminals  of  the  cell. 

Lord  Kelvin's  Copper  and  Zinc  Electric  Machine 

578.  On  the  principle  of  his  water-dropping  electric  machine,  Lord 
Kelvin  at  this  time  constructed  a  machine  which  acted  by  aid  of  the 
•difference  of  potential  existing  between  copper  and  zinc  in  contact. 
Fig.  154  shows  the  arrangement.  A  copper  funnel  surrounded  by  a 
zinc  cylinder  contains  a  quantity  of  copper  filings,  which  are  allowed  to 
trickle  out  through  the  mouth,  and  are  received  by  a 
copper  vessel  below.  This  vessel  rapidly  acquires  a  nega- 
tive charge. 

Consider  a  particle  of  copper  just  leaving  the  funnel, 
and  therefore  breaking  away  from  the  mass  of  filings  above 
it.  It  is  in  the  middle  of  a  space  surrounded  by  the  zinc 
cylinder,  which  is  positively  electrified  relative  to  the 
copper,  and  hence,  since  the  particle  has  the  potential  of 
copper,  it  must  be  negatively  electrified.  It  falls,  carry- 
ing its  negative  charge  with  it,  and  being  received  in  the 
interior  of  the  vessel  below  gives  up  to  the  latter  all  its 
charge.  Thus  the  negative  potential  of  the  receiver  con- 
tinually increases.  By  connecting  the  receiver  and  funnel 
..;::.-.;a':::V:..  by  a  copper  wire,  a  current  of  negative  electricity  may 
be  made  to  flow  round  the  circuit,  from  the  receiver  to 
FIG.  154.  the  funnel  through  the  wire,  and  by  convection  along 

the  stream  of  filings. 

With  regard  to  the  source  of  the  energy  in  this  arrangement  it  is 
sufficient  to  notice  that  the  particles  fall  against  electric  repulsion. 
Work  is  therefore  done  against  electric  forces  by  gravity,  and  the  particles 
reach  the  receiver  with  smaller  velocities  than  they  would  otherwise 
have,  and  the  difference  of  energies  is  stored  up  in  the  electric  distri- 
bution on  the  receiver. 
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Lord  Kelvin's  Induction  Electric  Machine,  Founded  on  Contact 
Electrical  Action 

( )n  ih>'  >aine  i>nnrij>lr  L..nl  Kelvin  r..n-,tni  vl  action 

rric  machine  which  is  sh..\vn  in  Fi^.  1  " 

lir;i>s  induct, ,j-x  T  of  the  >h;i)H-  >hown,  ..in-  ..t    \\hirh    is   lined    with 
metal,  the  other  with  the  other  metal     A    non-c.-ndiicnii-  uh,.-l  with 
carrier  studs  which  are  touched  1>\  -(nm.;-  .1  .1  '.it  ,,|,].c,Mt.-  .  nd>  of  a 

diameter    is    rotated    within    tin-    induct,, r>.  and    the    sjirin-.,'-    I... 
Oppositely  charged      Tin-  di-k   i*  kept  turning  and  tli. 

•<-<\  t«-  tlv  terminals  <>t'  a  •(iiadrant    i-l.  •   which  nn-aMin-s  th-- 


A* 

Fi.;.  i:.:,. 


<litfrri'iicc  i't'  jxitmtial  pnxlut-fil.     'I'll--  ali^ilm.-  \alu--  ••!'  this  is  <>l>taiin-d 

by  •disconiiectillg   tin-   indnrt.)i-->   tn.m   Kin-   an.ithiT   and   ivin<>\  inij   ti 

linings  so  as  to   make   them    of  tin-   same   nirtal.  and  thru 

thnii  with  th<-  terminals  of  8  Danirll's  rrll  ami  a^ain  rotating  thi-nir 

whr.-l.  \vhilr  the  dirt'rrmcr  ..t'  jiotrntial  of  the  SpTUlgB  if  tested  l>y  in.  -ana 

of  thr  electrometer.     Thus  tin-  contact    ditV.  :  IK-   .Hid 

c.)j)j»rr  or  lirtwrrn  any   pair  of  metab  OOflld  !>••  r\alnat. 

keeping  the  inetiils  in  contact  and   applying  thr   rnjuiNitr  fracti. 

thr    rlrctrolliotivr    fol'cr    <.f   a     Dailifll's    rrll    thr     lnrth-nl    r.nild    l»r   lil 

a   nidi    our. 


Experiments  of  Ayrton  and  Perry.    Clifton's  Experiment* 
•    A  MTV  large  series  of  determioatuuM  B         ••*  of 

as   carrird   out    l.\    Ayrton  and  I'.-rn   in   I^Tt.1      A 


|)«itrntial    was 

of    their  a|)|iaratus    i-    >ln.wn    in    Fi<4     I"  |»latt..ini    A  l>   were 

placed  in  contact  the  Hllbstan  >    inrtal    and 

a  liijnid  as  -Imun  at   /'  and  /..      This  plat  form  o.iild  he  t  m  t  I    .1 

j»i\ot  IT  through  180*  OD    wheels    nuinin.i,'   on   a    rail\\.i  l'w.»   well 

iiiMilated    ujld,  (|  j,|:,i,  B  '•',  1  >••  •  ra  attach,  d  to  an  uji|H-r  bar,  which  c<ml«l 
!>••  mi-.'d  ..rluwered  by  n  parallel  ruler  arran^i-meiit  atuichcd  to  \\\< 
<  >t  the  case. 

In  an  r\j,,-i-iniriit  these  plates  wei  <l  <•!•..  N«-  to  the  substances 

to  be  tested,  and   were   put  in  contact  for  .1   m-.m.  nt    l.\ 
Taised    and  cnnnrrted   to  a   .jiiadi  I 

n.  ,w  •  tnriird    through    I  ^"  •••HbroUgli' 

1  Pne.  R.  S.  1878,  and  Phil.  Tra 
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connected  for  a  moment,  raised  and  connected  to  the  electrometer  once 
more.  The  deflections  were  in  opposite  directions  on  the  scale,  and 
the  double  deflection  could  be  taken  as  proportional  to  the  difference  of 
potential  between  the  plates  P,  L. 

To  evaluate  this  difference  of  potential  the  plates  P,  L  were  replaced 
by  brass  plates,  which  were  brought  to  various  differences  of  potential 
by  applying  to  them  certain  fractions  of  the  electromotive  force  of  a 
Daniell's  cell  produced  by  placing  the  terminals  so  as  to  include 
different  parts  of  the  total  resistance  in  the  circuit.  Thus  the  deflections 
on  the  electrometer  scale  were  evaluated,  and  the  contact  differences 


FIG.  156. 

measured  in  volts'.  A  table  of  results  abridged  from  Everett's  Units  and 
Physical  Constants,  for  which  the  table  was  specially  prepared  by  the 
experimenters,  is  given  at  p.  457.  as  an  appendix. 

The  results  of  these  experiments  were  not  published  until  1878, 
owing  to  some  delay  in  the  communication  of  the  paper  to  the  Royal 
Society,  and  in  the  meantime  a  series  of  careful  experiments  had  been 
made  by  Professor  Clifton  of  Oxford,  who  measured  with  great  care 
the  contact  differences  of  potential  for  substances  ordinarily  used  in 
batteries. 

Comparison  of  Results 

580.  Both  Clifton  and  Ayrton  and  Perry  found  that  the  electro- 
motive forces  of  different  cells  could  be  obtained  by  simply  summing 
all  the  differences  of  potential  at  the  surfaces  of  contact  of  dissimilar 
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substances  m  ,!„•  circuit     Thus  ih.- table  -.\,.,  U-l-.u  (.- \tmctod  alt-, 

"•""'     '  -    til."    el,,.tr,,m,,tl 

ae  observed  l..r  two  ..ft  he  m..iv  uell-km.un  ,-,-lU  \,/..  ,!„,„. 
and  ( ir"\ e. 

DANIELLE  <  Kl.l.. 

I>|U<-|.  I. 

.tul 

l/opper  and  saturated  copper  aulpbate +  •»  , 

rated  copper  Bujphate  and  aafcorated  /im-  -uij.lmte     —  -095 
titrated  sine  sulphate  and  rina +    ; 

;ind  cuppfi-        .  0'750 


Total     .          .      +1-155 
Observed  difference +    l  •  1 1 1 

GROVE'S  CELL. 

Si  I.MAM  i-  IN  ••..M-AC.T.  I'oUotial 

lu). 

Copper  and  platinmn 

JMatinuiii  ami  -l rong  nitric  acid +  ()•' 

:i.ir  nitric  acid  and  very  weak  .-uljilmrir  acid      .  +  ()•< 

VIT\  \\.-ak  sulphuric  acid  and  sine -r  i'JU 

and  copper +  0-750 

1-979 


KltM  in. motive  force  observed  on  (>IM-M  riivuit  .     .     .          1  I1 


The    a^iv.-inciit     ,,f     ih,.     niilnlMT-     l-     \,-r\     -ati>fart«.r\  .    ami 

ihc>ani<.  kiml  >t  ivn^t  h.-n   tin-  r.,nrlii>i..ii  that    tin- 

nioti\,.    t'urci-   ,.t    any    cell    ca.il  be    built   up    in    thi>    \\ay.      It    i-   t..   \» 
-l.--r\«-il.  lm\\.-\.T.  that  tlii>  ^i\'->  "lily  tin-  i-lr.-t r.unut i\  ,\itli  tin- 

plates  in  the  cuiidit  i.«n  in  \\lii, -h  tiny  \\,  n  \vh.n  iApi-nim-ntr*!  .,n.  ami 
with  iin  current  Howin^  through  tin-  l»att,-r\.  \Vh,-n  a  i-urn-nt  is  mode 
to  flow  the  electromotive  t<>iv«-  in  many  oajea,  ami  to  a  Muni. 

•  •\i-ii    in    tin-    -«i-callfi|    con.xtant    i-rlU,  falls   <>ft   in    aniniiiK  nwin^'  t«i  the 

<le|Mi>iti,.n  "ii  tin-  plate*  ,,f  the  gas( -mis  pnxiurts  nf  the  deoompoeitioo 

•  •t'  the  liijiiids. 

Fellat'i  ExperimenU 

582.    In    an    elalioiale    .s,-t     ,.|     ,  \p, ninent s    made     1,\     1',-llat.1    ami 

Clilished    iii    ISM,  a    plan  of  c.iiiijM-nsatioii.  als,,  p|-K\i,.i|s|y  «lc\i«Mil    l.\ 
nl   Kelvin  ami  US,M|  n,  -,-nie  iiii|iiil)li>ln-<l  n-s.-an-li,^.  \\as  emplny 

l\elt     the    C..mle|is,.|-    I,,,   th-"!     lilt.,    a     mill     Ilieth.-l       I..JIMI. 

only  a  \.  i\  s,.||sjtive  electioinetar arranged  to  -h«p\\  a  ili-Mi-ctmn  i,,r  tin- 

i  Jour*,  tie  Phyt.  xvl.  (1888). 
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smallest  possible  difference  of  potential.  This  plan  consisted  in 
applying  to  the  plates  an  r<|iial  and  opposite  difference  of  potential  to 
that  produced  by  contact,  and  so  annulling  their  electrification.  This 
was  obtained  by  using  the  arrangement  shown  in  Fig.  157.  A  couple; 
of  Daniell's  cells  B  are  joined  up  in  series  with  a  rheostat  R,  ana  a 
resistance  slide  S,  S'.  The  sliding  piece,  ^,  is  connected  with  tin-  earth 


Earth 


FIG.  157. 

and  with  a  wire  by  which  contact  can  be  made  with  one  of  the  plates 
at  M.  The  same  plate  (P)  is  connected  with  the  indicator  /  of  the 
electrometer,  and  the  extremity  S  of  the  slide  to  the  other  plate  P'.  !>' 
is  a  battery  employed  to  charge  the  plates  of  the  Bohnenberger 
electrometer  which  Pellat  used. 

The  method  of  experimenting  consisted  in  raising  the  plate  P  (the 
contact  between  P  and  M  having  been  previously  broken),  and 
observing  the  deflection  produced  by  the  rise  of  the  potential  of  P.  If 
no  deflection  took  place  then  P  was  unelectrified,  and  the  compensation 
had  been  complete. 

The  following  are  a  few  of  Pellat 's  results — 


Metal  in  Contact  with  Standard 
Gold. 


Clean,  almost  unscratched 
surface. 


Surface  strongly  scratched 
with  emerv. 


Zinc     

•85 

1-08 

Lead     

•70 

'77 

Tin  

•60 

•73 

Nickel       

•38 

•45 

Bismuth    

•36 

•48 

Iron      

•29 

•38 

Brass    
Copper 

•29 

•14 

•37 

•22 

Platinum  

—  •03 

+  '06 

Gold     
Silver  

-•04 
-•06 

+  •07 
+  '04 
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Experiments  on  Metals  Immersed  in  Different  Oases 

I1-  Hat   ha-  a!-...   endeavoured    to   im-a-un-  con! 

metals  imm.-r-ed  in  different  ^a-e-,and-o-  niiM-nt-  £••  \  h«  \ 

corroborate  a  conclusion  pn-\  i.  .ii-l\   arrived  at  liv    I'fatV  that    the 
electric    difference    i-    practically    unaffected    l.y  the    -a-    l.v    uln.-li    the 
im-tals    an-    Surrounded,  80    l«>n^  a.-    in.    \  i-il>le   c|i.-iui«-al    action,  -u«-|: 
tarni-hiii;,r  of  tin-  surface-  liy  oxidation,  tak«->  ].! 

M.-allv    tin-  >ain«-  conclusion  ha-  li.-.-n  airi\.-d  at    l.\    l...p|    K--l\in 
and  1)\    \'<MI  Zahn  and  «>tli«-r-.      <  >n  th.-  ..tlu-r  haml.  .1     I'.!-.  MI   <•!    15. 
f.  Mini  I  that  nijijHT  i-   |..,>iti\f   with    reaped    t"  in-n    in    >nljihnri  ' 
.  \\hilf.  ;  al»..\.-.  i  -iv.-  in  air. 


Later  Views  on  Contact  Electricity.     Differences  of  Potential  Inferred 
from  Flow  of  Energy 

."is4.  Jt  is  impossible  h--n-  t"  -IM-  a  full  arc..  nut  "1  ••\|>-TIIU<-III>  ..n 
this  Hihjrrt.  and  \\f  shall  tln-n-tin-i-  imw  tr\  \»  state  >h«irtlv  tln-..n-tical 
\i.-\\>  wliich  at  th.-  jn-.-^.-nt  time  a|ijM-ar  to  Hnd  a  ivrtam  ainuiint  ..( 
tavoiir. 

On  th.-  .  •\]M-riint-ntal  n-^ult-  stated  ab..\«-   ha-   lw«-n   huilt   a   tl, 
that     tin-    -<-at     «.t'    th.-    .-l.-rt  ruiimtivc    tiirn-   ..{'   a    \.>ltan-  «-.-ll    i-  at    tin- 
juiirtioii-  ..t   tin-  dissimilar  >uli-taiu-.-s   in  contact,  and   that    tin-  div 
ciiccx   «.(    |M,!.-iitial    incasun-d    in    tin-    manner    de-.-ril.e.l    an-   a«-tiiallv 

r..Iltart  dirtlTeIl;-e>  l>et  \\eell  tile  llletaU.  which  a«lded  t"-etl)er,  \\itll 
their  Jinijiel  \e  the  electromotive  torce  Of  the  Coll.  The  ele,  ' 

nmtivf  force  being  thus  accounted  tor.  the  energy  con-nmed  l»y  the  r«-ll 
is  further  ^-eii  to  he  f'iirni-h.-<l  \>\  the  chemical  changes  within  the  rell 
wliich  accompany  tin-  flow  «•{'  the  current,  and  so  the  contact  and 
ch.-mical  theories,  \\hich  once  wen-  in  B676TC  c,,ntlirt  an-  in  a  s- 

reconciled 

(  )n  the  other  hand  it   is  held  l.y  >.-\.-ral  authorities   that    th. 

diHerellCe     of     (lotelltial     lletUeell     t  W.  .     Illetal-     Is    o|||\     a|l|ian-||t.    I  »    1  1  1  ^     tile 

dirt'eivnce  between  the  potential  in  the  all  near  one  metal  and  that  in  the 
air  near  the  other  metal,  while  the   potentials  of  the  metaU  t  In 
an-   on.-  and  the.  -am.-.       It    i-~   clear   that    all   t!.  :iin-nts  de-ci'il 

al..  ,\e  ar.-  con>ixteiit  \\  ith  this  \  i.-w.      The  tilin^  of  air  i-l.isi-  to  tin-  plu 
adhere  to  them  when  th.-\   ar.-  -.  |iaia!.d    and  the   potential-  an-  alt. 
just  a-  it'  each  had  it-dt  a  n-al  ditlen-nce  ot  potent  ial  and  .1  .-hai-.  •••' 
sui'face.      A^ain  the  \i.-u   hold-  toi    L.rd    Kelvin'-  copjM  r  and   /me  ' 
experiment    ami    tor    a    .(iiadrant      -led  n.met,-i  .    \\ith     /in.-    and    OOp] 
.|uadrant-.      Tli.-   need!.-    i-   act,(|    on   \>\   t  he  ,-hai  ij.-d  air  film-  j 

llle-e     Were    real    chaise-    i  if    tile    platCS. 

According  to  thi-   \ie\\    th.-ditfei  .imd   li\    l!r..\\n   when 

Slllphlir    lie.-;  .....  •    the    actl\e    -llli-t.ll.ee    o|      the    Iliedllllll    .11 

as  also  only  apparent,  and  that  the  metal-  them-,  t,,  i.e  taken 

illy  at   the  same   potential. 
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Further  it  can  be  shown  that  though  the  actual  values  of  the 
individual  differences  of  potential  between  the  metals  may  still  l>e 
unknown,  yet  their  sum  for  a  non-metallic  chain  of  substances  must  be 
the  same  as  that  obtained  from  measurements  of  the  kind  which  have 
been  described. 

585.  The  view  has  been  put  forward  with  great  skill  and  force  by 
Dr.  Lodge   that   the   difference   of  potential    between   two   dissimilar 
substances  ought  to  be  measured  by  the  work  done  there  per  unit  time 
on  unit  current  flowing  from  one  substance  to  the  other.     The  total 
work  spent  per  unit  time  in  causing  a  current  to  flow  in  a  circuit  is,  as 
we  have  seen  Ey,  (where  E  is  the  electromotive  force  and  7  the  current  ) 
in  the  case  in  which  the  current  is  produced  in  moving  a  conductor 

,  .across  the  lines  of  force  of  a  magnetic  field.  This  is  given  out  again 
in  the  circuit  either  in  heat  or  in  some  other  form  of  energy.  In  all 
cases  the  rate  at  which  energy  is  evolved  at  any  part  of  the  circuit,  apart 
from  places  at  which  chemical  changes  take  place,  is  equal  to  the 
product  of  the  current  into  the  difference  of  potential  down  which  the 
current  flows. 

Energy  value  of  Electromotive  Force  of  a  Cell 

586.  Lord   Kelvin   pointed   out   in  1851  that  the  only   source  nt 
energy  in  the  circuit  is  the  chemical  potential  energy  used  up,  and  he 
assumed  the  time-rate  of  consumption  of  this  to  be  equal  to  £j,  the 
rate  at  which  work  is  given  out  in  the  circuit.     For,  as  he  showed,  any 
voltaic  arrangement  can  be  replaced  by  a  magnetic  electric  generator 
giving  the  same  electromotive  force,  and  the  rate  at  which  energy  is 
given  out  in  the  working  part  of  the  circuit  can  be  made  exactly  the 
same  as  before.     This  theory,  it  is  to   be  observed,  is  not  quite  exact, 
as  the  value  of  the  electromotive  force  requires  correction  for  thermo- 
dynamic  reasons.     The  whole  subject  will  be  discussed  in  Vol.  II. ;  but 
it  may  be  stated  here,  and  it  is  very  easy  indeed  to  prove  the  particular 
result,  that,  if  E  be  the  electromotive  force  of  a  cell,  which  varies  in 
electromotive  force  with  temperature  only,  and  2(<70e)  be  the  dynamical 
value  of  the  chemical  changes  which  take  place  in  the  cell  when  a  unit 
of  electricity  is  passed  through  it  [see  Art.  589,  (7)] 

dE 
E-i-     =2(«/0e), 

where  t  is  the  absolute  temperature.     (See  also  Art.  601  below. ) 

Hence  it  is  only  going  a  little  further  to  say  that  wherever  the  current 
flows  up  a  difference  of  potential  whether  in  a  voltaic  cell  or  a 
voltameter  at  the  junction  of  dissimilar  substances,  or  in  a  wire  moving 
across  lines  of  force  in  a  magnetic  field,  there  energy  is  absorbed,  and 
that  the  energy  absorbed  per  unit  current  per  second  measures  the 
difference  of  potential.  It  is  in  fact  extending  the  view  already  well 
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•lilUhed  for  till-    whole  of  tin-  chemical  action  til  ;i  cell  or  \.iltain 
to  e\ery  dement  of  tin-  difference  ,,f  ]Hit,-ntial.  and  MWCiating  with  thai 

element  i-d-  l»oth  it-  amount  and  its  l.M-alitv.  tl; 

which   take-  place  in  any  time.     The  actual  jM.t.-ntial  dirt'.-p-uc. 

be  cell  is  generating  a  current,  can  be  found  aj;  :«-l\ 

when   tli.-  li  .inltinat  ion  an-  known.      [A  fuller  di-cusxi,.n  ,if  tin- 

calculation  of  electromoti\e  force*.  from  such  data,  with  an  •  ion 

of  the  limitations  and  correction*  to  which  the  theoi\  :-  will  In- 

found  in  Vol.  II.] 

Explanation  of  Volta  Effects  as  Air  Metal     Metal-Air  Differences  of 
Potential.     Thermoelectric  Measure  of  Difference  of  Potential 

',     The  difference^  of  potential  to  which  tin-  th  .....  -y  1 
much  smaller  in    many   cases  than   those  ohtamed   from  «!:• 
t  ion  of  voltaic   contact  effect-.        Tin-    latter    are    ho\v,-\  ,  i  ,-\|ilicaltl. 
i-din^  the   \oltaic  difference   of  potential    A  /.'   ln-tween   two  m-  • 
really  air    A  -\-  A  /!+/!    air.  so  that  the   true    A  /.'    m.t\ 
ivalh   very  ditVerent  from    this  >um,  which    i»  the   oli*er\i-d 

A  /:.    But  it  can  be  shown  at  once  that  this  in  no  way  in1  .\iththe 

method  of  finding  the  electromotive  force  of  a  <-ell  hy  adding  up  the. 
tact  dirt'eri-nce-.  in  t  he  circuit.     Denote  the  apparent  contact-dififen 

hetween  ./  and  /*  I  »v  A'  I  >'  .  and  let  tli.  .hMance-  .1     /     ' 

arranged  in  ord«-r  in  the  circuit.     Then  \\e  i 

.1    K  =  air  /A  +  A/Ji  +  /; 

=  air'//  -t-  /:  <'    •   <'  ;.i.- 


/     ','        air  /•'  +    /•'  f,"    *    t;  ,m 
G'/A'  =  ftir  U  +  (>  .1    •    .1  air. 

Adding  up  wi-  rind 

.1   /;   -   r.  <•  +....  +  /•"  <;  +  ff'A'      .1  /;  •  tJC  +  —  +  F(i  +  > 
since 

nir/A  -f  BJMV  +  air/yy  4-  ....    •    .1    iii   -  0. 


ih,.  e|,.ctromoti\e  force  ha-  the  -aim-  \aliie  ij»  wli 
I-  ol.tained.      It  i-  t..  lie  noticed  that  any  one  of  the  electromotr 
of  contact  Let  ween  air  and  the  >ul>-t.tnc,  -  \\\  contact  ma\   IM-  \.  i 
then-  is  no  known  method  of  rinding'  i'x  \alu»\ 

Energy  Criterion  of  Existence  of  an  Electromotive  Force 

I-   must  I.e  admitted   that    the  i.nl\  ••|.-.-tr..in..li\. 
junction  of  .-.  pair  of  di-mnlai    -ul.-tances  which    ha- 
'without    aml.iijuity  i-  that    measured    l,\   the   amount    ..t   Ii- 

evolved  at  the  junction  when  unit  corwnf  Ho«- 
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is  equal  to  the  coefficient  II  of  the  Peltier  effect,  as  explained  in  Art. 
596  below.  This  was  the  view  held  by  Clerk  Maxwell,  and  set  forth  by 
him  in  his  treatise  on  Electricity  and  Magnetism.1 

This  determination  of  the  amount  and  locality  of  an  electromotive 
force,  however,  depends  on  taking  absorption  or  evolution  of  energy  MS 
the  test  of  its  existence  in  the  manner  just  explained,  and  must  stand 
or  fall  with  the  validity  of  that  criterion.  But  this  is  the  method  adopted 
in  all  our  calculations  regarding  the  supply  of  energy  to  an  electric 
system  from  without,  and  the  evolution  of  energy  in  the  system  itself. 
Thus  if  we  take  as  the  system  considered  a  conductor  in  which  heat  is 
being  generated  by  a  current,  the  rate  at  which  heat  is  generated  by 
unit  current  is  the  measure  of  the  electromotive  force  which  must  be 
impressed  on  the  conductor  by  the  part  of  the  electric  system  outside 
tin-  conductor  that  the  current  may  exist.  Again,  when  a  linear  con- 
ductor is  moved  at  right  angles  to  itself  and  to  the  lines  of  induction 
« »f  a  magnetic  field  with  velocity  v,  the  dynamical  force  which  must  be 
applied  to  each  element  of  it  of  length  ds  is  precisely  J&yds,  where  B  is 
the  magnetic  induction  and  7  the  current,  and  therefore  the  rate  at 
which  work  is  spent  in  the  element  is  "Byvds.  The  rate  at  which 
work  is  done  upon  the  conductor  is  then  Brrfs,  which  we  have  seen  in 
Chap  X.  above  is  the  measure  of  the  electromotive  force  in  the  element. 

The  question  therefore  resolves  itself  into  whether  this  process  can 
be  accurately  applied  experimentally  to  each  part  of  the  heterogeneous 
circuit  of  a  voltaic  cell.  If  it  can  the  question  would  seem  to  be  settled. 
All  that  remains  is  to  work  the  matter  fully  out  by  experiment,  by 
making  local  energy  determinations  all  round  a  heterogeneous  circuit, 
a  work  undoubtedly  of  very  great  difficulty,  though  not  perhaps  in 
simple  cases  impossible.  As  has  just  been  shown,  experiments  on 
contact  electromotive  force  cannot  be  regarded  as  conclusive,  and 
further  investigation,  by  the  method  of  the  absorption  and  evolution  of 
energy  at  different  parts  of  the  circuit -must  be  awaited,  before  the 
conclusions  of  any  theory  are  held  to  be  definitely  proved. 

According  to  Poynting's  theory  energy  is  thrown  out  into  the 
medium  wherever  in  the  circuit  the  current  flows  up  a  slope  of  potential 
under  the  action  of  an  impressed  electromotive  force,  and  flows  into  the 
circuit  from  the  medium  where  the  current  flows  down  a  slope  <>t 
potential.  Thus,  in  the  original  paper  in  which  this  theory  is  set  forth, 
a  diagram  of  the  flow  of  energy  is  given,  according  to  which  the  greater 
part  of  the  flow  of  energy  to  the  medium  takes  place  at  the  surface  of 
Contact  of  the  zinc  and  acid.  Dr.  Lodge,2  however,  has  pointed  out  that 
in  ordinary  arrangements  the  stream-lines  of  energy  may  be  crowded 
together  along  the  zinc,  and  then  pass  out  into  the  medium  at  the 
copper-zinc  junction,  as  apparently  they  do  on  the  ordinary  voltaic 
theory  in  which  the  electromotive  force  has  its  seat  at  the  surface  of 
contact  of  the  two  metals.  The  view  that  the  energy  evolved  at 
different  parts  of  the  circuit  cannot  be  transmitted  along  the  wire 
1  Vol.  I.  p.  369  (3rd  edition).  Electrician,  April  26,  1879.  -  Phil.  Mig.,  June  1885. 
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without  its  passage  bein^  accom|«mi,  d  l,\   MOM  |.h\>H-al  inanifvftbr 
of  its  presence,  l)tit  that   :  th.-   OMCUam    ^unl,-<|    by   the 

conductor,  has  been  sufficiently  empha-i-,  d  al. 

Summary  of  Result*  of  Later  Theory 
'.  The  following  rem  \vhi«-h  an-  <•.  •  \\ith 

this  the,.ry.  and   of  others    \\hich   an-    no-  M    tn-m    hi.    L-; 

art. 
<  I  i    T\VD  metaU  in  contact  oidinaril\  ac.juin-   opjn.site   charge- 

instance  clean  zinc  receives  a  )M.siti\e  charge  by  r,.ntact   iritl 

of  such  a  magnitude  as  would   1»,-  other\\i»e   produced   under   th,-    same 

circum-tances  by  an  E.M.F.  <>t'al>,,nt  -S  v,.lt. 

(2)   This  apparent  contacl  K.M  !•'.  <>i     \.. '•  i-  iii<l,-jM-ii<l, m  ,.f 

all  ntht-f  untnllir  c.uuai-t-  u  h<  r.  -. .,  \ .  :  th<-   nn-taU  can 

be  airan^vd  in  a  nunicrical  series  such  that  the  ••  c,.iita«'t  i 
i\\"  i-  ,-«|iial  t«.  th,-  ilirt«T,-n<-r  ••{'  tin-  nniiil"  !n-«l  t«.  th.-m.  win-- 

th<-  r,iiifa«-t  !><•  direct  or  through  int,-nn,-<liat,-  in,  taU.  I'.nt  %\  h>-th,-r  this 
v,-ri,-  <-haii^<->  \\lim  the  atino-pheiv,  »r  nn-diuni  ^urroiimliii^  th«-  im-tal, 
<'haiiL,r«--.  i-  an  open  <jii<--ti«>n.  It  n-rtainly  ••halites  \vh.-n  th,-  free 
nn-tallic  >nrtac«--  an-  in  tin-  >lii^ht<-t  di  di-<-<|  --r  "th- fui-  d 

And  in  -'-ii'Tal  thi-  "  volta  force"  i>  \-  i\  d- •).,  nd«-nt  <>n  all  iioii-in,-tallir 
,-,.nt. 

In  a  i-lov.-.l  ,-hain  ot'any  -ul»<tan<-«-  \\hat,-\<-r,  th,-  n-siiltair  \-'.  M  I-' 
is  the  al^.-l.vaic  sinn  of  the  volta  forci-s  niea^ured  electrostatically  in 
tor    e\,-r\     junction    in    tin-    chain,    neglect  in-^   inaijnetic   ,.r    n 
KM.F 

i  \  i    The  K.M.F.  in  any  closed  circuit  is  ,-,|iial  to  the  enei-\  c,,nt. 
on  unit  electricity  a-  it   tl<.\v-  round  it. 

[In  the  next  four  statements  magnetic  and  other  imp'  M  1' 

is   to   lie    ||,'Udeete(l.] 

(5)    At  the  junction  of  two  metals  any  eiier^\  c,.nferr,-d  mi.  or  with 
drawn  from,  the  current  iiiu-t  l.e  in  the  f,.nii  -«t    h-.''        \     'he  jim<  • 
<.t    any    -nl.-taiice    \\ith   an    electrolyte  ma\     !•>•    con\eVe<|    t- 

fnun  the  current  at  the  e\|i,-n-.'  of  chemical  action  a-  \vell  a>  of  ' 

In    a    metallic  circuit    of   uniform   teiujx-nit mv   the   -um  -.' 

K  Ml'  -  i-  ten  l.y  the  -.•c,,n«l  la\\  ..t'  fannodyiuunios  (see  V,,l.  II  }.  ii 

the  circuit   is  part'h  electrolytic,  the  -urn  of  th.    I.  M  I 

xuiuofthe-1  .(Chemical  action   ^,>\i\^  »\\   JM-I-    unit    current    per 

nd. 

(7)     In    an\  cl,,xed  .-..ndui'tin^  circuit    the    total    intnn-       1.  M 
e,,ual  to  the  dynamical  \alii,-  ,,f   the  -urn  of  the  chemi. 
..n  per  unit  electricity  COn  V«  yi  d  li./^e)  \vh,-n-  e  is  the, | 

ted  l.\   chemicaJ  change  in  the  j,a-a-e  ,.f  umt  ,-uii,  nt    • 

time,  tf  th,'-  heat  ,-vo|\,d  or  al.-,.il.ed  m  th<  :md   -/  th,-  il 

e.d    e,,llivale||t    of  a    Ulllt    of  h,  M  t  ).  <  1 1  Illill  i-lled    l.\     I  >H>   fnClgJT    CXOeWlwl     111 

genera  t  in.  l»le  heat 
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(8)  The  locality  of  any  E.M.F.  may  be  detected,  and  its  amount 
measured,  by  observing  the  reversible  heat  or  other  form  of  eneru\ 
tin  iv  produced  or  absorbed  per  unit  current  per  second. 

The  following  statements  held  to  be  true  by  many  contact  theorist  - 
aiv  inconsistent  with  the  theory. 

(1)  Two  metals  in  air  or  water  or  dilute  acid,  but  not  in  direct  con- 
tact, are  practically  at  the  same  potential. 

(2)  Two  metals  in  contact   are   at   seriously    different   potential- 
[i.e.  differences  of  potential  greater  than  such  milli-volts  as  are  con- 
cerned in  thermoelectricity]. 

(3)  The  contact  force  between  a  metal  and  a  dielectric,  or  between  a 
metal  and  an  electrolyte  such  as  water  and  dilute  acid  is  small. 

It  is  to  be  remembered  that  authorities  are  still  divided  inopiiii»>uoii 
this  subject,  and  that  what  has  been  given  above  is  to  be  regarded  only 
as  an  attempt  to  state  the  opposing  views.  The  discussion  will  be 
resumed  in  Vol.  II.,  where  some  account  will  be  given  of  the  behaviour 
of  different  cells,  and  of  the  thermodynamics  of  the  subject. 
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CHAPTER   XIII 

THERMOELECTRICITY 

Elementary  Phenomena 

590.  It  was  discovered  by  Seebeck  in  1822  that  if  a  circuit  be 
formed  of  two  different  metals,  and  the  junctions  be  at  different 
temperatures,  a  current  flows  round  the  circuit.  This  is  illustrated  by 
heating  with  a  flame  the  junction  of  a  bar  of  antimony  with  one  of 
bismuth,  as  shown  in  Fig.  158. 

To  fix  the  ideas  let  the  circuit  be  composed  of  a  wire  of  bismuth  and 
a  wire  of  antimony.  It  is  found  that  no  current  flows  if  the  junctions 
of  the  bismuth  and  antimony  are  at  the  same  temperature.  If,  how- 
ever, one  of  the  junctions  is  warmed  a  current  flows  round  the  circuit 
and  passes  across  the  hot  junction  from  bismuth  to  antimony.  Cooling 
the  same  junction  below  the  temperature  of  the  other  also  produces  ;i 
current,  but  in  the  opposite  direction.  The  interposition  of  solder.  <  >r 
even  of  a  chain  of  one  or  more  different  metals  in  a  junction  (e.g.  a  wire, 
-ay.  of  copper  joining,  as  in  Fig.  158,  the  remote  extremities  of  the  bars 
<  »f  the  two  metals)  will  not  affect  the  electromotive  force  in  the  circuit, 
if  the  junctions  of  the  chain  are  all  at  one  temperature. 

The  effect  can  be  much  increased  by  using  a  chain  of  two  metals 
arranged  alternately,  and  heating  the  alternate  junctions,  as  shown  in 
Fig.  159,  which  is  the  arrangement  of  course  of  the  thermopile. 

It  will  be  seen  later  that  these  statements  hold  only  for  ordinary 
temperatures,  and  are  not  true  in  all  circumstances.  For  example,  if 
one  junction  be  below,  the  other  above  a  certain  temperature,  depending 
on  the  metals  employed,  no  current,  or  a  reverse  current,  may  In- 
produced  by  making  the  higher  temperature  sufficiently  high.  The 
intermediate  temperature  thus  referred  to  will  be  seen  to  be  such  that 
if  the  temperature  of  one  junction  be  lower  by  a  small  difference, 
and  the  other  higher  by  the  same  small  difference,  no  current  flows. 
and  is  therefore  called  the  neutral  temperature  for  the  metals  con- 
cerned. 
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•">!'!.    Th.      .  1.  mentary    pheiiom.na    ma\    I-  |    l,v 

making  a  circuit  of  t\v,.   win-.    H 

M>ldenn£  the  wii  bheral  the  jtuu-ti.m-.  ami 

•  •meter  in  one  of  them,  say  tin-  c..pp.  r       (  >m.  junction  i, 

ii>  a  beaker  of  \vat.-r  so  a-   t..  k.-,  p   n-.  t,  I,,JM nt  m.   ,-, ,,,>(,, Mt .  th,-  ••• 
may  !>••  ^nulual'.y  lu-at.-il  l>\  a  -jnrit  lainp  or  Mmix,  n   t! 

A-    thr    juin-tioM    is    h«-at«<l    t!  ;,t    m.|i, 

will    ^raduallv    uicivas,-,   r,  .,  iviiniiin.  .linniii-1 


Fi«:.   I.''"  159. 


i-l    finally    !>.•    r.  '\vrsri  I.      The    tnii|M-ratiiiv   <>t    the    Imt   juii- 
\\hfH    tin-   ciirrt-nt     i-   a    maximum    i^tlu-    neutral 
which  the  current  change-,  xj^n   jx   the  temperature   of  in\. 
metaU    employed    which   com-poml   to  the    temp.  Mi-r 

junction. 

Thermoelectric  Inversion 


'  The  pheiioiu,  ii,,n  of  iii\ersii.n  wa.s  tir>«t  ••l»-rr\«H|  in  ^J 
dimming,  \vho  found  that  the  order  of  the  metaU  in  a  then  .....  I. 
aerie!  \\a-  n»t  lh.'  -ame  at  all  temp. 

\      u.-    h;i\i.    seen    in    '•..n^id.-nn^    VoltMC    MtMO    DO   ••mi.nt   i- 
duced    in    a    piu-e|\     metallic    i-in-nit     if    tin-    c.uid'. 
•.-mpi-ratiir.-.      To    tin-    ma\     I.,     add.  d    h<  ie    the    tact     that    in  .1  homo- 

"!!•>  circuit  or  horn-'--  n-  -M-  |  ircmt    no  e|,-ctn«mot  i\«-  force 

i-  pr..d  uc.  -d  1)\   inequalities  ,,•  .tui.    pio\id.-<|  that   in  th.    .M«. 

part    ot    a    .-ircuit     the    ,AI  r-  mil  !••-     ><\    Hi.     OOndootOI     are   at    ihe   • 
temperature. 

Thermoelectric  aeriec  •••  !  i|111  "«|HTH.  •oror*. 

to  which    anv  siil.si;iiice    in  t  he  s.-rn  -  il    mad.     inf.-    a    •  m-uit    with 
metal  following   if   inth.  •  tho  former 
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latter  across  the  wanner  junction,     The  following  table  giu-s  a  fe\\  <>\ 
the  subMaiiers  in  <>ne  of  these  scries: — 

Bismuth  Copper  Silver 

Nickel  Mercury  Zinc 

Cobalt  Lead  Iron 

Palladium  Gold  Antimony. 

Thermoelectric  Power 

593.  It  was  found  experimentally  by  E.  Becquerel  that  the  1nt.il 
electromotive  force  for  any  two  temperatures  of  the  junctions  is  the 
Mini  of  the  electromotive  forces  of  the  couple  for  any  differences  of 
ti-niperature  making  up  (not  by  mere  addition,  but  by  actual  position 
in  the  temperature  scale)  the  range  of  temperature  between  the 
junctions. 

Let  the  temperature  of  one  junction  be  t  —  ^dt,  that  of  1 1n- 
other  t-\-  kit,  where  dt  is  a  small  difference  of  temperature,  and  let  t  lie 
electromotive  force  of  the  couple  for  these  two  temperatures  be 
measured.  The  ratio  of  this  electromotive  force  to  the  difference  of 
temperatures  dt  is  called  the  thermoelectric  power  of  the  couple  at 
temperature  t.  We  shall  here  denote  it  by  P. 

By  Becquerel's  experimental  result  the  electromotive  force  E,  when 
the  temperature  of  one  junction  is  tQ  and  that  of  the  other  t,  is  given 


=  I  Pdt  .     .     .     • (1) 


where  P  is  the  thermoelectric  power  at  the  intermediate  temperature 
at  which  any  elementary  difference  of  temperature  dt  is  taken.  Thus 
we  see  that 


594.  The  thermoelectric  power  of  a  pair  of  metals  can  easily  be 
found  by  making  up  a  circuit  of  two  wires  of  the  metals  in  series  with 
a  high  resistance  galvanometer,  and  observing  the  current  when  one 
junction  is  kept  at  a  constant  low  temperature,  and  the  temperature  of 
the  other  is  varied  by  small  steps  until  any  required  range  has  been 
covered.  Any  required  temperature  of  the  junctions  can  be  produced 
b}*  immersing  them  in  baths  of  water  or  oil,  of  which  the  temperature* 
can  be  observed  by  means  of  thermometers.  The  current  through  the 
galvanometer  obtained  in  absolute  units  and  multiplied  by  the  resist- 
ance in  circuit  gives  the  electromotive  force  for  each  observation. 

The   temperatures  of  the  hot  junction  are  now  laid  off  as  abscissae, 
and  the  corresponding  electromotive  forces  as  ordinates  of  a  curve.     If 
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_;eiit~.  th.-n    an-  drawn  I-,  tin-  run.-*.   .»t    .lift,  i.-n;    jH.int-    th«-   ino! 
tions  of  tli.-.-  tangents  t,,  Hi,  ;v<a.  will  i  tin-  tli.  M.I... 

,-lertric  |M  .\\.  •!•-  ..(    th.  •.  -oiiple  at   tin-    t.-inj..  -he 

ordinal.--  drawn  t<i  th.-  same  point- 

if  now  a  curve  In-  |il..tt«-<l  with  th-ii !•• -tri.-    ; 

a-  ordinal---,  ami  t.-mji.  -rat  ui.  -  a-  -hi-  .-in 

Ueiwet-n  th«    axi-  "t  .d>->-,-s;»- and  anv  j»air  «t"  ordinat.-s  will  measure  the 
.-1. -ctroinoti\e  t'"iv,-  ,,f  th.-  roiiple  when  th.-  jiiii.'t i« .n>  an-  at  th.   t.-nii.- 

tniH-s  oorresponding  to  tin-.-  onlin.it'  -      It  »n>-  »{  tin •>••  ..nlm.r 
tin-  jmint  corresponding  to  th.-  ti\.-.|  t.-nij».-iatiii-'  .l.l  junrtion 

in  thf  r\j]i-nnn-iit>  i-.-t.-n.-il  to  al>o\.-.  tin-  an-a-  »\  tin-  «-ur\r  ..f    th.-i 
•rii-    IM.W. -i-   will    tor  iliH'nviit    JM.XH i,,n»   »{    tin-   oth.-r   ..nlinat. 

.-our-..-  li.-  th -.liiiat. -   ..f  th«-  .-ur\.    ..t"   total    .-l.-.-lroin 

\\hii-h    thi-    -M-roml    cur\.-    \\a>    <l.-ri\c<l.       Th.-   .-iu\.     --t     th.iii 


Fi.;. 


].  ..\\.-r-.  ilrawn  a>  d.-.-ril>.-(|.  i-.  ^.  n.-nillv  t'oumi    t..  )•  lin«\  tut 

r.']i!-r>.-nt.-il    in    Kit,'.    Mil).      II.  r.     <Ll   ilniotr.*  /„.  tin-    !•  •  !«••  t\\o 

.-\tivni.-  t.-ni|M-ratiir.-.  »/;  tin-  higher  /.  whil«-  <>.\f  n-prw*ent."  th.-  n.-utral 
t.-mjM-ratiir.-. 

Th.   sin-as  J  .1/7'  ami  BMQ  an-  to  !»•   tak.-n  with  .i|.j«.*  .iu«l 

\\ln-n  th«-\   an-  .-<|ual  tin-  .-l.-i-t  n-inot  i\  .•  f.'iv.-  in  tin-  .-MIT.  lit 

It'"/.'  /,,  the  t.-iii|i.-ra»urr  of  in\  nxion.  ami  tin-  nir\.  .-t  th.  • 
.-|.-i-tri«-  |»o\\.-r  \»-  i-itlu-r  a-  h.-r«-  ic-|.i.-,  ni.  «l  .1  -ti.u^ht  hn.  ..i  |M  si, 
-\niiii.-triral  with  r.-p.-.-t  t..  M  '.  it  i«.  «-l.-ar  that  T  —  /„  =  f, 

a--'1"  '"  (3) 

•J 

In  -uch  cases  th.-  neutral  temperature   T  i-  the 

A   \'T\    important  .Aperiim-ntal  r.-ult   wit:  l«.  tli.-Mii.«-l- 

power  is  the  tollowin  in\  teinjH  ratiire  J'AH  IM-  the  tl 

jloW.-r     of    a     collple     co||l|H.xe<l      c  ,(     tW..     Ill-t-lU     J      all«l      /.'.    .lll'l      /'/,.       '  N       «h« 

ther  ......  -l.-ctric    pou.  i    ..f   ]{    an<l    another    ('.    th.-n    at     lh- 

•  MI-.- 


In  ivkonin^r  the  MUD  h.-r.-  it    i-  t..  !•••  ..I-  i\.-l   that  t 

therilloelectllc    p.  |»     1"       •  •!  -   I  \  e«  I  .  al|.|    t:lke||    !l«1-o|||l  t 
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to  be  taken  to  place  the  metals  in  the  proper  order,  so  that  with  respect 
to  the  hot  and  cold  junctions  the  positions  of  AC,  AB,  BC  may  be  the 
same  in  the  verifying  experiments.  Hence  if  the  curve  of  thermoelectric 
powers  of  the  two  metals  AB  be  represented  by  the  line  QR,  Fig.  101, 
;uid  that  of  AC  by  SR,  the  thermoelectric  powers  of  BC  will  be  repre- 
sented by  the  difference  of  the  ordinates  of  these  two  curves,  and 
their  neutral  temperature  will  be  that  corresponding  to  R,  namely  the 
temperature  represented  by  OM. 

A  table  of  thermoelectric  powers  of  different  substances  with  respect 
to  lead  is  given  at  the  end  of  this  chapter. 

Total  Electromotive  Force 

595.  It  follows  from  Fig.  161  that  the  curve  drawn  having  tempera- 
tures as   abscissa?    and   total   electromotive   forces   as   ordinates   is  a 


FIG.  161. 


parabola,  having  its  maximum  ordinate  at  M  and  cutting  the  axes  at 
A  and  B.  For  the  area  between  PQ  (Fig.  160)  the  axis,  and  the  ordi- 
nates corresponding  to  temperatures  t0  and  t,  is 


where  P0,  Pare  the  thermoelectric  powers  at  t0  and  t  respectively. 
by  Fig.  160,  P=P0(T-t)/(T-t0)  and  therefore 


But, 


E  = 


^  L 


(5) 


which  is  the  equation  of  a  parabola  of  which  t  is  an  abscissa  and  E  the 
corresponding  ordinate.  The  observation  that  the  curve  of  total  electro- 
motive force  is  generally  a  parabola  was  first  made  by  Gaugain. 

The  curve  of  total  electromotive  force  between  any  other  initial 
temperature  t'0  and  the  corresponding  temperature  of  inversion  t\  is 
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ohtained    fn>m   tli,-  general   cur\e  l.\  draum^  .i  dott.-d   IIIH-   |iur.ill.  1  t«« 
tin-  axis  of.-,;  irough  the  top  of  th,  'li.-t.-ini. 

The  part  of  the  eur\e  Ivin^  ;I!M,\.-  th,-  (in,-  -.,,  .Iraun  i-  th. 
!  electr,.m<»ti\e  t'i.iv,-  for  th«-  ran^c  of  t.-iup 


Peltier  Effect 

In   lv;4  1'eltier  di-co\,-red   thai    it  a  cun 

sent  from  a  hatl.Ty  through  a  circuit  «'t'  t\\.»  m.-taU  imtialh  at  the 
same  (ordinary)  temperat  mv  on.-  junction  is  c.M.|,-d  and  tin-  oth.-r  heaUni. 
Tin-  dinVn-n.-,-  "t  '  tcinjM-ratun-  thu-  >«-t  uj>  \\oiild  In  -id  a  mrrrni 

in  th«-  o]i]»o>-iti-  din-1-ti..n  to  that  ]ir<H|iu'iii_u'  it.     Tli.  .  :ind«-.H, 

crt't-ct  is  known  a>  tin-  IVltirr  tli.-rn.al  .-rt.-«-t.      It  i-  irh 

a>  it   dcj)fn(U  on   tin-  diivrtion  of  tin-  runvnt  \vh«'th«-r  th.  is  a 

hcatiiiLT  "r  ;i  '-ooling. 

Sinn-  .in.-  junction  is  ln-at.-d  and  tin-  nth«-r  T.H.  ).•<!.  h. 
at  on,-  junction  and  is  i-\ol\,-d  at   tin-  oth«-r.  and  a-  a   r--n.- 
motive  force  (called  the  Peltier  electroinoti\e  f,.n-,-  1  <I]»|MIMII^  th.-  cm  • 


fact>  may  \»-  experimental!  i  by  joining   up  a   k»' 

with  a  galvanometer  Gl  and  \viivs  of  in.n  and  .-  >ho\\n   in   th. 

diagram   Pig.  hi'J.      l'-y  means  of  a  rocker  the  hattery  can  U-  at  am  ; 

cut  mil  of  the  circuit  and  the  ^iilvn- 

Ilollletel    '  •  d.  }>\   \\l- 

the  contact    piece  <il>.  and   m-«  • 

«/.     It    will  then  IN    found   that  a 

current    through    the  ^al\an,.i 

:,p..-ed    to    tl  in-nt 

\\hich  Hou.-d  11  ii"\\  IH?  set 

up.  and    will   gradually  di 
162.  t|)t.    ,JJrt'(.  ,.,.,„.,.    ,,t    teiujH  i.itlin-  *«li-- 

app. 

It  i-  found   l.\  exp.-nment  that  thoe  heating  and  c.H.ln 
at  any  on,-  temperature  direct  I  \   proportional  to  the  current       Thu-  if  a 

vrire  of  reaifltance  JS  contain  a  junctioo  the  rate  at  whid.  d«-\.-- 

1,-ped  in  it    In  a   current    7   ix  /;y-  +  \\y  \\h.  •       II 

IliaV    lie    positive     or     Ile^all\,     arrordin^    to     the    direction     of     t! 

and    th,-   nature    ,.f  the    m.-taU    in    I  at    the   junction       11 

.-n  the  extremities  of  th<-  |H.rtinii  ••(  th. 

pr  .duced  liv  a  liatt.  r\   .n-  i.th«-n\  i-.-  an  ajiphed  d  '  -!  potential   I". 

the  electrical  activity  in  this  part  of  the  ,-iivint   i-    /'-/  and  I 

l'y  -  Jty*  +  lly 

,,i-  the  electromotive  t.  ll  ll"' 

-tall'-e    /,'    I- 

V  -  II  -  fly  (<) 
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II  thus  assists  or  opposes  the  applied  electromotive  force  according  as  it 
is  negative  or  positive,  that  is,  according  as  heat  is  absorbed  or  given 
out  at  the  junction. 

Thus  in  a  circuit  of  two  metals  then-  are  in  general  two  Peltier 
electromotive  forces  acting  at  the  junctions.  In  an  ordinary  circuit 
(generally  throughout  nearly  at  one  temperature)  in  which  a  current 
is  kept  flowing  by  a  battery  these  do  not  cause  any  perceptible  alteration 
of  the  current  as  they  are  equal  and  opposite,  unless  the  em-rent  is  so 
very  great  as  to  cause  serious  heating  or  cooling  at  the  junctions. 

The  Peltier  effect  may  obviously  be  evaluated  by  careful  calori- 
metrical  experiments  on  the  heat  evolved  in  a  conductor  containing  a 
junction.  The  same  current  being  sent  in  opposite  directions  through 
the  conductor  will  give  opposite  thermal  effects  at  the  junction,  and 
the  difference  between  the  heats  generated  per  unit  of  time  will  be 
twice  the  value  of  07. 

Some  values  of  II  are  given  in  a  table  at  the  end  of  the  present 
chapter. 

Source  of  Energy  in  Thermoelectric  Circuit.     Peltier  Effect  is  Zero  at 

Neutral  Temperature 

597.  We  are  led  by  the  Peltier  phenomenon  at  once  to  a  partial 
answer  to  the  question,  What  is  the  source  of  the  energy  expended  in 
the  circuit  of  a  thermoelectric  couple,  when  there  is  no  battery  or 
magnetic  generator  in  the  circuit?  We  have  seen  from  Peltier's  dis- 
covery that  heat  is  taken  in  at  the  hot  junction  and  given  out  at  the 
other,  when  the  current  is  produced  by  purely  thermal  action.  The 
source  of  the  work  done  in  the  circuit  is  thus,  in  part  at  least,  the 
excess  of  the  heat  absorbed  at  the  hot  junction  over  that  given  out  at 
the  cold.  We  say  in  part,  for,  as  we  shall  presently  see,  another  thermal 
effect  remains  to  be  considered. 

Thus  if  IT,  be  the  Peltier  electromotive  force  at  the  hot  junction 
and  II2  that  at  the  other  we  have 


nir  -  n,y  -  Ay  +  A 


where  R  is  the  total  resistance  of  the  circuit,  and  A  is  the  activity 
other  than  Joulean  generation  of  heat  which  goes  on  in  the  circuit.    • 

598.  It  is  found,  as  has  been  stated,  that  the  thermoelectric  power 
of  two  metals  is  zero  at  the  neutral  temperature,  that  is  if  one  junction 
be  slightly  above  that  temperature  and  the  other  just  as  much  below 
it,  there  is  no  electromotive  force.  Hence,  according  to  the  view  of  the 
matter  just  taken,  there  ought  in  this  case  to  be  neither  absorption  nor 
evolution  of  heat,  and  this  is  found  to  be  the  case  as  nearly  as  it  can  be 
tested  by  experiment.  That  there  is  no  Peltier  thermal  effect  at  the 
neutral  temperature  has  not,  however,  been  quite  conclusively  settled 
by  direct  observation,  as  all  experiments  on  this  subject  are  greatly 
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complicated    hy  effect-   of  thermal    conduction.      A    theory.  ho\v. 

th»-  thermoelectric  circuit  which  a.—  um.--  the  vaoiahing  oi  th-    r 

effect    at    a    junction   at    t  he  neutral  temperature  will  n..\\  In-  «|.  \.-|,.|..i|. 
and  will  be  t'ouiid  to  agree  well  with  experimental  ; 

Thomson  Effect-  Electric  Convection  of  Heat 

•    Suppo-e  on.-   junction   to   In-  at    temperature    T  .tnil 

temperature)  and   the  other  at  a  lo\\vr  temperature.  : 
al>-orption  aor  evolution  of  heat  at  tin-  higher  temperature,  and  th.-i. 
i  -volution  at  the  lower.  Further  tin  -n-  is  Jouleam-volution  of  heat  thioii^h- 
out  tin-  circuit.   Hence  it  is  dear  that  i-in-r^x  mu-t  !>.•  ol.  tain.  -d  elsewhere 
than  at  the  junctions,  and  it  \\a««  ju-ovrd  hy  Lord  Kelvin1  that  tln-r- 
al>-or]>tion  or  evolution  of  heat  when  a  cum-nt  H«>w>  in   a  roiidii-  • 
aloiit;  \\hich  there  is  a  gradient  of  tenijtei-atur.       I  na 

current    tlo\\-   down    a   gradient    of    teiuj»ei-at  uiv    in   a   c,,|,i  it 

evolve-   heat,  and    al>-oHi-   heat  when    it    tl-.u-    up    the   ^nulieiit        I 
i.-verse  is  the  case  in  an  iron  win-.     Thus  the  SOU!  |  in  the 

ca>.-  >u|>iiosed   is  ck-ar.     The  heat   al»-orl>ed  hy  the  current    in   Howing 
round    the  circuit,  along   the  unequally  heated  condu 
than   that  evolved  in   the  same  pnxvsv   hy  an  amount    which    i-   the 
equivalent  of  the  energy  electrically  expended    in   the  circuit    in   the 
-aine  time. 

Now  consider  a  copper  and  iron  circuit  with  junction-  at  temp- 
tures/,,ainl  /.and  supjx>se  the  current  to  How  a>  it   doe-  at  oplir 
teinperature-    when    produced  by   pun-    thermal    action,   fro  in    in.n    t.. 
<-opj>er  at  the  cold  junction,  and  therefore  tr..m  copjM-r  t«.   iron  at  th«- 
h«.t.     Let  a-.  .ylt  denote  the  heat  absorbed  l>y  the  cnrn-nt  in  the  cop, 
in  a-ceiidin^  through   the  ditVeivnce  of  temperature  <lt,  at    temjM  mtun- 
/.and  o-  ,-/'//  that  ali-orbed   in   tin-  iron   in  ascending  through  the  xun.- 
dinYreii.-e    of    temperature.       Tim-.    >ince    the    current     d.-c.-nd-     th.- 
gradient    in    in.n.   the  total  lu-at   .d>-.il,ed   in   the  ciivuit    per  unr 
time   i- 


Dy  -  II0y  +  y 


j  (<re  -  <n)dt 


and  M  llii-   niu-t    he   ,-,|ual    to    Ky,   the  s\  hole   el,-ct  ri.-al    actisitv   in   the 
ciivuit.  we  li 

i 

E  =  n  -  n0  +  f  («<  -  fff)dt  .  (8) 

i 

Th.-    quantitie-    af.   <r,    were    call,  d    l.\     L'-nl    K.-Uin 

heat-     of    elect  riclt\    "      ill      Copper     illld  '          \      W«     Of 


1  Phil.  JTmiM.  /,'.  .v.,  1865. 

II    ll 
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course  not  specific  heats  in  the  ordinary  sense  at  all,  and  it  might  be 
better  to  use  some  name  which  did  not  seem  to  be  based  on  the  id'  a 
that  electricity  is  a  material  substance,  an  idea  which  of  course  the 
choice  of  the  name  was  not  intended  to  convey.  Clearly  cr»  is  negative 
by  what  has  been  stated  above,  and  therefore  heat  is  absorbed  both  in 
the  copper  and  the  iron,  when  the  current  flows  round  the  circuit. 

The  effect  of  the  absorption  in  copper  is  clearly  to  increase  the 
gradient  where  the  current  flows  from  cold  to  hot,  and  to  diminish  the 
gradient  where  the  current  flows  from  hot  to  cold.  The  exact  reverse 
is  the  case  in  iron. 

600.  Lord  Kelvin  investigated  the  alteration  of  gradient  produced 
by  a  current  by  arranging  a  bar  of  metal  with  a  thermometer  in  the 
centre,  and  two  others  symmetrically  placed  at  each  side.  When  the 
bar  was  heated  at  the  middle  and  cooled  at  the  ends,  so  that  the  two 
side  thermometers  showed  equal  temperatures,  their  equality  was  found 
to  be  disturbed  by  passing  a  current  along  the  bar.  The  direction  of 
the  disturbance  showed  the  sign  of  the  effect. 

The  body  of  metal  in  the  tested  parts  between  the  heater  and  the 
coolers  was  made  as  small  as  possible  to  enable  the  change  of  temper- 
ature to  be  as  great  as  possible,  if  any  should  be  found  to  be  produced 
by  the  passage  of  the  current. 

The  thermometers  having  been  read  on  each  side  of  the  heater 
with  no  current  in  the  conductor,  the  current  was  made  to  flow  in  one 
direction  along  the  conductor,  then,  after  flowing  for  some  time  to  enable 
the  effect,  if  any,  to  show  itself,  was  reversed.  It  was  found  when  the 
conductor  was  copper  that  the  thermometer  on  the  side  of  the  heater 
adjacent  to  the  end  by  which  the  current  entered  showed  a  fall  of 
temperature,  the  thermometer  on  the  other  side  a  rise  of  temperature. 
When  however  the  conductor  was  of  iron,  the  effects  were  reversed ; 
the  first  thermometer  showed  a  rise,  the  second  a  fall  of  temperature. 
The  effect  in  copper  was  considerably  smaller  than  in  iron. 

These  experiments  established  what  Lord  Kelvin  then  called  the 
i(  electrical  convection  of  heat,"  and  he  gave  a  list  of  metals  with  the 
signs  of  the  "  specific  heats  "  of  electricity  in  each,  metals  behaving  like 
copper  being  regarded  as  giving  a  positive,  metals  behaving  like  iron  a 
negative  "  specific  heat."  Some  values  of  these  so-called  specific  heats 
of  electricity  are  given  in  the  table  at  the  end  of  the  present  chapter. 

It  is  clear  from  equation  (8)  that  the  absorption  and  evolution  of 
heat  give  rise  to  an  electromotive  force  in  the  circuit.  We  shall  regard 
this  electromotive  force  as  having  its  seat  where  the  thermal  effect  takes 
place.  Since  in  (8)  we  may  suppose  one  junction,  that  at  temperature 
t,  to  have  the  neutral  temperature,  we  have  11  =  0,  and  the  energy 
given  out  in  the  circuit  by  the  current  is  wholly  drawn  from  the  heat 
absorbed  in  its  passage  through  the  unequally  heated  conductors.  Since 
in  the  copper-iron  circuit  heat  is  absorbed  in  both  metals,  we  see  that 
a  current  flowing  from  cold  to  hot  in  a  piece  of  copper,  or  from  hot  to 
cold  in  iron,  experiences  an  electromotive  force  aiding  the  flow. 
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luul  we  find  by  elimination  of  <r  — <r'  between  (10)  and  (11) 

tf-T <"> 

Thus,  according  to  the  thermodynamic  theory,  since  the  thermo- 
electric power  is  zero  at  the  neutral  temperature,  so  also  is  the  Peltier 
effect. 

The  thermoelectric  power  for  a  pair  of  metals  being  in  general  a 
linear  function  of  the  temperature  and  by  (11)  having  the;  value  lift, 
we  see  that 

d  /n\ 

)  =  constant. 
dt  \t  J 

Hence  (10)  gives 

<r  -  <r'  =  t  x   constant (13) 

that  is  the  difference  between  the  specific  heats  of  electricity  in  two 
metals  is  proportional  to  the  absolute  temperature.  If  then  it  could  be 
shown  that  the  specific  heat  in  one  metal  is  zero,  the  specific  heat  in  all 
other  metals  would  be  proportional  to  the  absolute  temperature,  on  the 
supposition  of  course,  just  expressed,  that  the  thermoelectric  power  of 
each  metal  with  reference  to  the  standard  metal  of  specific  heat  zero 
varies  uniformly  with  the  temperature. 

It  has  been  found  by  Le  Roux  1  that  the  specific  heat  of  electricity 
in  lead  is  nearly,  if  not  quite,  zero,  and  Professor  Tait  has  constructed 
alloys  of  platinum  and  iridium  which  have  the  same  property. 

Thermoelectric  Diagram 

602.  Very  valuable  information  as  to  the  various  thermoelectric 
quantities  is  given  by  the  form  of  thermoelectric  diagram  proposed  and 
used  first  by  Lord  Kelvin,  and  afterwards  applied  by  Professor  Tait  in 
his  extensive  researches  on  this  subject.  The  nature  of  the  diagram 
and  its  use  will  be  seen  from  Fig.  163,  and  a  complete  diagram 
embracing  a  number  of  substances  is  given  in  Fig.  164,  which  is  taken 
from  Professor  Tait's  book  on  Heat..  The  lines  EM,  FM  represent 
the  curves  of  thermoelectric  power,  each  with  respect  to  the  same 
metal,  and  are  supposed  to  be  straight  lines  so  far  at  least  as  the  point 
M.  [The  remaining  part  of  the  diagram,  in  which  the  line  FM.  is  shown 
curved,  will  be  dealt  with  later.]  The  temperatures  of  the  junctions 
t0  and  £j  are  supposed  to  correspond  to  the  ordinates  BC,  AD.  Now 
BG  denotes  the  thermoelectric  power  of  the  two  metals  at  temperature 
t0,  and  AD  their  thermoelectric  power  at  the  higher  temperature  tr 
But  since  the  thermoelectric  powers  by  the  theory  given  above  have 
been  shown  to  be  equal  to  Tl0lt0,  TIJ^  respectively,  we  see  that 

n0  =  BC  x  t0,    nx  =  AD  x  tl 
1  Ann.  de  Chim.  et  de  PJiys.  (4),  10. 
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470 


MAGNETISM  AND   ELECTRICITY 


(  MAP. 


represents  by  its  length  the  value  of  the  specific  heat  of  electricity  in 
one  metal,  and  LH  that  in  the  other.  For  clearly  we  may  'take 
<t(Tl/t)/dt  as  the  algebraic  sum  of  the  inclinations  of  the  straight  lines 
EM,  FM,  to  the  axis  of  X,  and  the  specific  heat  of  electricity  in  either 


a,.    1(34. 


metal  is  the  rate  of  variation  with  temperature  of  the  thermoelectric 
power  of  that  metal  with  reference  to  any  other  whatever,  multiplied 
by  the  absolute  temperature.  Thus  in  the  one  case  we  get  for  the 
product  KG,  and  in  the  other  HL. 
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be  absorbed  in  JBC,  will  be  transformed  into  electric  energy,  and  carrinl 
out  through  the  medium,  to  converge  ultimately  on  the  conductors  in 
which  it  is  utilised.  Thus  the  equipotential  surfaces  which  pass  through 
BC  will  cut  the  circuit  twice  elsewhere  (besides  at  the  battery),  once 
beyond  B  and  once  beyond  C.  In  consequence,  however,  of  the  resist- 
ance of  the  conductor,  there  is  a  fall  of  potential  superimposed  on  the 
rise  produced  by  the  Thomson  effect,  and  a  corresponding  evolution  of 
heat;  and  it  is  possible  so  to  adjust  matters  that  the  rise  shall  just 
balance  the  fall  of  potential,  and  the  evolution  just  balance  the 
absorption  at  every  point.  Thus  we  should  have  the  curious  case  of 
a  homogeneous  conductor  carrying  a  current,  and  yet  in  mass  throughout 
at  one  potential.  It  is  to  be  observed,  however,  that  there  is  a  gradient 
of  temperature  along  BC,  so  that  there  is  no  real  paradox  in  the  result. 
605.  From  the  theorem  that  the  specific  heat  of  electricity  is  pro- 
portional to  the  absolute  temperature,  the  following  result  has  been 
deduced  by  Professor  Tait.  Let  <r  =  ct,  er'  =  c7,  then  instead  of  (10) 
we  get 

dE      dn 

*  =  A  +  <<-">< 

and  instead  of  (9) 


*(T)  +  <         ° - 

Integrating  the  second  of  these  we  find 

y    =    (C    -    C')   (T  ~    t) (19) 

since  II  is  zero  at  the  neutral  temperature  T. 

Integrating  now  (17)  from  t0  to  t,  and  inserting  the  value  of  II  given 
in  (19),  we  get 

£•  _  /c  _  c'\  (t  _  i  \(  f  - °  j  .     .     /2Q) 

which  agrees  with  (5)  above  if  P0/(T—t0)  =  c  —  c. 

It  should  be  noticed  that  the  results  stated  in  (19)  and  (20)  are, 
given  at  once  by  the  thermoelectric  diagram  in  Fig.  163. 
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